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Abstract We obtain weak rates for approximation of an integral functional of a Markov
process by integral sums. An assumption on the process is formulated only in terms of its
transition probability density, and, therefore, our approach is not strongly dependent on the
structure of the process. Applications to the estimates of the rates of approximation of the
Feynman—Kac semigroup and of the price of “occupation-time options” are provided.
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1 Introduction and main results

Let X;,t > 0, be a Markov process with values in RY. We consider the following
objects:
1) the integral functional

T
Ir(h) = / h(X,)dt
0

of this process;
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2) the sequence of integral sums

n—1

T
Irn(h) = — 3 h(X@rym), n=1.
k=0

The problem we are focused on is obtaining upper bounds on the accuracy of ap-
proximation of the integral functional /7 (%) by the integral sums It ,(h) without any
regularity assumption on the function 4. The function 4 is only assumed to be mea-
surable and bounded. Therefore, the class of functionals I7 (/) contains, for example,
the occupation time of the process X inaset A C B(RY) (in this case, h = [4).

The problem of estimating the expectation of expressions that contain both the
value of a process and the value of an integral functional of this process arises natu-
rally in a wide range of probabilistic problems. Two of them related with the
Feynman—Kac semigroup and the price of an occupation-time option are discussed
in Section 3. An exact calculation of such expressions, if possible, can be performed
only under substantial assumptions on the structure of functionals and processes; see,
for example, [3], where the price of an occupation-time option is precisely calculated
for a Lévy process with only negative jumps. For more complicated models, it is
natural to use approximative methods, which naturally require estimates of approxi-
mation errors. This motivates the main aim of the paper to evaluate the error bounds
for discrete approximations of the integral functional I (h).

In what follows, Py denotes the law of the Markov process X conditioned by
Xo = x, and E, denotes the expectation with respect to this law. Both the absolute
value of a real number and the Euclidean norm in R? are denoted by |-[; || - || denotes
the sup-norm in L.

The following result was obtained in [2] as a part of the proof of a more general
statement (see Theorem 2.5 in [2]).

Proposition 1. Suppose that X is a multidimensional diffusion process with bounded
Holder continuous coefficients and that its diffusion coefficient satisfies the uniform
ellipticity condition

(a(x)0,0)ga = cl6]®, x,0 €R? ¢ >0.
Then there exists a positive constant C such that

logn

|ExIr(h) — ExIr ()| < Clihl| ey

n

The scheme of the proof of this result can be extended straightforwardly to the
case of arbitrary Markov process that satisfies the following assumption (see Propo-
sition 2.1 [1]):

X. The process X possesses a transition probability density p;(x, y) that is differen-
tiable with respect to ¢ and satisfies

|0 pr(x, )| < Crt7 g (y), t<T, Cr>1, )

for some measurable function ¢ such that for any fixed ¢ and x, the function g,  is a
distribution density.
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Remark 1. A diffusion process satisfies condition X with

d/

arx(v) = cit™exp(—cot 7' |x — yI?)

and properly chosen cy, ¢z. The other examples of the processes satisfying condition
(2) are provided in [1]. Among them, we should mention an «-stable process.

Under assumption X, Proposition 1 and Proposition 2.1 in [1] give bounds for
the rate of approximation of expectations of the integral functionals of the process X.
Such approximation rates are called weak. Strong L ,-rates, that is, the bounds for

E|Ir(h) — I . (0)|",

have been recently obtained in [4] for diffusion processes and in [1] without restric-
tions on the structure of the processes. In this paper, we provide another generaliza-
tion of the weak rate (1), namely, the rates of approximation for expectations of more
complicated functionals. Let us formulate the main result of this paper.

Theorem 1. Suppose that X holds. Then for each k € N and any bounded function f,

1
|E (Ir () £ (X1) — Ex(Ira()* £ (X1)| < 6k2cTTk||h||k($> Tl

Clearly, Proposition 2.1 in [1] is a particular case of Theorem 1. The latter state-
ment is a substantial extension of the former one: it contains both the moments of any
order of the integral functional and the value of the process in the final time moment.
Using the Taylor expansion, we obtain the following corollary of Theorem 1.

Consider any analytic function g defined in a neighborhood of 0 and constants

(m)
Dg, Ry > 0 such that |gT!(O)| < Dg(Rig)m for any natural m.

