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Abstract We consider the problem of optimal estimation of the linear functional Ayé =
ZII(V:O a(k)&(k) depending on the unknown values of a stochastic sequence &(m) with sta-
tionary increments from observations of the sequence &£(m) + n(m) at points of the set Z \
{0,1,2,..., N}, where n(m) is a stationary sequence uncorrelated with £(m). We propose
formulas for calculating the mean square error and the spectral characteristic of the optimal
linear estimate of the functional in the case of spectral certainty, where spectral densities of
the sequences are exactly known. We also consider the problem for a class of cointegrated
sequences. We propose relations that determine the least favorable spectral densities and the
minimax spectral characteristics in the case of spectral uncertainty, where spectral densities are
not exactly known while a set of admissible spectral densities is specified.

Keywords Stochastic sequence with stationary increments, cointegrated sequences,
minimax-robust estimate, mean square error, least favorable spectral density, minimax-robust
spectral characteristic
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1 Introduction

In this paper, we investigate the problem of estimating the missed observations of
stochastic sequences with stationary increments. Kolmogorov [13], Wiener [27], and
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Yaglom [29, 30] developed effective methods of estimation of the unknown values
of stationary sequences and processes. Later on Yaglom [28] and Pinsker [21] intro-
duced and investigated stochastic processes with stationary increments of order n.
Properties of these and other processes generalizing the concept of stationarity are
described in the books by Yaglom [29, 30]. The stationary and related stochastic
sequences are widely used in econometrics and in financial time series analysis. Ex-
amples of these sequences are autoregressive sequences (AR), moving-average se-
quences (MA), and autoregressive moving-average sequences (ARMA). Time series
with trends are described by integrated ARMA sequences (ARIMA) and seasonal
time series, which are examples of stochastic sequences with stationary increments.
These models are properly described in the book by Box, Jenkins, and Reinsel [2].
Granger [8] introduced a concept of cointegrated sequences, namely, the integrated
sequences such that some linear combination of them has a lower order of integra-
tion. Cointegrated sequences are described in more details in the paper by Engle and
Granger [5]. We also refer to the papers [3, 4, 9, 12] for recent developments.

Traditional methods of finding solutions to extrapolation, interpolation, and filter-
ing problems for stationary and related stochastic processes are developed under the
basic assumption that the spectral densities of the considered stochastic processes are
exactly known. However, in most practical situations, complete information on the
spectral densities of the processes is not available. Investigators can apply the tradi-
tional methods considering the estimated spectral densities instead of the true ones.
However, as it was shown by Vastola and Poor [26] with the help of some examples,
this approach can result in significant increasing of the value of the error of estimate.
Therefore, it is reasonable to derive estimates that are optimal for all densities from
a certain class of spectral densities. These estimates are called minimax-robust since
they minimize the maximum of the mean-square errors for all spectral densities from
a set of admissible spectral densities simultaneously. This approach to study the prob-
lem of extrapolation of stationary stochastic processes was introduced by Grenander
[10]. Franke [6] investigated the minimax extrapolation and interpolation problems
for stationary sequences applying the convex optimization methods. In the book by
Moklyachuk [20], the minimax-robust estimates of the linear functionals of station-
ary sequences and processes are presented. See also the survey paper [18], The classi-
cal and minimax-robust problems of interpolation, extrapolation, and filtering of the
functional of stochastic sequences with stationary increments are investigated in the
papers by Luz and Moklyachuk [14—17, 19]. Particularly, the cointegrated sequences
are investigated in the papers [14, 15]. The classical extrapolation problem in the case
where both the signal and the noise processes are not stationary was investigated by
Bell [1].

In the present paper, we consider the problem of estimation of the linear functional

N
ANE =) alE k),

k=0

which depends on the unknown values of the sequence & (k) with stationary nth in-
crements based on observations of the sequence £(k) + n(k) at points m € Z \
{0,1,2,..., N}. The sequence n(k) is assumed to be stationary and uncorrelated
with & (k).



Interpolation of sequences with stationary increments and cointegrated sequences 61
2 Stationary increment stochastic sequences. Spectral representation

In this section, we present the main results of the spectral theory of stochastic se-
quences with nth stationary increments. For more details, we refer to the books by
Yaglom [29, 30].

Definition 1. For a given stochastic sequence {£(m), m € Z}, the sequence
n n
EW(m, w) = (1 — B,)"E(m) =Z(—1>l<1)s<m—zm, (1
=0

where B, is the backward shift operator with step i € Z such that B,,§(m) = &(m —
W), is called a stochastic nth increment sequence with step u € Z.

Definition 2. The stochastic nth increment sequence & (m, 1) generated by a sto-
chastic sequence {£(m), m € Z} is wide sense stationary if the mathematical expec-
tations

E£™ (mo, 1) = ™ (),

E£™ (mo + m, n1)E® (mo, p2) = D™ (m, w1, p12)

exist for all mg, w, m, p1, o and do not depend on mg. The function c® (w) is called
the mean value of the nth increment sequence, and the function D(")(m, U1, 2) 18
called the structural function of the stationary nth increment sequence (or the struc-
tural function of nth order of the stochastic sequence {£(m), m € Z}).

