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1 Introduction and the main result

Let 𝑊 = (𝑊𝑡 )𝑡≥0 be a standard one-dimensional Brownian motion defined on a 
probability space (Ω,ℱ , ℙ) and endowed with its augmented natural filtration (ℱ𝑡 )𝑡≥0.

The well-known Martingale Representation Theorem (see [17, Section 4]) states 
that, for a measurable function 𝑓 : ℝ → ℝ such that 𝑓 (𝑊1) ∈ 𝐿2, we have

𝑓 (𝑊1) = 𝑢(0, 0) +
∫ 1

0
𝑢𝑥 (𝑡,𝑊𝑡 ) 𝑑𝑊𝑡 ,

where 𝑢 = 𝑢(𝑡, 𝑥) is the unique solution, under suitable growth conditions, of the heat 
equation

𝑢𝑡 +
1
2
𝑢𝑥𝑥 = 0, 𝑢(1, 𝑥) = 𝑓 (𝑥),

and is given by

𝑢(𝑡, 𝑥) := 𝔼
[︁
𝑓 (𝑥 +𝑊1−𝑡 )

]︁
=

1 
√

2𝜋

∫
ℝ

𝑓
(︁
𝑥 +

√
1 − 𝑡 𝑦

)︁
𝑒−𝑦

2/2 𝑑𝑦.
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From the point of view of mathematical finance, the Martingale Representation 
Theorem can be viewed as a perfect replication result, and the process(︁

𝑢𝑥 (𝑡,𝑊𝑡 )
)︁
𝑡∈[0,1)

is the corresponding delta-hedging strategy. In real market conditions, however, port
folio rebalancing can occur only at discrete times. Roughly speaking, as the frequency 
of rebalancing increases and the discrete hedging strategy approaches continuous re
balancing, the corresponding portfolio values converge to those of the continuously 
rebalanced portfolio.

Before formulating our main result, we need some preparation. Introduce the 
function

Ψ(𝑐) :=
−𝑐 − log(1 − 𝑐)

2 
, 𝑐 < 1.

Observe that, for a standard normal random variable 𝑍 ∼ 𝑁 (0, 1),

𝔼

[︃
exp

(︃
𝑐

2
(︁
𝑍2 − 1

)︁)︃]︃
= 𝑒Ψ(𝑐) , ∀𝑐 < 1. (1)

We now arrive at our main result, which will be proved in the next section.
Theorem 1. Let 𝑓 ∈ 𝐶3(ℝ) be such that

−∞ < inf 
𝑥∈ℝ

𝑓 ′′ (𝑥) ≤ sup 
𝑥∈ℝ

𝑓 ′′ (𝑥) < 1,

and suppose that 𝑓 ′′′ is Lipschitz continuous.
Set

𝑆𝑛 := 𝑓 (𝑊1) − 𝑢(0, 0) −
𝑛−1∑︂
𝑘=0 

𝑢𝑥

(︃
𝑘

𝑛 
,𝑊 𝑘

𝑛

)︃
(𝑊 𝑘+1

𝑛
−𝑊 𝑘

𝑛
), 𝑛 ∈ ℕ,

and define 𝑔 : [0, 1] → ℝ+ by

𝑔(𝑡) := sup 
𝑥∈ℝ

Ψ
(︁
𝑢𝑥𝑥 (𝑡, 𝑥)

)︁
.

Then 𝑔 is a continuous function and

lim 
𝑛→∞

1 
𝑛

log𝔼
[︁
𝑒 𝑛𝑆𝑛

]︁
=
∫ 1

0
𝑔(𝑡) 𝑑𝑡.

Although discrete-time hedging in the Brownian setting has been studied exten
sively, the existing literature has focused primarily on the approximation of hedging 
strategies and stochastic integrals. The convergence of discrete-time delta hedging 
on equidistant grids was analyzed in [1, 15, 16], while [9, 12, 14, 11] considered 
more general deterministic discretization schemes. The connection between fractional 
smoothness of the payoff and 𝐿𝑝-approximation of stochastic integrals, including ap
proximation along equidistant, adapted, and certain random time nets, was studied 
in [13]. The papers [10, 7, 8, 3] further investigated discretization schemes based on 
random stopping times.
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These works are concerned with discretization errors under a fixed preference 
specification. By contrast, our analysis is carried out in a large-deviations regime 
induced by an exponential scaling of the risk-aversion parameter and is a natural con
tinuation of the papers [4, 5], which investigated the following question: if an investor 
is allowed to rebalance only on an equidistant grid of 𝑛 trading times, what is the lim
iting behavior, as 𝑛 → ∞, under exponential utility with risk-aversion parameter 𝑛? 
The corresponding asymptotically optimal rebalancing strategy is characterized by a 
nonlinear PDE that does not admit an explicit solution.

In the present paper, we analyze the same scaling regime but replace the asymp
totically optimal rebalancing strategy with the simpler strategy obtained by directly 
discretizing the continuous-time delta hedge.

The assumption
sup 
𝑥∈ℝ

𝑓 ′′ (𝑥) < 1

is natural for ensuring that the scaling limit is finite, and it was also imposed in [4, 5]. 
To gain some intuition, consider

𝑓 (𝑥) = 1
2
𝑥2.