Corollary 1. Suppose that X holds. Then for any bounded function f and a function
h such that T ||h|| < Rg, we have:

1
|Ecg(Ir) £ (X7) = Exg(Ir.a(W) £ (X7)]| < cT,h,Dg,Rg( O:j’”)nfn, 3)

where

c eD.C T|lh| L+ Tkl 1
T,h,Dg,Rg - g-T Rg Rg (1 _ T}lil’h‘l):i ’
8

We provide the proof of Theorem 1 in Section 2. In Section 3, we give an appli-
cation of Theorem 1 to estimates of the rates of approximation of the Feynman—Kac
semigroup and of the price of an occupation-time option.

2 Proof of Theorem 1
Denote
Sk.ab = {(sl,sz,...,sk) eRk|a§s1 <s<--- <sk§b}, keN, a,bekR,

and for each ¢ € [kT/n, (k + )T /n), put n, (t) := L.
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We have:

l(Ex[(lr(m)" — (Ira )] f(X7))

k!
k k k
= E, f []‘[h(xs,.) - Hh(xnn@,.p}f(XT)]‘[dsi
Sko.7 i=1 i=1

i=1

k k
= h i si—si—1 WVi—15 )i -5, s
/Skm /(Rd)kﬂ <E (y ))f(z)(Ep, O 1y)>pT (k> 2)
k k k
xdz | |dy; | |ds —f / < h(yi)>f(2)
jljll ’ E Sko.r J (RO ,11

k k k
x (l_[ P (st =mn(si—) Vi1, %))pr—n,,(sk)(yk, 2)dz l_[ dy;j l_[ ds;,

i=1 j=1 i=1

where so = 0, yp = x.
Rewrite the expression under the integral

k
(]_[ Psi—si— (Vi—1, yi)) PT—st Yk 2)

i=1
k
- (l—[ PaGsi)—nn(si—) V=1, yi))PTn,.(sk)()’ka )
i=1
in the form
k
<1_[ Psi—si—1 Vi—1, yi)) Pr—s Yk, 2)
i=1

k
F Piutsp) (X5 yl)(]_[ Dsi—si_1 (Vi—1, }’i)> DPT—s5; (V> 2)

i=2

k
- (H Pa(siy—nn(si—) Vi=1, yi))pT—nn(sk)(yk, 2)
i=1
k

= <]_[ Psi—si1 i1, yi))PT—sk (k> 2)

i=1

k
F Poasp (X, ¥1) (1_[ Psi—si—1 Vi1, yi)) PT—s5 (V& 2)
i=2
k

+ pnn(sl)(xa YI)Psgfnn (51)(y1 . ¥2) (1—[ Psi—si_y yi-1, yi)> PT—s; (V> 2)
i=3

k
- (H Pn(si)—=nn(si—n) (Vi—15 yi))PT—n,,(sk)(Yk, 2)

i=1
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=Nh+h+- -+ T+ Ju,

where

k
J1=(ps; (X, Y1) = Putsp (%, ¥1)) <]_[ Psi—si—1 Vi1, )’i))PT—sk(Yk, 2),

i=2
J2= D) & YD (Psr—s1 1 ¥2) = Psy—nu(s) (V15 ¥2))
k
X (H Dsi—si_1 (Vi—1, yi)) Pr—s; V&> 2)s
i=3
J3= Piuts) @ YD (Psr—na(s1) V15 Y2) = Pr(s2)=nu(sp) V1 ¥2))
k
X (1_[ Psi—si_1 (}’ifl s yi))stk ()’k, 1)9
=3

J4 = Pps1) X Y1) P (s2) = (s1) 15 ¥2) (Pss—s52 (V25 ¥3) — Psz—na(s2) (2, ¥3))
k
X (H Dsi—si—1 (Yi—1, yi)>PT—sk k> 2),
i=4

5= Pi(sn) (X5 YD Pr(s)—ma(s0) 015 Y2) (Ps3 = (52) (V25 ¥3) = P (s3)—ma(s2) (925 ¥3))

k
X (H Psi—si—1 (Vi~1, )’i)) Pt Vks 2),
i=4
k—1
Jo—1= <l_[ Pntsi)—nn(si—p) (Vi1 yi))
i=1
X (Pse=nase—1) k=15 Y6) = Paas0)=a s11) V=15 YO) PT—s5 Vs 2),
k
Ju = (l_[ P (si)=nnGsi—n) i1, )’i)> (P7—5c Oks 2) = PT 1,050 Ok D))
i=1
Therefore,