Theorem 1. The mean value ¢"™ (i) and the structural function D™ (m, ju1, 12) of
the stochastic stationary nth increment sequence £ ™ (m, i) can be represented in the
following forms:

" (u) = ep”, )

T . . 1

D(n)(m, Wi, o) = Lﬂ elAm(l _ e—tulk)n(l _ emzk)nﬁdF(k), 3)

where c is a constant, F (L) is a left-continuous nondecreasing bounded function with

F(—mn) = 0. The constant c and the function F()) are determined uniquely by the
increment sequence €™ (m, 11).

Representation (3) and the Karhunen theorem [7] give us a spectral representation
of the stationary nth increment sequence £ ™ (m, ):

T . 1
(n) _ imA _ ,—iuA
e = [ 1y

ng(n) ()\.) 5 (4)

where Z§<,.) (A) is a random process with uncorrelated increments on [—m, ) with
respect to the spectral function F(A):

2
E|Zeo (02) — Zewy ()| = F() = F(11) V—m <11 <t <m.

We will use the spectral representation (4) for deriving the optimal linear esti-
mates of unknown values of stochastic sequences with stationary increments.
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3 Hilbert space projection method of interpolation

Consider a stochastic sequence {£(m),m € 7} with stationary nth increments
£™ (m, ) and uncorrelated with £ (m) stationary stochastic sequence {n(m), m € Z}.
Suppose that these sequences have absolutely continuous spectral functions F (1) and
G (1) with spectral densities f(A) and g(1), respectively. We will suppose that the
stationary increment £ (m, 1) and the stationary sequence 1(m) have zero mean
values and u > 0.

Interpolation problem for the sequences & (m) and n(m) is considered as the prob-
lem of the mean-square optimal estimation of the linear functional

N

ANE =) aE k),

k=0

which depends on the unknown values of the stochastic sequence & (m) at points m =
0, 1,..., N based on observations of the sequence ¢ (m) = &(m) + n(m) at points of
theset Z\ {0,1,2..., N}.

Suppose that the spectral densities f (1) and g(1) satisfy the minimality condition

T AZn
/,n = PP 1 a2ng 0y = o ©®)

Under this condition, the mean-square error of the estimate of the functional Ay £ is
not equal to zero [24].
The functional A& admits the representation

ANE = ANC — Ann = By¢ — Ayn — Vn¢ = Hyé — V¢, (6)

where

N

N
HyE =By —Ann,  Aye =) a(®ik),  Ayn=)_a(nk),
k=0 k=0

—1

N
Bye =Y bun®c™ U ), V=Y vun k).

k=0 k=—pn
The coefficients v, v (k), k = —un, —pun+1, ..., —1,and b, y(k),k=0,1,2,...,
N, are calculated by the formulas (see [15])
min{[ £=£1,n)

v =Y (—1)l<’l’)bﬂ,N(lu+k), k= —pn, —pun+1,...,—1, (7)

I=[-5

N
bun(k) =Y a(m)d,(m —k) = (Dyay),. k=0,1,....N, 8)

m=k



Interpolation of sequences with stationary increments and cointegrated sequences 63

where by [x]" we denote the least integer number among the numbers that are greater
than or equal to x, the coefficients {d, (k) : k > O} are determined by the relationship

> du(xk = (wa')n,
k=0 Jj=0

the matrix D” of dimension (N+1) x (N —H) is defined by the coefficients (Dﬁf,) kj =
d(]—k)1f0<k<] < N, and (D% Wkj =0if0 < j <k < N;and ay =
(a(0), a(1),a(?),...,a(N)) is a vector of dimension (N + 1).

The functional H n§& from representation (6) has finite variance, and the functional
Vn ¢ depends on the known observations of the stochastic sequence ¢ (k) at the points
k = —un,—pun + 1, ..., —1. Therefore, optimal estimates ;\\NE and ﬁNé of the
functionals Ay & and HNE and the mean-square errors A(f, g ANé) = E|AN§ —
AnE|? and A(f, g; HvE) = E|Hyé — HyE|? of the estimates A y& and Hyé satisfy
the following relations:

XNE = ﬁNg - Vng,
A(f, 8; AnE) = E|AyE — AnE|? = E|HyE — Ve — Hyé + Ve )?
= E|Hyé — Hyél> = A(f, g: Hyé). ©9)

Thus, the interpolation problem for the functional Ay is equivalent to the interpo-
lation problem for the functional Hy&. This problem can be solved by applying the
Hilbert space projection method proposed by Kolmogorov [13]. The optimal linear
estimate A, ~nE& of the functional A& can be represented in the form

—1

At = / hu A Zgw g0 W) = Y vun®)(ER) + 1K), (10)

k=—pun

where 4, (1) is the spectral characteristic of the optimal estimate H, NE.

Let HO’(S,E") + nff)) be the closed linear subspace generated by elements
{EM (k, u) +n" (k, 1) : k < —1} of the Hilbert space H = L, (2, F, P) of random
variables y with zero mean value and finite variance, Ey = 0, E|y|*> < oo, with
the inner product (y1; y») = Ey17s. Let HY +(E(_",i + 77(_” ,)L) be the closed linear sub-
space of the Hilbert space H = L,(£2, F, P) generated by elements {£ " (k, —u) +
n™ (k, —w) : k > N +1}. The equality £ (k, —u) = (=1)"£™ (k4 un, p) implies