Then

𝑆𝑛 =
1
2

(︄
𝑛−1∑︂
𝑘=0 

(𝑊 𝑘+1
𝑛

−𝑊 𝑘
𝑛
)2 − 1

)︄
,

and therefore
𝔼
[︁
𝑒𝑛𝑆𝑛

]︁
= ∞

for all 𝑛.

2 Proof of Theorem 1

Given a function 𝐻 : [0, 1] × ℝ → ℝ, we say that 𝐻 is Lipschitz continuous if there 
exists 𝐿 < ∞ such that⃓⃓

𝐻 (𝑡, 𝑥) − 𝐻 (𝑠, 𝑦)
⃓⃓
≤ 𝐿

(︁
|𝑡 − 𝑠 | + |𝑥 − 𝑦 |

)︁
, (𝑡, 𝑥), (𝑠, 𝑦) ∈ [0, 1] × ℝ.

Proof. We start with some preparations. For 𝑛 ∈ ℕ and 𝑗 = 0, 1, . . . , 𝑛 − 1, let

𝐼𝑛𝑗 = 𝑢

(︃
𝑗 + 1
𝑛 

,𝑊 𝑗+1
𝑛

)︃
− 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃
− 𝑢𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃
(𝑊 𝑗+1

𝑛
−𝑊 𝑗

𝑛
)

and
𝑍𝑛𝑗 :=

√
𝑛(𝑊 𝑗+1

𝑛
−𝑊 𝑗

𝑛
).

Set
𝑎 := sup 

𝑥∈ℝ
𝑓 ′′ (𝑥) < 1, 𝑏 :=

1
2

sup 
𝑥∈ℝ

⃓⃓
𝑓 ′′ (𝑥)

⃓⃓
.

Then

𝑢𝑥𝑥 (𝑡, 𝑥) ≤ 𝑎, 
⃓⃓
𝑢𝑡 (𝑡, 𝑥)

⃓⃓
=

1
2
⃓⃓
𝑢𝑥𝑥 (𝑡, 𝑥)

⃓⃓
≤ 𝑏, (𝑡, 𝑥) ∈ [0, 1] × ℝ.
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Clearly, for all 𝑛 ∈ ℕ and 𝑗 = 0, 1, ..., 𝑛 − 1 we have

𝐼𝑛𝑗 = 𝑢

(︃
𝑗 + 1
𝑛 

,𝑊 𝑗+1
𝑛

)︃
− 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗+1

𝑛

)︃

+ 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛
+

𝑍𝑛𝑗√
𝑛

)︃
− 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃
− 𝑢𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃ 𝑍𝑛𝑗√
𝑛
.

By the fundamental theorem of calculus, for the first difference we have

𝑢

(︃
𝑗 + 1
𝑛 

,𝑊 𝑗+1
𝑛

)︃
− 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗+1

𝑛

)︃
=
∫ 1/𝑛

0
𝑢𝑡

(︃
𝑗

𝑛
+ 𝑠,𝑊 𝑗+1

𝑛

)︃
𝑑𝑠. (2)

For the second difference, the one-dimensional Taylor formula with integral remainder,

𝐹 (𝑥 + ℎ) − 𝐹 (𝑥) − 𝐹′ (𝑥)ℎ = ℎ2
∫ 1

0
(1 − 𝑟)𝐹′′ (𝑥 + 𝑟ℎ) 𝑑𝑟,

applied to 𝐹 (𝑥) := 𝑢( 𝑗𝑛 , 𝑥) and ℎ :=
𝑍𝑛
𝑗√
𝑛

, gives

𝑢

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛
+

𝑍𝑛𝑗√
𝑛

)︃
− 𝑢

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃
− 𝑢𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃ 𝑍𝑛𝑗√
𝑛

=
|𝑍𝑛𝑗 |2

𝑛 

∫ 1

0
(1 − 𝑟)𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛
+ 𝑟

𝑍𝑛𝑗√
𝑛

)︃
𝑑𝑟. (3)

Since, by Lemma 1, 𝑢𝑡 and 𝑢𝑥𝑥 are Lipschitz continuous on [0, 1] × ℝ, combining 
(2) and (3) we obtain that there exists a constant 𝐿̂ > 0 such that, for all 𝑛 ≥ 2 and 
𝑗 = 0, 1, . . . , 𝑛 − 1, ⃓⃓⃓

⃓𝑛𝐼𝑛𝑗 − 𝑢𝑡

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃
− 1

2
𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃⃓⃓
𝑍𝑛𝑗

⃓⃓2 ⃓⃓⃓⃓
≤ 𝐿̂

(︃
1 
𝑛
+
|𝑍𝑛𝑗 |√
𝑛

+
|𝑍𝑛𝑗 |3√

𝑛

)︃
.