(Bl ®)’ ~ (1) LX)

k k k
Z/ / (l_[h(Yi))f(Z)(Jl+J2+ +J2k71+.]2k)dzl_[dyj Hdsi'
Seor JRDHLN; | i i

“

Our way to estimate each of 2k terms in (4) is mostly the same, but its realization

is different for the first, the last, and the intermediate terms. Let us estimate the first
term in (4):
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k k k
h(yi))f(z)J dz | | dy; | | dsi
’ /Sk.o,r /(Rd)k“ <E 1 1_[ ! 1_[

j=1 i=1

Sk—1,51,T

k k k
(R (1_[ h(yi))f(Z)Jle l_[ dyj Hdsidsl
i=1 j=1  i=2

T/n k k k
h()"))f(z)fldz dy; | | dsids
Sk—1.5y.7 J REYH1 (U ' U / U !
h(yi )f(Z)J1dZ dy; | | dsids:
’ v/;"/n ~/Sk Lsy.T /(}RQHI <1_[ ! 1_[ J 1_[ !

i=2

Let us consider each term in detail:

T/n

k k k
h()"))f(z)lldz dy; | |dsids;
Sk—1.5,.T (Rd)”l(il:! l ]1:[] ]i=1_£ '
T/n k
= f f / (]‘[h(yn)ﬂz)fl
0 Sk—1,07 JROFLIN; |

\ T/n k k
< A1 / / / ildz [ dy; Tl dsids:
0 Sk—1.0.7 J (RA)k+ 1_[ ! [:1_! '

k k
dz l—[ dy; l_[dsidsl
j=l1 i=2

1 k k—1 Tin
< T [ [ e = paen e solanas

1
a5 FIT* =
n

<
(k=1

Next, we have
h(yi )f(Z)JIdZ dy; | |dsids;
‘ /T/n /Sk Lsy. T /Rd)k+l <l_[ ' 1_[ J H i

T s
- ‘ f / / / (l_[ h(}’i))f(z)aupu(x, 1)
T/n Ina(s)) SSic1s r SR

k k k
x (1_[ Psi—si (Vi1 y») pr—s (i 2)dz [ [ dy; [ [ dsiduds,

i=2 j=1 i=2

T N k
[ [ (]‘[ h(yi))ﬂz)au Pul, 31)
T/n JInu(s1) J Sk—1,0,7 J RO i=1

k
x (1_[ Psi—si i1, y»)pw (k> 2)

=2

k

k
dz 1_[ dy; Hdsi X dudsi

j=1 i=2
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T S k
T A A A (N v yoy(]"[ Poss i1, y,-))
T/n Jnu(s) I Se1,0,1 J R P

k k

X pr—s Yk, 2)dz l_[ dyj Hds,'dudsl.
j=1 =2

Integrating over z, Y, Yk—1, - - . , y2 and then over si, sk—1, ..., $2, we derive

‘ /7:/;1 /Sk 1), T ,[Rd)k+l (1_[ h(yl )f(Z)Jle l_[ dy/ l_[dsldsl
<

1 _ K
< SRl FIT 1/ / / |0upu(x, y)|dyrduds,
(k —1! T/n Jns1) JRE
1 k k—1 T -1
<Cr AT u” qu x(y1dyiduds)
(k —1)! T/n Jnu(sy) JR
1 k v [T
=CT—,IIhII T u~ duds,
(k—D! T/n 1 (51)

1 ((+D)T/n  psy )
kT f / wduds;
1)' Z iT/n

T/n

i1 (i+D)T/n p>@+1)T/n
1), kI IT Z/ / u” dsidu

iT/n
i1 (1+1)T/n
< IS FIT* = f
1)' Z iT/n
1 k T 1
=C Ial5 ) FIT* = / u'du
Te— i HEIAIT T/n
= ! ——— ||| IlfllT"
=T