HN+(§(_’2 + r’(_n)) H(N+un)+(§(n) + 77("))~

Let us also define the subspaces Lg_ (p) and LQ’ *(p) of the Hilbert space La(p)
with the inner product (x1; x3) = ff - X1(AM)x2(A) p(A)dA that are generated by the
functions {e!*F(1 — e ™)1 (iA)™" : k < —1} and {* (1 — e P*M)(i0)™" : k >
N + 1}, respectively, where the function

pO) = fO) +2%g()
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is the spectral density of the sequence ¢ (m), m € Z [15]. The optimal estimate H NE
of the functional Hy& is the projection of the element Hy& of the Hilbert space
H = L,(82, F, P) onto the subspace

HO (5 +n”) @ HY (640 +0")) = HO (6 + ) @ HO P (40 4 ni").
The following conditions characterize the estimate H, NE:

D) Hyg € HZ@E" + i) @ HVHm+ g ),

2) (Hyg — Hyg) L HO (" + i) @ HVTm+ g0 4 ),
The functional Hy& in the space H admits the spectral representation

b4 ) 1— —iAp\n s .
HyE = / B,’f,(e’k)%dzw) Ly (A) — f An(e™t)dz, (),

N N N
By (™) =Y bune™ =3 "(Dhay) ™. Ay(e?) =D atk)e™ .
k=0 k=0 k=0
Making use of the described representation and condition 2), we derive the following
equation for determining the spectral characteristic 4, (1):

g pp iy (L= e " i n
f By (") Gy ~ @) ) p) = A(e7)g (i)
(1 _ eik;},)n

T e ™Mdr=0 Vk<—1,Vk=N+un+l

Thus, the spectral characteristic 4, (1) can be represented as follows:

hu(h) = B;‘,(e'*)—(1 _.e_w)n — An(e™) (ZiN"e@) _ (_M)ZCWM) :
@)r p(X) (1 =€) p(2)
N+pun
Che™) =" culkre™, (11)
k=0
where ¢, (k), k = 0,1,2,..., N + un, are unknown coefficients we have to deter-

mine. Condition 1) implies that the spectral characteristic 4, (1) satisfies the follow-
ing equations:

, 2 ,
/ﬂ BII\L,(EM) _ AN(elA‘))uz"g(/\) _ A n.CIl\l}(eM) e_l')tld)L =0,
- (= ey p() [T = e P p(a)

0<I<N+ un.
The derived equations are represented as a system of N + un + 1 linear equations:

N+un N+un
bun®) — Y Thaunm)= Y Plicuk), 0<I<N,  (12)
m=0 k=0
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N+pun N+pun
- > Thaunm) = Y Plcuk), N+1<I<N+un, (13
m=0 k=0

where the coefficients {a, y(m) : 0 < m < N + un} are calculated by the formula

min{[%],n}

aunm = Y (—1)1(7>a(m—ul), O<m<N+pun, (14

— m—N
I=max{[*2=]',0}

and the Fourier coefficients {Tk’f It Pkbf IE 0 <k, j < N + un} are calculated by the
formulas

T 2n
Ty = L eMih . g) dr, 0=<k,j<N+un,
R g |1 — e 20 (f(X) 4+ A2 g (1)) =%J=
"w 1 7 i (i—k) )\2n
, = — el J— _ d)\'v O<k,<N+ n.
kj ™ o _ [T — e 20 (f(A) + A21g (L)) <k,J = 0

Denote by [Dj’f,aN]ﬂm the vector of dimension (N + un + 1) constructed by
adding un zeros to the vector D;t,aN of dimension (N + 1). Using these definitions,
system (12)—(13) can be represented in the matrix form

[Dvan],,, — Thay = Pyey.

+pun
where
aly = (4 n0), aun(D), aunQ), ... a0 NN+ pun))
and
ch = (cu(0), cu(1), €2, ..., cpu(N + un))’

are vectors of dimension (N + un + 1); and P’lt, and T’lf, are matrices of dimension
(N + pn + 1) x (N + pn + 1) with elements (Py)x = P/ and (T = T},
0 <1,k < N + un. Thus, the coefficients ¢, (k), 0 < k < N + un, are determined
by the formula

cuk) = ((Py) "' [Dhan], . — (Ph) ' Thay),. 0<k<N+pun,

where (Ph) ' [Dhan ] — Ph) "I Thalk )k, 0 < k < N+pun, is the kth element of
the vector (P) "' [Dyan 14, — (Ph) " Th al,. The existence of the invertible matrix
(P’It,)_1 was shown in [25] under condition (5). The spectral characteristic &, () of
the estimate Hyé& of the functional Hyé is calculated by formula (11), where

N+un

. o o .
Cy(e™) = > ((PR) " [Dhan],,, — (PY) ™ Thay),e™.
k=0

The value of the mean-square errors of the estimates A ~E& and 17} nE& can be calculated
by the formula

A(f, g; AnE) = A(f, g HyE) = E|HyE — Hyg|?
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_ T AN (@M (1 — My f () — A2CE (e 2
= E —r 1 — ei)‘“|2”(f(k) + )Lan()\))z

g(Ayda

T IAN(eiA)(l lk/t):lAan(k)+A2nC (ezk)|2
27 Jn APL — e M2 (f (R) 4+ A21g (M)

= ([Diay — (Py) " Txal)

FOYdA

—1
]+l“l - Tﬁ[tfa%’ (P/JI\L/') [DlltlaN]#»;Ul

+ {Qnay, ay), (15)

where Qy is the matrix of dimension (N+1) x (N+1) with the coefficients (Qx);x =
01k, 0 <1,k < N, calculated by the formula

- zA(] k) f()h)g()h) .
0= 7 [0 F gy 0=k <N

We can summarize the derived results in the form of the following theorem.