In particular, using 𝑢𝑡 = −𝑢𝑥𝑥/2 and increasing 𝐿̂ if necessary, for all 𝑛 ≥ 2,
⃓⃓⃓
⃓𝑛𝐼𝑛𝑗 − 1

2
𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃(︁⃓⃓
𝑍𝑛𝑗

⃓⃓2 − 1
)︁⃓⃓⃓⃓ ≤ 𝐿̂

log 𝑛
on the event

⃓⃓
𝑍𝑛𝑗

⃓⃓
≤
(︃ √

𝑛

log 𝑛

)︃1/3
. (4)

Also we observe that by applying (2), (3) and the bounds |𝑢𝑡 | ≤ 𝑏 and 𝑢𝑥𝑥 ≤ 𝑎
we have

𝑛𝐼𝑛𝑗 ≤ 𝑏 + 𝑎

2 

⃓⃓
𝑍𝑛𝑗

⃓⃓2
, 𝑛 ∈ ℕ. (5)

We finish the preparations by noting that since 𝑢𝑥𝑥 (𝑡, 𝑥) ≤ 𝑎 < 1 for all 
(𝑡, 𝑥) ∈ [0, 1] × ℝ, and Ψ is Lipschitz continuous on (−∞, 𝑎], Lemma 1 implies 
that Ψ(𝑢𝑥𝑥 (𝑡, 𝑥)) is Lipschitz continuous on [0, 1] × ℝ. Hence, 𝑔 is also Lipschitz 
continuous.

We now divide the remainder of the proof of Theorem 1 into two steps.
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Step I. In this step, we show the upper bound

lim sup
𝑛→∞ 

1 
𝑛

log
(︁
𝔼
[︁
𝑒 𝑛𝑆𝑛

]︁)︁
≤
∫ 1

0
𝑔(𝑡) 𝑑𝑡.

Choose 𝑛 ∈ ℕ. Clearly, 𝑆𝑛 =
∑︁𝑛−1
𝑗=0 𝐼𝑛𝑗 .

Thus, to complete the proof of the upper bound, it suffices to show that there exists 
a constant 𝐿 > 0 such that, for all 𝑛 ≥ 2 and 𝑗 = 0, 1, . . . , 𝑛 − 1,

𝔼
[︁
𝑒 𝑛𝐼

𝑛
𝑗
⃓⃓
ℱ 𝑗/𝑛

]︁
≤ 𝑒

𝐿
log𝑛 +𝑔 (

𝑗
𝑛 ) + 2𝑒𝑏 (log 𝑛)1/3

√
2𝜋(1 − 𝑎)𝑛1/6

exp
(︃
− (1 − 𝑎)𝑛1/3

2(log 𝑛)2/3

)︃
. (6)

Indeed, (6) implies that for every 𝜖 > 0 and all sufficiently large 𝑛,

𝔼
[︁
𝑒 𝑛𝐼

𝑛
𝑗
⃓⃓
ℱ 𝑗/𝑛

]︁
≤ 𝑒𝜖 +𝑔 (

𝑗
𝑛 ) , 𝑗 = 0, 1, . . . , 𝑛 − 1.

Hence, by the tower property of conditional expectation,

𝔼
[︁
𝑒 𝑛

∑︁𝑛−1
𝑗=0 𝐼

𝑛
𝑗
]︁
≤ 𝑒 𝑛𝜖 +

∑︁𝑛−1
𝑗=0 𝑔 (

𝑗
𝑛 ) .

Since 𝑔 is continuous,

lim sup
𝑛→∞ 

1 
𝑛

log
(︁
𝔼
[︁
𝑒 𝑛

∑︁𝑛−1
𝑗=0 𝐼

𝑛
𝑗
]︁)︁

≤ 𝜖 +
∫ 1

0
𝑔(𝑡) 𝑑𝑡.

Since 𝜖 > 0 was arbitrary, we obtain the desired upper bound.
It remains to prove (6). Fix 𝑗 and define the event

𝐴𝑛𝑗 =

{︃⃓⃓
𝑍𝑛𝑗

⃓⃓
≤
(︃ √

𝑛

log 𝑛

)︃1/3}︃
.

We split the exponential according to the disjoint events 𝐴𝑛𝑗 and (𝐴𝑛𝑗 )𝑐. Applying (4)
on 𝐴𝑛𝑗 and (5) on its complement gives

𝑒𝑛𝐼
𝑛
𝑗 = 𝑒𝑛𝐼

𝑛
𝑗 1𝐴𝑛𝑗 + 𝑒𝑛𝐼

𝑛
𝑗 1(𝐴𝑛𝑗 )𝑐

≤ exp
(︃

1
2
𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗/𝑛

)︃(︁⃓⃓
𝑍𝑛𝑗

⃓⃓2 − 1
)︁
+ 𝐿̂

log 𝑛

)︃
1𝐴𝑛𝑗

+ exp
(︃
𝑏 + 𝑎

2 

⃓⃓
𝑍𝑛𝑗

⃓⃓2)︃1(𝐴𝑛𝑗 )𝑐 .