Therefore,

k . .
h( i)> (x)J1d dy; [1ds;
‘/Sk,o,r /(Rd)k+1 (H yi) ) f ()1 zl_[ y/l_[ s

j=1 i=1

<3cC
=Tk =1

logn
IIhIIkIIfIIT"%

Now we are ready to estimate the last summand in (4):

‘ /S /Rd)m (]‘[h(yz )f(z)hkdzl"[dy,l"[dsl
k,0,T
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k—1

. <H h(y;) >f(z)J2kdz l_[ dyj l_[ ds;dsy

i=1

Sk—1,0,5, v (R

T—T/n k—1 ’

a1 <1_[h()’l )f(Z)JdeZ 1_[ dy; 1_[ ds;dsy

k—1

‘,/;" T/ /;v '/(Rd)k (Hh(yl >f(2)]2kd21_[dyj l_[dszdsk
9 Sk—1,0.5; +1

i=1

(R

Sk—1,0,s5¢

Let us estimate each term separately. We get
k—1

‘/T T/ fs /Rd)k <nh()’z )f(Z)JdeZdejl—[dSldSk
19 Sp—1,0.5; +1

j=1 i=1
T
T—T/nJ 8101 J RHH!

(1_[ h(yi)>f(z)J2k dz 1_[ dyj H ds;dsy
i=1 j=1 i=l1
« T
< IRl £ / / / aeldz T Tdy; T dsidse
T—T/nJ 8101 J RHH! 1_[ ! l_[ !

k k—1
j=1 i=1

1]l IIfIIT"

= k- 1)'

For the other term, we obtain:

T—T/n k k k=1
h(y‘)>f(Z)J2kdz dy; | | dsidsk
Sk—1,0,5 J REHKF <D l Jljll ! }:[1 '
T—-T/n psi k
/ / / / (]‘[ h(yi))f(z)
0 M (s J Sg—1,0,5 Y RO

k k k—1

X (H Prn(si) =i (si—1) (Vi1 yi))ar_upr_u(yk, z)dz ]_[ dy; ]_[ ds;dudsy

j=1  i=1
T-T/n psi
A A |
0 n(sk) Y Sk—1,07 RO+

k
(]"[ h(yi))f(z)
i=1

k k—1

k
) (H P (s = (si—p) (Vi—1 yl-))BT_uPT—M (e, 2)\dz l_[ dy, 1_[ dsidudsy
Pl j=1 =l
L T-T/n psg ul
= ”h” ”f”/ / / / <1_[ pnn(si)_nn(si—l)(yi—lv yl))
0 N (sk) I Sk—1,0,7 J R i=1

k k—1

X |07 —u T —u (k> 2)|dz 1_[ dy; 1_[ dsiduds.
j=1 =l
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Let us rewrite this expression in the form

k—1
I £ / f ( P = i) Vi—1, y»)
Sk—1,07 J R -1 E

T-T/n psk
X / / / pnn(sk)—nn(sk_l)(ykfli yk)
0 1 (sx) J (RY)?

k=1 k-1
X |07 —u PT—u (ks 2)|dzdyrdudsy l_[ dy; 1_[ ds;
j=1 =1

and consider the inner integral

T-T/n
/ / / P50 =t (se) k=15 YO |07 —u PT—u Yk, 2)|dzdyrdudsy
0 n(sk) J (RY)?

n=2 LG+D)T/n s
= Z/ / / PiT/n—n,,(xkfl)(yk,l, yk)
X iT/n iT/n (R4)?2

i=0
X |07 —u p1—u (i, 2)|dzdyrduds

n=2 L(i+1)T/n pG+DT/n
= Z/ / / Pit n—ny(se—1) Vk—15 Yk)
[ iT/n u (]Rd)z

i=0
X ‘anupru()’k» z)]dzdykdskdu

IA

T (+1)T/n
— Z/ / DT n—nn(si1) k=15 Y| 07 —u PT—u Gk 2) |dzdyrdu
n iz YiT/n (R4)2
T =2 DT /n X
Cr— Z/ / DiT/n—nn(se—1) Gk=1, Vi) (T —u) ™ dyrdu

Rd

neoJiT/n

Tn—2 (+DT/n T—T/n 1
=CT—Z/ (T —u)~ ldu—CT—/ (T —uw)'du=TCy Og".