Theorem 2. Let {£(m), m € Z} be a stochastic sequence with stationary nth incre-
ments £ (m, ), and let {n(m), m € Z} be a stationary stochastic sequence uncor-
related with & (m). Let the spectral densities f (L) and g()\) of the sequences satisfy
the minimality condition (5). The optimal linear estimate A NE of the functional ANE,
which depends on the values £€(m), 0 < m < N, based on the observations of the
sequence &(m) + n(m) at points of the set Z \ {0, 1,2, ..., N} is calculated by for-
mula (10). The spectral characteristic h,, (1) and the value of the mean-square error
A(f, g; ANE) of the optimal estimate ANE are calculated by formulas (11) and (15),
respectively.

Corollary 1. Let the spectral density f()\) of the sequence & (m) satisfy the minimal-

ity condition
b4 )LZn
f ——————d)\ < 0.
[T =2 ()

The optimal linear estimate A ~E& of the functional An& of unknown values &(m),
0 < m < N, based on observations of the sequence &(m) at the points m € 7.\
{0,1,2,..., N} can be calculated by the formula

-1

Ayg = [ W MdZgoy M) = D vu N (REK). (16)

k=—un

The spectral characteristic hi (X) and the mean-square error A(f; A ~N&) of the opti-
mal estimate A& can be calculated by the formulas

(1= em™My"  (=in)" 0" (F) " DN an 1y une™

@r (1 —eyn f(0)

hs, () = By (e') ., (17)

dx

T2 () T DR an ) ke P
A Ane) = n/,n |1 — e 2 f(3)
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= <(Fx)_1[DllcaN]+un’ [DlltlaN]+p,n>’ (18)

where F’X, is the matrix of dimension (N 4+ un + 1) x (N 4+ un + 1) with elements
(Fy)kj = Fi ;0 <k, j <N+ pun,

Iz 1 g ir(j—k) A%
F . =— ST ——dA, 0<k,j<N .
ST o /,ne [T — e 21 £ (3) =t =N

In the case of estimation of an unobserved value £(p), 0 < p < N, the following
statement holds true.

Theorem 3. Let the conditions of Theorem 2 hold. The optimal linear estimate 2( p)
of an unobserved value £(p), 0 < p < N, of the stochastic sequence with nth sta-
tionary increments based on observations of the sequence &(m) + n(m) at the points
me Z\{0,1,2,..., N}is calculated by the formula

E(p) = / hy,pM)dZgw) 4y () — Z(—l)l <’;> (E(p — ul) +n(p — ub),

- =1

_ —iipyn P ' IAD(_iy\n i\t P (iR
N+pn
Che@™ = 3 ((Py)'duy — ()~ Thay) e,
k=0
where
d.,= (du(p), dy(p—1),d,(p—2),...,d,(0),0,..., O)/
and

/

al’l = (an(o)’ an(l)’ LRI ) an(n)a 07 A 0) k]
a, (k) = (—l)k (Z) k=0,1,2,...,n, are vectors of dimension (N + un + 1), T% is
the (N + un + 1) x (N + un + 1) matrix with elements (Tg)l’k = Tllfp+/tk ifo<l <

N+;m,0§k§n,and(T;)l,k=Oif0§l§N+/u1,N+l <k <N+ pun. The
value of the mean-square error of the optimal estimate is calculated the by formula

A(f. & E(P) = (dy.p — Than, (Ph) ', — (Ph) ' Than) + oo,

Corollary 2. In the case of estimating the sequence &(m) with nth stationary incre-
ments at points of the set Z\ {0, 1,2, ..., N}, the optimal linear estimate of a value
&(p), 0 < p < N, is calculated by the formula

E(p) = / hs (WA Zewy (M) = Y (—1) (7)5@ — ),
- =1

(1 _ e—iku)n
@ir)n

(i) Y ()1, ke

(1 —eyn f(0)

p
k=0



68 M. Luz, M. Moklyachuk

The value of the mean-square error of the estimate is calculated by the formula

bid )\2’1|ZN+MH((F )~ ldﬂ p)kelkk|2
At =5 [

= ((Flztl)ildu,pf du,p>'

Example 1. Consider the stochastic sequence &(m), m € Z, defined by the equation

§(m) = (1 =@)s(m — 1) + p&(m —2) + &(m),

which means that values of the sequence & (m) are defined as a weighted sum of two
previous values of the sequence plus a value £(m) of the sequence of independent
identically distributed random variables with mean value Ee(m) = 0 and variance
Ee2(m) = 1.

Consider the increment S(l)(m; 1) = &€(m) — &(m — 1) of the sequence. We can
find that

EVm; 1) = =gV m — 151) + e(m).