We now take conditional expectations and bound the first term by dropping its indicator.
Since 𝑍𝑛𝑗 ∼ 𝑁 (0, 1) is independent of ℱ 𝑗/𝑛, we obtain

𝔼
[︁
𝑒 𝑛𝐼

𝑛
𝑗
⃓⃓
ℱ 𝑗/𝑛

]︁
≤ exp

(︃
𝐿̂

log 𝑛

)︃
𝔼

[︃
exp

(︃
1
2
𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃(︁⃓⃓
𝑍𝑛𝑗

⃓⃓2 − 1
)︁)︃ ⃓⃓⃓

⃓ ℱ 𝑗/𝑛

]︃

+ 𝔼

[︃
exp

(︃
𝑏 + 𝑎

2 

⃓⃓
𝑍𝑛𝑗

⃓⃓2)︃1{|𝑍𝑛
𝑗 |> (

√
𝑛

log𝑛 )1/3}

]︃
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= exp
(︃

𝐿̂

log 𝑛
+ Ψ

(︃
𝑢𝑥𝑥

(︃
𝑗

𝑛
,𝑊 𝑗

𝑛

)︃)︃)︃

+ 𝔼

[︃
exp

(︃
𝑏 + 𝑎

2 

⃓⃓
𝑍𝑛𝑗

⃓⃓2)︃1{|𝑍𝑛
𝑗 |> (

√
𝑛

log𝑛 )1/3}

]︃
.

Finally, by a direct estimate for the standard normal variable 𝑍𝑛𝑗 ,

𝔼

[︃
exp

(︃
𝑏 + 𝑎

2 

⃓⃓
𝑍𝑛𝑗

⃓⃓2)︃1{|𝑍𝑛
𝑗 |> (

√
𝑛

log 𝑛 )1/3}

]︃

=
2𝑒𝑏
√

2𝜋

∫ ∞

(
√
𝑛

log𝑛 )1/3
exp

(︃
−1 − 𝑎

2 
𝑧2
)︃
𝑑𝑧

≤ 2𝑒𝑏 (log 𝑛)1/3
√

2𝜋(1 − 𝑎)𝑛1/6
exp

(︃
− (1 − 𝑎)𝑛1/3

2(log 𝑛)2/3

)︃
.

This yields (6) and completes the first step.

Step II. Fix 𝜖 > 0. By Lemma 2, choose a continuous, piecewise-linear function 
ℎ : [0, 1] → ℝ, with ℎ(0) = 0, such that∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡, ℎ(𝑡)

)︁)︁
𝑑𝑡 ≥

∫ 1

0
𝑔(𝑡) 𝑑𝑡 − 𝜖 .

Choose 𝛿 > 0 such that, for all 𝑡 ∈ [0, 1] and 𝑥, 𝑦 ∈ ℝ,

|𝑥 − 𝑦 | < 𝛿 =⇒ 
⃓⃓
Ψ
(︁
𝑢𝑥𝑥 (𝑡, 𝑥)

)︁
− Ψ

(︁
𝑢𝑥𝑥 (𝑡, 𝑦)

)︁⃓⃓
< 𝜖.

For 𝑛 ≥ 2, retain the notation 𝐼𝑛𝑗 , 𝑍
𝑛
𝑗 from the preparations and set

𝑟𝑛 =

(︃ √
𝑛

log 𝑛

)︃1/3
, 𝐹𝑛 =

{︂
max 

0≤ 𝑗<𝑛

⃓⃓
𝑍𝑛𝑗

⃓⃓
≤ 𝑟𝑛

}︂
,

𝐸𝑛 =
{︂

max 
0≤ 𝑗≤𝑛

⃓⃓
𝑊 𝑗/𝑛 − ℎ( 𝑗/𝑛)

⃓⃓
< 𝛿

}︂
.

The local remainder estimate (4) holds on 𝐹𝑛. Consequently,

𝔼
[︁
𝑒𝑛𝑆𝑛

]︁
≥ 𝑒−𝐿̂𝑛/log 𝑛 𝔼

[︄
exp

(︄
𝑛−1∑︂
𝑗=0 

1
2𝑢𝑥𝑥 ( 𝑗/𝑛,𝑊 𝑗/𝑛)

(︁(︁
𝑍𝑛𝑗

)︁2 − 1
)︁)︄

1𝐹𝑛

]︄
.

Define

𝑐𝑛𝑗 = 𝑢𝑥𝑥 ( 𝑗/𝑛,𝑊 𝑗/𝑛), 𝐷𝑛𝑗 = exp
(︁ 1

2𝑐
𝑛
𝑗

(︁(︁
𝑍𝑛𝑗

)︁2 − 1
)︁
− Ψ

(︁
𝑐𝑛𝑗
)︁)︁

.

Then set
𝑑ℚ𝑛
𝑑ℙ 

=
𝑛−1 ∏︂
𝑗=0 

𝐷𝑛𝑗 .

By (1), 𝔼[𝐷𝑛𝑗 | ℱ 𝑗/𝑛] = 1; successive conditioning therefore shows that this density 
has expectation one. Changing measure and then restricting to 𝐸𝑛 gives

𝔼
[︁
𝑒𝑛𝑆𝑛

]︁
≥ 𝑒−𝐿̂𝑛/log 𝑛𝔼ℚ𝑛

[︁
𝑒
∑︁𝑛−1

𝑗=0 Ψ(𝑐𝑛𝑗 )1𝐹𝑛
]︁
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≥ exp

(︄
𝑛−1∑︂
𝑗=0 

Ψ
(︁
𝑢𝑥𝑥

(︁
𝑗/𝑛, ℎ( 𝑗/𝑛)

)︁)︁
− 𝑛𝜖 − 𝐿̂𝑛 

log 𝑛

)︄
ℚ𝑛 (𝐸𝑛 ∩ 𝐹𝑛).