neoiT/n

IA

Therefore, we have:

k—1

dyk+1 (1_[ h(yi) )f(Z)JdeZ l_[ dyj 1_[ dsidsy

j=1 i=1

T—T/n

Sk—1,0,5, 7 (R

ogn
<C h T"
=0T ]),II 1511 £ »

and

k k k
h(y: Judz [T dy; T ds:
‘ /S . /(Rd)w (U O ))f(z) e z][[1 w1

<3C

<3Cr = 1),nhn IlfIITk
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To complete the proof, we should additionally consider the following terms in (4):

‘/S /Rd)k-H (Hh(y’ )f(z)(l_[ Py (1)~ (51— 1)(y1 1, yl)>
k,0,T

X (ij—Sj_l (Yj—l, )’1) - ij—r)n(Sj_])(yj—lv )’1))
k k k

x < I1 ps,,,sml(yml,ym))prsk (> 2)dz [ [ dyg [ [ dsr

m=j+1 g=1 r=1

&)

and

‘v/S /Rd)kﬂ (Hh(yl >f(Z)<l_[ Pt (st) = (s1—) (V1= 17)’1))
£.0.T

X (Psj=nas;—0) Vj=15 1) = Pratsp=nats;— Vj=1: ¥)))

k k k
X ( l_[ Pspy—sm_1 m—1, Ym)>pT—sk vk, 2)dz l_[ d.Vq 1_[ ds,

m=j+1 qg=1 r=1

. (0

where j = 2. k.
Consider (5) in more detail. We rewrite it in the form

T Sj k
/ / / / (]"[ h(y»)f@
Sj=3.0.5; 5 V8j-2Jsj2 I Se—js;r RTINS

X (1_[ Pn(spy—nn(s1—1) YVi—15 yz))(Ps,—sjl(yj—l, Yi) = Psi—muts;—n) Vj—1, ¥))

=1
k
X ( 1_[ Psyp—sm_1 Ym—1, ym))pT—sk Yk, 2)
m=j+1
k k j-3
x dzl_[dyq [ dsrdsj-ds; Hdsvds/ >

r=j+1

si=T/n
h(y;
/ / /S » TfRd)k+](l_[ i )f(z)

(1_[ P ()= s1—p) V=1 yz)) (Psj=sj 1 V=15 ¥) = Psj=nats; - j=15 ¥)))

I=1
k
X( 1—[ Psm—smI(Ym—l,)’m)>PT—sk(ykaZ)
m=j+1
k k j-3

X dz l_[ dy, 1_[ dsydsj_1ds; l_[ dsydsj_»
g=1 r=j+1 v=1
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/ / [ (]‘[h(y, )f(z)
Sj=3.0.5;_5 V8 —T/nJS—js;1 (R )yk+1

X (1_[ P ()= s1—p) V=1 yz)) (Psj=sj 1 V=15 ¥) = Psj=nats; - j=15 7))
=1

k
X ( l—[ Psm—sm—1 Ym—1, )’m)>PT—sk (k> 2)

m=j+1
k k j-3
X dz l_[ dy, 1_[ dsydsj_1ds; l_[ dsydsj_2|.
g=1 r=j+1 v=1

We estimate each term separately:

T Sj k
/ f f / (1‘[ h(yi)>f(z)
Sj-3.0.5;_ I8j-2J8j=T/n I Sp—js;m JROFTN;

X (1_[ pnn(sl)—n,,(sl_l)(ﬂ—ls yl)) (ij—sj,l(yj—lv yj) - ps]-—nn(s_,-_|)())j—1’ yj))
=1
k

X( l—[ psm_sm1(ym_1,ym)>pr_sk(yk,z)

m=j+1

j-3

xdzl_[dyq 1_[ dsydsj_ 1ds]l_[dsvds] 9
q=1 r=j+1 v=1

< IRI*I £l

/ / / / Y /S /(.Rd)]<1_[pﬂn(51) m(s1—1) (V- 17)’l)>
] 30,55 Sj—2 n k—j.s;.T

|pv,—vj 1()’] 1, )’/) ij—nn(S‘j 1)()’j—la yj)|

X l_[dyq 1_[ dsydsj_ 1ds]l_[dsvds] 2

r=j+1

12l IIfIIT"