Thus, the increment sequence S(l)(m; 1) with step u = 1 is an autoregressive se-
quence with parameter 0 < ¢ < 1. The sequence & (m) is an ARIMA(1;1;0) sequence
with the spectral density

)\’2
1— e—ik|2|1 + ¢e—iA|2'

f(?n)=|

Let us find the estimate A- 1€ of the value of the functional A1& = 2£(0) + &£(1)
based on observations of the sequence & (m) at the points m € Z\ {0, 1}. Let¢ = 1/2.
In this case, v; 1(—1) = =2,

520 4 (21 —10 4 3
Fi=—(2 5 2|, F'=—|-10 25 -10|, [Dla] ,=|1}
4 85 +

025 4  —10 21 0
Therefore,
106 ., 4 -
& —iA 3iA
B =—— — — %
1) 85 ¢ 85¢
N 106
Al =— s‘”( ;1) — s<‘><3; 1) —3&(=1)
106 149

= g5 s+ 5 EC=D+ —5(2) - —5(3)

The value of the mean-square error of the estimate is A(f, g; Alé) = ?g

4 Interpolation of cointegrated sequences

Consider two integrated sequences {£(m), m € Z} and {{(m), m € Z} with absolutely
continuous spectral functions F (A1) and P (X) and the corresponding spectral densities

S) and p(h).
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Definition 3. Two integrated sequences {(£(m), ¢(m)), m € Z} are called cointe-
grated (of order 0) if, for some constant 8 # 0, the linear combination {¢(m) —
BE(m) : m € Z} is a stationary sequence.

The interpolation problem for cointegrated sequences consists in mean-square
optimal linear estimation of the functional

N

ANE =) a(k)g(k)

k=0

of unknown values of the stochastic sequence &(m) based on observations of the
stochastic sequence ¢ (m) at the points m € Z\{0, 1, 2, ..., N}. To solve the problem,
we can use the results obtained in the previous sections.

Suppose that the spectral density p(A) of the sequence ¢ (m) satisfies the mini-

mality condition
b4 an
| e <= )

Let the matrices P’If,’ﬁ , T’If]’ﬁ s Q'IS\, be defined by the Fourier coefficients of the func-
tions

A p() — BEF (M) [f)pD) — B2 F2 (4
1 — el 21 p(R)’ [T — el 21 p(R)’ A2 p(2)

(20)

in the same way as the matrices Py, T’If,, Qu were defined. Theorem 2 implies the

following formula for calculating the spectral characteristic hﬁ’ y @) of the optimal

estimate
-1

Ayg = f W N WdZew ) = Y v N R)E k) @)

k=—un

of the functional A y&:

(1 — ey pO)— B2 () (ZiM)'Cl (™)

B _ ph( ik iA _
hn @ = B () ) e =yt
22
where
' N+un . | '
Cune™) = 2 (PY") " [Dhan],,, — (PYF) 7 T al) o™
k=0

The value of the mean-square error of the estimate A nE& is calculated by the for-
mula

A(f. 8: AnE)
L [T IANE = B G) = 221C) (@)
T2 ), W21 — el 21 P2 ()

p(L)dA
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8 /,, AN (M) — ey B2 £ (1) — 22 Cly (™)

_ 27 — A2n|1 _ ei}»u|2np2()\) f()t)d)\,
17 1ANEM(1 = ™Y [p() — B2 F (W4 +220Ch (@)
2 : X LN F )
2 J_, A1 — e”‘l‘|2”p2(k)
B By —1 A=l B
= ([Dhan],,, — T al. (P?) " [Dhan],,, — (@%") 7' Th aly)
+ (Q'Z,aN, aN). 23)

The described results are presented as the following theorem.

Theorem 4. Let {(§(m), ¢ (m)), m € Z} be two cointegrated sequences with spec-
tral densities f()) and p(}), and let the spectral density p (L) satisfy the minimality
condition (19). If the stochastic sequences §(m) and {(m) — B&(m) are uncorre-
lated, then the spectral characteristic hﬁ’ ~ (A) and the value of the mean-square er-

ror A(f, g; KNS) of the optimal estimate XNS (21) of the functional ANE based on
the observations of the sequence {(m) at the points m € 7Z \ {0,1,2,..., N} are
calculated by formulas (22) and (23), respectively.

5 Minimax-robust method of interpolation

Formulas for calculating values of the mean-square error A(h(f, g); f,g) =
A(f, g A NE) = E|ANE — A ~E|? and the spectral characteristics of the optimal
estimates of the functional A y& based on observations of the sequence &(m) + n(m)
can be applied under the condition that the spectral densities f(A) and g(A) of the
stochastic sequences &(m) and n(m) are known. However, these formulas often can-
not be used in many practical situations since the exact values of the densities are
not available. In this situation, the minimax-robust method can be applied. It consists
in finding the estimate that provides a minimum of the mean-square errors for all
spectral densities from a given set D = Dy x D, of admissible spectral densities
simultaneously.

Definition 4. For a given class of spectral densities D = Dy x D, spectral densities
o) eD + and g’ € Dy are called the least favorable densities in the class D for
the optimal linear interpolation of the functional A y§ if the following relation holds:
A8 = A g™ 108%) = max  A(h(f.9): f.8).
(f,8)€DsxD,
Definition 5. For a given class of spectral densities D = Dy x D,, the spectral

characteristic h°(1) of the optimal linear estimate of the functional Ayé& is called
minimax-robust if the following conditions are satisfied:

o etp= [ Ly (el p),
(f,g)G'DfX’Dg
min max A f,g) = max A(ho; £ g)-

heHp (f,g)€DyxD, (f,8)€DyxDy
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Lemma 1. The spectral densities f° € Dy and gl e Dy that satisfy the minimality
condition (5) are the least favorable in the class D for the optimal linear interpolation
of the functional A& based on observations of the sequence &(m) + n(m) at the
pointsm € Z\{0, 1,2, ..., N} if the matrices (P%)O, (T’If,)o, (Qn)° whose elements
are defined by the Fourier coefficients of the functions