We prove that lim inf𝑛 ℚ𝑛 (𝐸𝑛 ∩ 𝐹𝑛) > 0.
Write 𝑚 = inf𝑥∈ℝ 𝑓 ′′ (𝑥) > −∞ and retain 𝑎 = sup𝑥∈ℝ 𝑓 ′′ (𝑥) < 1. Since 

𝑢𝑥𝑥 (𝑡, 𝑥) = 𝔼[ 𝑓 ′′ (𝑥 +𝑊1−𝑡 )], we have 𝑚 ≤ 𝑢𝑥𝑥 (𝑡, 𝑥) ≤ 𝑎. Define

𝜎(𝑡, 𝑥) =
(︁
1 − 𝑢𝑥𝑥 (𝑡, 𝑥)

)︁−1/2
, 𝜎 = (1 − 𝑚)−1/2, 𝜎 = (1 − 𝑎)−1/2.

Then 0 < 𝜎 ≤ 𝜎(𝑡, 𝑥) ≤ 𝜎 < ∞. If 𝐿𝑞 is a Lipschitz constant for 𝑢𝑥𝑥 with respect to 
the Euclidean metric, the mean value theorem gives

⃓⃓
𝜎(𝑡, 𝑥) − 𝜎(𝑠, 𝑦)

⃓⃓2 ≤ 𝐾2
𝜎

(︁
|𝑡 − 𝑠 |2 + |𝑥 − 𝑦 |2

)︁
, 𝐾𝜎 =

𝐿𝑞

2(1 − 𝑎)3/2 . (7)

Successive conditioning of the factors 𝐷𝑛𝑘 with 𝑘 > 𝑗 shows that the conditional 
density of 𝑍𝑛𝑗 under ℚ𝑛, given ℱ 𝑗/𝑛, is

𝑧 ↦−→

√︂
1 − 𝑐𝑛𝑗
√

2𝜋
exp

(︃
−

1 − 𝑐𝑛𝑗

2 
𝑧2
)︃
.

Indeed, this density is the standard normal density multiplied by exp(𝑐𝑛𝑗 (𝑧2 − 1)/2 −
Ψ(𝑐𝑛𝑗 )). Thus, conditionally on ℱ 𝑗/𝑛, 𝑍𝑛𝑗 is centered normal with variance 
𝜎2 ( 𝑗/𝑛,𝑊 𝑗/𝑛). The Gaussian tail bound and the union bound yield

ℚ𝑛
(︁
𝐹𝑐𝑛

)︁
≤ 2𝑛 exp

(︃
−

𝑟2
𝑛

2𝜎2

)︃
= 2𝑛 exp

(︃
− (1 − 𝑎)𝑛1/3

2(log 𝑛)2/3

)︃
−→ 0.

To apply Corollary 7.4.2 of [6], we include time in the state. Extend 𝜎 to ℝ2

by ˜︁𝜎(𝑠, 𝑥) = 𝜎(max(0,min(𝑠, 1)), 𝑥). The extension is bounded and Lipschitz. For 
𝑧 = (𝑠, 𝑥), let 𝜇𝑛 (𝑧, ·) be the law of 𝑧 + 𝐻𝑛 (𝑧), where

𝐻𝑛 (𝑧) =
(︃

1 
𝑛
,
˜︁𝜎(𝑧)
√
𝑛

𝑍

)︃
, 𝑍 ∼ 𝑁 (0, 1), ˜︁𝜎(𝑧) = ˜︁𝜎(𝑠, 𝑥).

Under ℚ𝑛, the chain ( 𝑗/𝑛,𝑊 𝑗/𝑛)𝑛𝑗=0 has this time-homogeneous transition kernel and 
starts at (0, 0). Extend it past time 1 with the same kernel if necessary.

The limiting drift and covariance are 𝒃 = (1, 0)⊤ and 𝒂(𝑧) = diag(0,˜︁𝜎2 (𝑧)). 
Expectations in the following estimates are over 𝑍 . Uniformly in 𝑧,

𝑛𝔼𝐻𝑛 (𝑧) = 𝒃, 𝑛𝔼
[︁
𝐻𝑛 (𝑧)𝐻𝑛 (𝑧)⊤

]︁
= diag

(︁
1/𝑛,˜︁𝜎2 (𝑧)

)︁
,

𝔼
⃓⃓
𝐻𝑛 (𝑧)

⃓⃓4
= 𝑛−4 + 2˜︁𝜎2 (𝑧)𝑛−3 + 3˜︁𝜎4 (𝑧)𝑛−2 ≤ 𝐶0𝑛

−2,

where | · | is the Euclidean norm, ⊤ denotes transpose, and 𝐶0 = 1 + 2𝜎2 + 3𝜎4. For 
the truncated coefficients

𝒃𝑛 = 𝑛𝔼[𝐻𝑛1{|𝐻𝑛 | ≤1}], 𝒂𝑛 = 𝑛𝔼
[︁
𝐻𝑛𝐻

⊤
𝑛 1{|𝐻𝑛 | ≤1}

]︁
,
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with their dependence on 𝑧 suppressed, the fourth-moment bound gives

sup
𝑧

⃓⃓
𝒃𝑛 (𝑧) − 𝒃

⃓⃓
≤ 𝐶0/𝑛, sup

𝑧

⃦⃦
𝒂𝑛 (𝑧) − 𝒂(𝑧)

⃦⃦
≤ (1 + 𝐶0)/𝑛,

where ∥ · ∥ is the matrix operator norm. Moreover, for every 𝑟 > 0,

sup
𝑧

𝑛𝜇𝑛
(︁
𝑧,
{︁
𝑧′ :

⃓⃓
𝑧′ − 𝑧

⃓⃓
≥ 𝑟

}︁)︁
≤ 𝐶0

𝑛𝑟4 −→ 0.