B (k 1)‘

For the other term, we have

T si—=T/n k
/ / / f (H h(y») f(@
Sj-3.05;_p YSj-2/Sj2 Sk—js;.T RO

x (1_[ Pa(sp)—nn(si—p) V-1 yz)) (Psj—sj1 =15 ¥7) = Psj=nats; - j=15 ¥)))
=1
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k
X( I1 Psmsml(ymla)’m)>PTsk()’k,Z)

m=j+1
k k Jj—3
xdzl_[dyq [1 dsrdsj-rds; l_[dsvds]- >
r=j+1

si=T/n ps;
L Ty
j —3.0.5; 7]n(?, 1)V Sk— Jjsj.T R+l

(1_[ P = (s1—1) (V1=1 )’l)>as,-u17sju()’]1, yj)

=1

k
X ( 1_[ Psp—sm_1 Ym—1, ym)>pT—Sk Yk, 2)

m=j+1
k k j-=3
X dzl_[dyq l—[ dsyduds;_1ds; Hdsvde_g
q=1 r=j+1 v=1
< IRl*1 £l
si=T/n
/ / / / f / f |asj—upvj—u(y/ 1 y/)|
_] 3,055 n(“; 1) Y Sk— Jjsj.T Rd)
J j—3
(1_[ p’]n(sl)’In(sll)(yl—layl))l_[ 1_[ dsyduds;_ds; ]_[dsuds, 2
=1 q=1 r=j+1 v=1
< IRl*£1l
si=T/n
/ / / / / f f |asj—upvj—u(y/ 1 y/)|
_[ 3,055 Sk— Jjsj. T )l(g_] D Rd)j
J j—3
(1_[ pnn(sz)nn(sll)()’l—ls)’l)) l_[dyqduds]_l l_[ dsyds; l_[dsrdsJ_z.
=1 q=1 r=j+1 v=1

Again, we consider the inner integral:

fnn(sj)T/n /Sj—l /
Pa(sj—D)=na(sj—2) (Vj=2, Yj—1)
0 mlsjp) Jayz T TR

X |8y, —upsj—u(yj—1. y)|dyjdyj—1duds;
Nn (Sj)n/T_z

G+DT/n psj-1
= > / / / PiT n=nu(s;-2) (¥j=2, ¥j-1)
: iT/n iT/n J(®RI)?

i=0
X |8y, —upsj—u(yj—1. y))|dyjdyj_1duds;
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nn(sjn/T—2

(i+D)T/n p@E+1D)T/n
= Z / f f PiT /n—n(sj_2) (Vj=2, ¥Yj—1)
, iT/n u (R4)?

i=0
X |85j—upsj-—u (){/—1, yj)‘dyjdyj—ldsj—ldu

IA

T ﬂn(AV_j)n/T_z/‘(i+1)T/n

PiT/n—nu(sj—2)(Vj-2, Yj—1)
" i=0 iT/n f(RC’)? iT/n=mn(sj-2) )] j

X |asj-—upsj-—u(yj—l’ yj)‘dyjdyj—ldu

T nrl(Sj)n/T_z

(i+)T/n 1
<Cr— Z / / PiT/n—nu(sj_2) Vj—2, Yj—1)(sj —u)~ dyj—1du
n i—0 iT/n R4 ’

T nn(S_/)n/TZ/(i+1)T/n

| T [MG)=T/n
=Cr— (sj—u)~ du:CT—/ (sj —u)"'du.
n n Jo

= iT/n

We have

/sz/n /Sj,l /<
Pn(sj—D)=mn(sj—2) (Vj=2, ¥j—1)
0 Ma(sj_1) J (Rd)? ! !

|as]'7upsj'fu()7j 1, Yj |dydeJ 1dudsj—1
logn

sj— T/n
<CT—/ sj—u) 'du <TCr

Therefore, we obtain

ol (Hh(y, )f(z)(]_[ Pt G110
k,0,T

X (PSjsjl(yj17)’j)_PSjn,,(Sj1)()’jlv)’j))( 1_[ Psmsml(ymla)’m))

m=j+1
k k
< pr—g (. 2)dz [ [ dyg [ [ dse
g=1 r=I
logn
<3C R AT —=
=301 G2 l)!II (Al

Analogously, we also have:

Lo o {1}
k,0,T

X (Psj =550 Oj=15 ) = Pratspp=nats;—0) Wj=15 ¥)))

k k k
X ( IT Pow—snos Omor. .Vm)>stk k- 2)dz [ [ dyg [ [ ds
m=j+1

g=1 r=1
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<3Cr

logn
|k Th—=—.
=< (k_l)!ll (vl »

Therefore, we finally obtain

n

1
B [(Ir ()" = (Ir.a)!] £ (X1)]| < 6kchT"||h||"( Og”)nfn,

which completes the proof. O

3 Applications

3.1 Discrete approximation of the Feynman—Kac semigroup

Let X be a Brownian motion with values in R?. Then condition X holds with

d/

qrx(y) =cit™ 2CXP(—Czt_llx - y|2),

where c1, ¢p are some positive constants.
Let  be a bounded measurable function. Then, it is known (see, e.g., [6], Chap-
ter 1) that the family of operators

Rl f(x) = Ex[f (X)) exp{al, ()]

forms a semigroup on L p(Rd), p > 1, and its generator equals

Anf = %Af + ARf.

This semigroup is called the Feynman—Kac semigroup.
Denote

Rl f(x) = Ex[f(X0) exp{adn(m)}].

Then, using the Taylor expansion of the exponential function and Theorem 1, we have
the following statement.

Corollary 2. For any bounded functions f, h and real positive number X, we have:

1
IR () — R, F ()| < cm,h<%) 11,

where

Cro.n = 6CTARIT (1 + AAIT) exp {AlAIT}.

Therefore, the main result of this paper provides an approximation of the
Feynman—Kac semigroup with accuracy (logn)/n.
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3.2 Approximation of the price of an occupation-time option
Let the price of an asset S = {S;, ¢ > 0} be of the form

Sy = So exp(Xy),

where X is a one-dimensional Markov process satisfying condition X. The time spent
by S in a defined set J C R (or the time spentby X inaset J' = {x : ¢* € J}) from
time O to time T is given by

T T
/ Iis,enydt = / H{X[EJ/}dt.
0 0

We consider an occupation-time option (see [5]) whose price depends on the time
spent by the process S in a set J. In contrast to the traditional barrier options, which
are activated or canceled when the process S hits a defined level (barrier), the payoff
of an occupation-time option depends on the time spent by the price of the asset
above/below this level.

For the strike price K, the barrier L, and the knock-out rate p, the payoff of a
down-and-out call occupation-time option is given by

T
exp(—p/ I[{S[SL}dt>(ST —K)y4.
0

Then, for the risk-free interest rate r, its price is given by

T
C(T) = exp(—rT)E[exp(—p/O ]I{StgL}dt>(ST - K)+]

Denote
n—1
C(T) = exp(—rT)E[exp(—,oT/n Z]I{skT/nfL}dt>(ST - K)+].
k=0

We provide the following corollary of Theorem 1.

Proposition 2. Suppose that X holds and there exists u > 1 such that G :=
EexpuXr) = ES} < +o00. Then

I
|C.(T) = C(T)| < 3max{Cr.,, G} exp(—rT)<f_Lf}>,
n u

where Ct,, = 6C7pT (1 + pT)exp(pT).

Proof. For some N > 0, we denote

T
cNr) = exp(—rT)E[exp(—p/o H{S,gL}dt> ((ST —K)y A N)i|

n—1
C,]:’(T) = exp(—rT)E[exp(—pT/n ZH{SkT/nSL}dt> ((ST —K)y A N)]
k=0
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Then
|Cu(T) — C(D)| < |CY(T) — CV(D)| + |C(T) — CV(T)| + |Ca(T) — CY(T)|.

We estimate each term separately. According to Corollary 2,

€= €| = N gexpiwr (222,

For other terms, we have:

|C(T) = CN(T)| + |Cu(T) — CN(1)|
<2exp(—rT)E[(Sr — K)4 — (St — K)4 A N] < 2exp(—rT)E[StI{s;>n)]
SrN“ g~ n)
Nu—l

2G
= Zexp(—rT)E[ ] < N exp(—rT).

1/u

Now, putting N = n'/* completes the proof. O

Therefore, the main result of this paper provides the approximate value C, (T') of
the price of an occupation-time option C(T) with accuracy of order (logn)/n!=1/
for the class of processes X satisfying X and the condition E exp(uX7) < +o0 for
some u > 1.
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