22 221800 FAROTY
L= ehu2rp0()’ |1 — ethnnpO(a)’ P

; (24)

where po()») = fO A+ kzngo(k), determine a solution to the constrained optimiza-
tion problem

I3 n A Y uN—lmpp o p
(f,g)re]r%?xpg (<[DNaN]+;m —Tyay, (PN) [DNaN]-Hm - (PN) TNaN)
+ (Qnay, ay))
u n\0 NG T 1O\ =1 0
= <[DNaN]+,m - (TN) Ay, ((PN) ) [DNaN]+/m - ((PN) ) (TN) aN)
+(Q%an, an). (25)
The minimax-robust spectral characteristic h® = h uw(f 0. g% is calculated by formula
(AD ifhu(f°. 8°) € Hp.
The presented statements follow from the introduced definitions and Theorem 2.
The minimax-robust spectral characteristic 4 and the least favorable spectral

densities ( f°, g°) form a saddle point of the function A(h; f, g) on the set Hp x D.
The saddle-point inequalities

Ah; £2,8% = A(h°% f°,8°) = A(h"; f.8) Vf €Dy, Vg e Dy, Vh € Hp

hold if A% = h, (£, g%), h,(f°, g% € Hp, and (f°, g%) is a solution to the con-
strained optimization problem

Af, ) = —A(hu(f°, £°); f.g) — inf,  (f,g) €D,

Ahu(£°.8"): f.8)
L1 [T AN = MY O0) — 32Ol (M)
27 ) x 11— e 20 (fO(%) 4+ A21g0(1))2
L7 JAN (M) (1 = ety 21g00) + 220 O™ 2
27 J_x A2 |1 — e 2 FO(L) 4+ A21g0(1))2

g)da

f)dx,

N-+un

O (e™) = 3 (((05)°) " [PRav],,,, = (PR)) 7 (T5) o) e

This constrained optimization problem is equivalent to the unconstrained optimiza-
tion problem

Ap(f. ) = A(f, ) + A(f, gDy x Dg) — inf, (26)
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where A(f, g|Dr x D) is the indicator function of the set Dy x Dg: A(f, g|Dy X
Dg) =0if (f; g) € Dy x Dy and A(f, g|Dy x Dy) = +o0if (f; g) ¢ Dy x Dy.
A solution (f°, g°) to the unconstrained optimization problem is determined by the
condition 0 € dAp(f°, g%), which is a necessary and sufficient condition that the
pair (f ) belongs to the set of minimums of the convex functional Ap(f, g)
[11, 22, 23]. By dAp(f, g) we denote the subdifferential of the functional Ap(f, g)
at the point (f, g) = (£, g°), that is, the set of all linear continuous functionals A
on the space L1 x L that satisfy the inequality

Ap(f.g) — Ap(f% &%) = A((f. ) — (% &%), (f.@ eD.

In the case of estimating the cointegrated sequences, we have the following opti-
mization problem of finding the least favorable spectral densities:

Ap(f, p) = A(f, p) + A(f, pIDy x D)) — inf, 27)

A(f, p)
= ARG (0. p°): £.p)
T AN () (1 = ey B2 FO0) — 22l ()2
T ). 20T — i 2 (O ()2 p()dA
B2 /ﬂ AN () (1 — ey B2 f0(0) — 220 CPS, (et 2
2 )»2"|1 _ e”‘“|2"l(p0()»))2
7 Ay (€)1 = e [pO() = B2 FO0Ts + 221 ChY ()]

FO)dA

27 —x 2|1 — eiri|2n(pO(1))2 FQ)dx
0 (i phig 0y—1 0 .
i) = 20 ()" ([Dhan],,, — (T3 ak)) ™.
k=0

A solution (f°, p°) to this optimization problem is characterized by the condition
0e3ap(f2 p°)

The derived representations of the linear functionals A(h, (f°, ¢%); f, g) and
A(hﬁ (f°, p%); f, p) allow us to calculate derivatives and subdifferentials in the space
L1 x L. Therefore, the complexity of the optimization problems (26) and (27) is
determined by the complexity of calculation of the subdifferentials of the indicator
functions A(f, g|Dy x D) and A(f, p|Dy x D)) of the sets Dy x Dy and Dy x D).

6 The least favorable spectral densities in the class Dy, X Dy <

Consider the problem of minimax-robust estimation of the functional Ay& of un-
known values of the sequence with stationary increments & (m) based on observations
of the sequence &(m) + n(m) at the points m € Z \ {0, 1,2, ..., N} for the set of
admissible spectral densities D = D(; X DO_ , where

1
Of—{“ )\— ﬂm“”l}
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_ T 1
2= feofa [ o= )

If the spectral densities f° e Dy, Iz g e 2 e and the functions

AN (€M) (1= )20 4221 CR 0 (e

h 0,¢%) = . : 28
CLALY AL = e pO(2) oo
i _ iy £0 2 2n 0 i
g (£, ¢%) = [An(e) (1 —e ).f (1) —A7Cy (e )I’ 29)
’ |1 — el |npO(2)
where p°(A) = fO0) + 2?"g%X), are bounded, then the linear functional

A(hﬂ(fo, go); f, &) is continuous and bounded in the space L; x Li. The condi-
tion 0 € dAp(f?, g°) implies that the spectral densities f° D, / and g¥ € D,. p
are determined by the relations ‘

|)\.|nf0()\,)’AN(€i)L)(l lku)” 0()\‘) + CM 0( l)\.)|
= a1 — ™" (') +2*g° ), (30)

gO(X)’AN(e“‘)(l _ ei}»ﬂ)nfO()\‘) _ )LGC];\tl,O(eiA)’
= |l = ™" (fO0) +27g°)). 31)

where the constants & > 0, e > 0 with oy # 0if [ (f°(4))"'dA = 27 P and
ar #0if [7_(g°(W)"'dr =27 P.
The derived statements allow us to formulate the following theorems.