Thus the coefficient limits and large-jump condition of the corollary hold. For smooth, 
compactly supported test functions 𝜑 : ℝ2 → ℝ, the limiting generator is

𝒜𝜑(𝑠, 𝑥) = 𝜕𝑠𝜑(𝑠, 𝑥) + 1
2˜︁𝜎2 (𝑠, 𝑥)𝜕𝑥𝑥𝜑(𝑠, 𝑥).

Its martingale problem is well-posed for every initial distribution: the stochastic 
differential equation (SDE) 𝑑𝑇𝑡 = 𝑑𝑡, 𝑑𝑌𝑡 = ˜︁𝜎(𝑇𝑡 , 𝑌𝑡 ) 𝑑𝐵𝑡 , where 𝐵 is a standard 
one-dimensional Brownian motion, has bounded Lipschitz coefficients and a unique 
nonexplosive strong solution for every initial point. Also, 𝒂 is continuous, symmetric 
and nonnegative definite, as required; nondegeneracy is not assumed in the corollary.

Write 𝐷 ([0, 1]) for the space of real-valued right-continuous paths with left lim
its and 𝐶 ([0, 1]) for its continuous-path subspace; ∥𝑣∥∞ = sup0≤𝑡≤1 |𝑣(𝑡) |. Corol
lary 7.4.2, applied with initial law the point mass at (0, 0), and projection onto the 
second coordinate therefore yield

𝑉𝑛𝑡 := 𝑊⌊𝑛𝑡 ⌋/𝑛 =⇒ 𝑋 in 𝐷
(︁
[0, 1]

)︁
with the Skorokhod 𝐽1 topology,

where 𝑑𝑋𝑡 = 𝜎(𝑡, 𝑋𝑡 ) 𝑑𝐵𝑡 , 𝑋0 = 0. Here 𝑇𝑡 = 𝑡 for the limiting process, and restriction 
to [0, 1] is valid because its paths are continuous. Convergence on the left refers to the 
laws under ℚ𝑛.

Define the linear interpolation by

𝑊𝑛
𝑡 = 𝑊 𝑗/𝑛 + (𝑛𝑡 − 𝑗)(𝑊( 𝑗+1)/𝑛 −𝑊 𝑗/𝑛), 𝑗/𝑛 ≤ 𝑡 ≤ ( 𝑗 + 1)/𝑛,

for 𝑗 = 0, . . . , 𝑛 − 1. Then ∥𝑊𝑛 − 𝑉𝑛∥∞ ≤ max 𝑗<𝑛 |𝑊( 𝑗+1)/𝑛 −𝑊 𝑗/𝑛 |, and, for every 
𝑟 > 0,

ℚ𝑛
(︁⃦⃦
𝑊𝑛 −𝑉𝑛

⃦⃦
∞ > 𝑟

)︁
≤ 2𝑛 exp

(︃
− 𝑛𝑟2

2𝜎2

)︃
−→ 0.

The perturbation theorem and continuity of 𝑋 now give 𝑊𝑛 =⇒ 𝑋 in 𝐶 ([0, 1]) with 
the uniform topology (see [2, Sections 3 and 12]).

Denote the probability governing 𝑋 by P.
We also verify directly that

𝑝 := P
(︂

sup 
0≤𝑡≤1

⃓⃓
𝑋𝑡 − ℎ(𝑡)

⃓⃓
< 𝛿/2

)︂
> 0. (8)

Since ℎ is continuous and piecewise linear, it is absolutely continuous with bounded 
derivative, defined almost everywhere. Set 𝜃𝑡 = ℎ′ (𝑡)/𝜎(𝑡, 𝑋𝑡 ). The lower bound on 



Scaling limits for the discretization error of a Brownian stochastic integral 9

𝜎 implies |𝜃𝑡 | ≤ ∥ℎ′ ∥∞/𝜎, so Novikov’s condition holds. Girsanov’s theorem gives a 
probability R, equivalent to P on the time interval [0, 1], with

𝑑R
𝑑P 

= exp

(︄∫ 1

0
𝜃𝑠 𝑑𝐵𝑠 −

1
2

∫ 1

0
𝜃2
𝑠 𝑑𝑠

)︄
, 𝐵R

𝑡 = 𝐵𝑡 −
∫ 𝑡

0
𝜃𝑠 𝑑𝑠

a Brownian motion under R. Hence

𝑀𝑡 := 𝑋𝑡 − ℎ(𝑡) =
∫ 𝑡

0
𝜎(𝑠, 𝑋𝑠) 𝑑𝐵R

𝑠 ,

⟨𝑀⟩𝑡 =
∫ 𝑡

0
𝜎2(𝑠, 𝑋𝑠) 𝑑𝑠 ≤ 𝜎2, 0 ≤ 𝑡 ≤ 1.

By the Dambis–Dubins--Schwarz theorem, on an extension if necessary, 𝑀𝑡 = 𝛽⟨𝑀 ⟩𝑡
for a Brownian motion 𝛽. One may extend 𝑀 after time 1 by an independent Brownian 
motion so that its quadratic variation tends to infinity. Therefore

R
(︂

sup 
0≤𝑡≤1

⃓⃓
𝑋𝑡 − ℎ(𝑡)

⃓⃓
< 𝛿/2

)︂
≥ R

(︂
sup 

0≤𝑣≤𝜎2
|𝛽𝑣 | < 𝛿/2

)︂
> 0.

Here the final inequality is the standard positive probability that a Brownian motion 
remains in an open interval for a finite time. Equivalence of R and P proves (8). For 
these standard stochastic-calculus results, see [17, 18].

Finally the set 𝐺 = {𝑥 ∈ 𝐶 ([0, 1]) : ∥𝑥−ℎ∥∞ < 𝛿} is open, and {𝑊𝑛 ∈ 𝐺} ⊆ 𝐸𝑛. 
The Portmanteau theorem gives

lim inf
𝑛

ℚ𝑛 (𝐸𝑛) ≥ lim inf
𝑛

ℚ𝑛
(︁
𝑊𝑛 ∈ 𝐺

)︁
≥ P(𝑋 ∈ 𝐺) ≥ 𝑝 > 0.

It follows that

lim inf
𝑛→∞ 

ℚ𝑛 (𝐸𝑛 ∩ 𝐹𝑛) ≥ lim inf
𝑛→∞ 

(︁
ℚ𝑛 (𝐸𝑛) − ℚ𝑛

(︁
𝐹𝑐𝑛

)︁)︁
≥ 𝑝 > 0.

Returning to the lower bound for 𝔼[𝑒𝑛𝑆𝑛], taking logarithms, dividing by 𝑛 and using 
the Riemann-sum convergence, we obtain

lim inf
𝑛→∞ 

1 
𝑛

log𝔼
[︁
𝑒𝑛𝑆𝑛

]︁
≥
∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡, ℎ(𝑡)

)︁)︁
𝑑𝑡 − 𝜖 ≥

∫ 1

0
𝑔(𝑡) 𝑑𝑡 − 2𝜖 .

Since 𝜖 > 0 was arbitrary, this completes the proof. □

Remark 1. It is natural to ask whether Theorem 1 can be extended to a multidimen
sional Brownian motion or to more general diffusion processes. Since the aim of this 
note is to focus on the one-dimensional case, we do not study these extensions here. 
A full treatment would require further analysis and is left for future research.

We also note that the financial interpretation of the result is limited to the Bache
lier model, where the asset price can take negative values. Extending the present 
exponential utility approach to geometric Brownian motion is not straightforward. 
Indeed, the lognormal distribution does not have finite exponential moments for pos
itive arguments. For this reason, the criterion used in this paper is not well suited to 
the geometric Brownian motion model. Such an extension would require a different 
functional and a different analytical approach.
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3 Auxiliary lemmas

In this section, we prove two auxiliary results that were used in the proof of Theorem 1. 
We start with the following regularity result.

Lemma 1. Let 𝑓 satisfy the assumptions of Theorem 1. Then 𝑢𝑥𝑥 and 𝑢𝑡 = −𝑢𝑥𝑥/2
are Lipschitz continuous on [0, 1] × ℝ with respect to the Euclidean metric.

Proof. Set 𝐴 = ∥ 𝑓 ′′ ∥∞ < ∞ and let 𝐾 ≥ 0 be a Lipschitz constant for 𝑓 ′′′. Taylor’s 
formula gives

𝑓 ′′ (𝑥 + 1) − 𝑓 ′′ (𝑥) − 𝑓 ′′′ (𝑥) =
∫ 1

0

(︁
𝑓 ′′′ (𝑥 + 𝑟) − 𝑓 ′′′ (𝑥)

)︁
𝑑𝑟.

Consequently, ⃓⃓
𝑓 ′′′ (𝑥)

⃓⃓
≤ 2𝐴 + 𝐾/2 =: 𝐵0, 𝑥 ∈ ℝ.

This argument also covers 𝐴 = 0 and 𝐾 = 0, without division by either constant. The 
representations

𝑞(𝑡, 𝑥) := 𝑢𝑥𝑥 (𝑡, 𝑥) = 𝔼
[︁
𝑓 ′′ (𝑥 +𝑊1−𝑡 )

]︁
, 𝑞𝑥 (𝑡, 𝑥) = 𝔼

[︁
𝑓 ′′′ (𝑥 +𝑊1−𝑡 )

]︁
show that |𝑞(𝑡, 𝑥) − 𝑞(𝑡, 𝑦) | ≤ 𝐵0 |𝑥 − 𝑦 | and that 𝑞𝑥 (𝑡, ·) is 𝐾-Lipschitz. Hence, for 
every 𝑧 ∈ ℝ, ⃓⃓

𝑞(𝑡, 𝑥 + 𝑧) − 𝑞(𝑡, 𝑥) − 𝑞𝑥 (𝑡, 𝑥)𝑧
⃓⃓
≤ 𝐾

2 𝑧
2.