Theorem 5. Suppose that the spectral densities fO(L) € Dy, s and g°(1) € D, p

satisfy the minimality condition (5) and the functions hu,f(fo, g°) and hM’g(fO, )
calculated by formulas (28) and (29) are bounded. The spectral densities (1) and
gO (X) determined by Egs. (30)) and (31) are the least favorable densities in the class
D = D(I r X D(I < for the linear interpolation of the functional An& if they give a

solution to the constrained optimization problem (25). The function h, (f 0 ¢% cal-
culated by formula (11) is the minimax-robust spectral characteristic of the optimal
estimate of the functional ANE.

Theorem 6. Suppose that the spectral density f(A) (or g(A)) is known, the spectral
density g°(1) € Do_g (fO(A) € Do_f)’ and they satisfy the minimality condition (5).

Suppose also that the function hy ¢(f, g% (h#,f(fo, g)) is bounded. Then the spec-
tral density

-1

1 1 N s i n
gO(k) = f()\) [m|AN(e’)‘)( l)»,l ) f()\) C]lflo(e )»)| . )»2 ]

2

+

or

A" -
ap|l — erun

FO0) =228 [ [Aw (™) (1 = e™)"gG) + ()| - 1}

+
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is the least favorable in the class D, < (or Dy, f) for the linear interpolation of the
functional ANE if the functions f(A) + 22"g01), g°(V) (or fO(0) + A%"g(L)) give
a solution to the constrained optimization problem (25). The function h,(f, g°) (or
hy(f 0. 9)) calculated by formula (11) is the minimax-robust spectral characteristic
of the optimal estimate of the functional AN§.

Consider the problem of minimax-robust estimation of the functional Ay& of
unknown values of the sequence &(m), cointegrated with the sequence ¢ (m), based
on observations of the sequence ¢ (m) at the points m € Z\ {0, 1, 2, ..., N}. Suppose
that the stochastic sequences &(m) and ¢(m) — B&(m) are uncorrelated. The least
favorable spectral densities in the class D? X Dg, where

=1/ )‘ —d)»>P1} Dy, {P( )'— —d)»>P2}
Pos= { 2 fO) 0.p = . p)

are determined by the condition 0 € d Ap(f°, p®), which implies the following rela-
tions for determining the least favorable spectral densities f° e D?c and p¥ € Dg:

Ay (e™)(1 - ei/\#)”‘ngO()L) - AZ"C&([)\,(E“‘H = o A1 — ", (32)

PO AN(ER) (1= ™) [P0 = B2 O], + 27 Cl ()]
= A1 = " (a1 pO(A) + a2l BIFON)), (33)

where the constants &) > 0, e > 0 with oy # 0if [ (f°(4))"'dA = 27 P; and
ar #0if [T (p°(W)~ldr =27 P,

Theorem 7. Suppose that the spectral density p°()) € D, » satisfies the minimality

condition (19) and the functions hu,f(fo, g°) and hu,g(fo, g%, calculated by for-
mulas (28) and (29), are bounded for g(A) := a2 (p(r) — ﬁzf(k)). The spectral
densities f 0%) and po(k) determined by Egs. (32) and (33) are the least favorable
in the class D = D, 0.1 % D, 0.p for the linear interpolation of the functional An§
based on observations of the stochastic sequence ¢ (m), which is cointegrated with
&(m) and such that the stochastic sequences &(m) and ¢(m) — B&(m) are uncor-
related, if these densities determine a solution to constrained optimization problem
(25) for g°(x) == A72%(pO(n) — B2 fO(N)). The function h, (f°, p°), calculated by
formula (22), is the minimax-robust spectral characteristic of the optimal estimate of
the functional AN§.

7 The least favorable spectral densities in the class D = D;,, x Djg,

Consider the problem of minimax-robust interpolation of the functional Ay& based
on observations of the sequence & (m)+n(m) at the points of m € Z\{0, 1,2, ..., N}
in the case where the spectral densities f(1) and g(A) belong to the set D = Dy, X
Die,, where

Dzel={f()»)‘— lfo) — fl()»)|2d/\§81},



Interpolation of sequences with stationary increments and cointegrated sequences 75

Dy, = {g(k)'— |g() — g1(W)|dx < 82}

are e-neighborhoods of the given spectral densities f1(A) and g1 (1) in the spaces Ly
and L, respectively.

Suppose that the spectral densities f1(A) and gj(A) are bounded and the func-
tions /1, 1 (f°, g°) and iy, o (0, g°) calculated by formulas (28) and (29) with spec-
tral densities f0 e Dy, and g’ e D;¢, are bounded as well. The condition 0 €
dAp(fO, g°) implies the following relations for determining the least favorable spec-
tral densities:

|AN(eiA)(1 _ eiku)nAanO(k) + AQ”C]’\‘,’O(eik)|2
= a1 W21 =™ (00 — AW (O +2200)%, (34

Ay (™) (1= e™)" O — 22l (e™)
=y W)|1 — ™" (£O0) +22°()°, (35)

where the function |y ()| < 1 and y(A) = sign(g(r) — g1 (1)) if g(A) # g1 (X);
o1, ap are two constants to be found using the equations

1 T 1 T
- / 17°0) — A [dr =ey, —/ 18°0) — g1 W)|dr = 2. (36)
T J_x 27 J_»

Now we can present the following theorems, which describe the least favorable
spectral densities in the class D = Dy, X Dyg,.