If 0 ≤ 𝑠 < 𝑡 ≤ 1, the heat-semigroup identity and a standard normal variable 𝑍 give

𝑞(𝑠, 𝑥) = 𝔼
[︁
𝑞(𝑡, 𝑥 +

√
𝑡 − 𝑠 𝑍)

]︁
.

Using the remainder bound and 𝔼𝑍 = 0, 𝔼𝑍2 = 1, we obtain⃓⃓
𝑞(𝑠, 𝑥) − 𝑞(𝑡, 𝑥)

⃓⃓
≤ 𝐾

2 (𝑡 − 𝑠).

Thus, for arbitrary (𝑡, 𝑥), (𝑠, 𝑦),⃓⃓
𝑞(𝑡, 𝑥) − 𝑞(𝑠, 𝑦)

⃓⃓
≤ 𝐵0 |𝑥 − 𝑦 | + 𝐾

2 |𝑡 − 𝑠 |

≤
√︂
𝐵2

0 + 𝐾2/4
√︁
|𝑡 − 𝑠 |2 + |𝑥 − 𝑦 |2.

The assertion for 𝑢𝑡 follows from the heat equation. □

Next, we prove the following.

Lemma 2. Let 𝑓 satisfy the assumptions of Theorem 1. For every 𝜖 > 0, there exists 
a continuous, piecewise-linear function ℎ : [0, 1] → ℝ, which depends on 𝜖 , such 
that ℎ(0) = 0 and

∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡, ℎ(𝑡)

)︁)︁
𝑑𝑡 ≥

∫ 1

0
𝑔(𝑡) 𝑑𝑡 − 𝜖 .
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Proof. Again, we notice that for the constant 𝑎 := sup𝑥∈ℝ 𝑓 ′′ (𝑥) < 1, we have 
𝑢𝑥𝑥 (𝑡, 𝑥) ≤ 𝑎 for all (𝑡, 𝑥) ∈ [0, 1] × ℝ. Since the function Ψ is Lipschitz continuous 
on (−∞, 𝑎], Lemma 1 implies that Ψ(𝑢𝑥𝑥 (𝑡, 𝑥)) is Lipschitz continuous on [0, 1] ×ℝ. 
Hence, 𝑔 is also Lipschitz continuous.

Fix 𝜖 > 0. By the uniform continuity of Ψ(𝑢𝑥𝑥 (𝑡, 𝑥)) and 𝑔, we may choose a 
partition 0 = 𝑡0 < 𝑡1 < · · · < 𝑡𝑁 = 1 and points 𝑥0, . . . , 𝑥𝑁−1 ∈ ℝ such that the 
piecewise-constant function

˜︁ℎ(𝑡) := 𝑥𝑖 , 𝑡 ∈ [𝑡𝑖 , 𝑡𝑖+1), ˜︁ℎ(1) = 𝑥𝑁−1.

satisfies ∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡,˜︁ℎ(𝑡))︁)︁ 𝑑𝑡 ≥ ∫ 1

0
𝑔(𝑡) 𝑑𝑡 − 𝜖

2
. (9)

Notice that for the constant 𝑏 := 1
2 sup𝑥∈ℝ | 𝑓 ′′ (𝑥) |, we have |𝑢𝑥𝑥 (𝑡, 𝑥) | ≤ 2𝑏 for all 

(𝑡, 𝑥) ∈ [0, 1] × ℝ. Together with the relation 𝑢𝑥𝑥 (𝑡, 𝑥) ≤ 𝑎 for all (𝑡, 𝑥) ∈ [0, 1] × ℝ, 
this yields 𝑀 := sup(𝑡 ,𝑥 ) ∈ [0,1]×ℝ Ψ(𝑢𝑥𝑥 (𝑡, 𝑥)) < ∞. Next, replace each jump of ˜︁ℎ
by a linear interpolation on sufficiently short disjoint intervals whose total length is 
less than 𝜖

8(1+𝑀 ) and, on an initial interval of length less than 𝜖
8(1+𝑀 ) , interpolate 

linearly from 0 to 𝑥0. In this way, we obtain a continuous, piecewise-linear function ℎ
satisfying ℎ(0) = 0, which differs from ˜︁ℎ only on a set 𝐴 ⊂ [0, 1] with |𝐴| < 𝜖

4(1+𝑀 ) . 
Set ℎ(1) = 𝑥𝑁−1. Therefore,⃓⃓⃓

⃓⃓∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡, ℎ(𝑡)

)︁)︁
𝑑𝑡 −

∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡,˜︁ℎ(𝑡))︁)︁ 𝑑𝑡

⃓⃓⃓
⃓⃓ ≤ 2𝑀 |𝐴| < 𝜖

2
.

This together with (9) gives∫ 1

0
Ψ
(︁
𝑢𝑥𝑥

(︁
𝑡, ℎ(𝑡)

)︁)︁
𝑑𝑡 ≥

∫ 1

0
𝑔(𝑡) 𝑑𝑡 − 𝜖 . □
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