Theorem 8. Suppose that the spectral densities fO(A) € Dy, and gO(K) € Dig,
satisfy the minimality condition (5), the functions hﬂgf(fo, g% and hﬂ,g(fo, g,
calculated by formulas (28) and (29), are bounded. The spectral densities fO(1) and
8°(1) determined by equations (34)—(36) are the least favorable spectral densities in
the class D = Dy X Dig, for the linear interpolation of the functional ANE if they
give a solution to constrained optimization problem (25). The function h, (f 0 g%,
calculated by formula (11) is the minimax-robust spectral characteristic of the opti-
mal estimate of the functional ANE.

Theorem 9. Suppose that the spectral density f (L) is known, the spectral density
) € Die,, and they satisfy the minimality condition (5). Suppose also that the
Sunction hy, ¢ (f, g°) calculated by formula (29) is bounded. Then the spectral density

") = max {g1 (), A" LW},

L) = a3 |1 =M™

An(e) (1= ™) £G) = 22Tl ()] = ),

is the least favorable in the class D1, for the linear interpolation of the functional
ANE if a pair (f, g°) provides a solution to constrained optimization problem (25).
The function h,(f, g%, calculated by formula (11) is the minimax-robust spectral
characteristic of the optimal estimate of the functional ANE.
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Theorem 10. Suppose that the spectral density g()) is known, the spectral density
o0 e Doe,, and they satisfy the minimality condition (5). Suppose also that the
Sfunction hy, ¢ (f 0. g), calculated by formula (28), is bounded. The spectral density
FO(1) determined by the equation
|AN (eM)(l . ei)‘“)nkz’zg(k) + AZ"CZ’O(em)f
a2 2
= ar AP |1 = M7 (£00) = f1)) (£00) + 27" g (1)

and the condition ffﬂ |f0()») - fi (A)|2dk = 2meq is the least favorable spectral
density in the class Dy, for the linear interpolation of the functional A& if a pair
(19, g) provides a solution to constrained optimization problem (25). The function

hu(f 0. ¢) calculated by formula (11) is the minimax-robust spectral characteristic
of the optimal estimate of the functional AnE.

Consider the problem of minimax-robust interpolation of the functional Ay& in
the case of cointegrated sequences £(m) and ¢ (m) on the set of admissible spectral
densities D = Dy, x Di,,, where

1 o
Doy = {f(k)‘gf 1FO0) — AV dn < sl},

l w
Dig, = {p()»)‘g/ [P — prW)]d < 62}.

From the condition 0 € dAp(f°, g°) we obtain the following relations that deter-
mine the least favorable spectral densities:

[An () (1= )82 1000 =22 ()]
= ar Py (W)[1 — 17 (p0())?, (37)
A () (1= ) [p00) — B25°0], + 2L ()

=321 — M (PO W) (@ (O — i) + By (). (38)
where the function |y(1)| < 1 and y(A) = sign(p(A) — p1(A)) if p(X) # p1(A);

a1, ap are two constants that can be found from the equations
i
2w

Thus, we have the following theorem.

s 1 T
/_ 17°0) — A [dr =ey, g/_ 1P°) = p1()|dr = e2. (39)

Theorem 11. Suppose that the spectral density p°(1) € D; ¢, Satisfies the minimality
condition (19) and the functions hﬂ,f(fo, g% and hu,g(fo, g9, calculated by for-
mulas (28) and (29), are bounded for g(1) := 1~ (p(L) — B> f(A)). Then the least
favorable spectral densities for the linear interpolation of the functional An§ based
on observations of the stochastic sequence ¢ (m), which is cointegrated with & (m) and
such that the stochastic sequences &(m) and ¢ (m) — BE(m) are uncorrelated, are the
spectral densities fO()) and p°()) determined by Egs. (37)-(39) and provide a solu-
tion to constrained optimization problem (25) for g°(1) :== A=2*(p° (L) — B2 O (V).
The function h, (f 0. p% calculated by formula (22) is the minimax-robust spectral
characteristic of the optimal estimate of the functional AN&.
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8 Conclusions

In the article, the problem of the mean-square optimal linear estimation of the func-
tional Ay§ = Z/?l:o a(k)&(k), which depends of unknown values of the sequence
&(m) with nth stationary increments based on observations of the sequence &(m) +
n(m) atthe points m € Z\ {0, 1,2, ..., N}, is considered in the case of observations
with the stationary noise 7(m) uncorrelated with &(m). The classical and minimax-
robust methods of interpolation are applied in the case of spectral certainty and in
the case spectral uncertainty. Particularly, in the case of spectral certainty, formu-
las for calculating the spectral characteristics and the value of the mean-square error
of the optimal estimate are found. The derived results are applied to interpolation
problem for a class of cointegrated sequences. In the case spectral uncertainty, where
spectral densities are not known exactly, whereas some sets of admissible spectral
densities are given, formulas that determine the least favorable spectral densities and
the minimax-robust spectral characteristics are derived for some special sets of ad-
missible spectral densities.
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