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Abstract This paper studies Lévy bases on Riemannian manifolds and related processes built
from them. We argue that the canonical choice of intensity measure is the Riemannian measure
on the manifold, and show how this allows for transporting properties of Lévy bases on R4 to
the manifold setting via metatimes and subordination constructions. We show how this links
to time-changed Lévy processes and how to naturally extend the setting to manifolds with
(possibly stochastically) evolving metrics via generalized time-changes. As applications, we
introduce so-called M-trawl processes, which generalize the classical trawl processes by letting
the trawl operation be induced by a geometric flow, and we discuss the interpretation of Lévy
bases on manifolds as Lévy white noise for stochastic partial differential equations on manifolds
with Lévy-type forcing.
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1 Introduction

Lévy bases are the extension of processes with independent increments to random
measures. They have been studied in detail in [36, 32, 29] and are intimately connected
to infinite divisibility and stochastic integrals. Lévy bases can also be seen as a
natural generalization of classical Brownian noise, which provides connections and
applications to stochastic partial differential equations and random fields, as discussed
in [8]. In recent years, these connections have been explored quite extensively in
the setting of ambit stochastics, where stochastic integrals against Lévy bases are
used to construct a large and flexible class of random fields known as ambit fields.
We refer to the monograph [10] for a comprehensive overview of ambit fields and
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2 T. K. Kloster

ambit stochastics. A Lévy basis A can be abstractly defined on a §-ring of a Lusin
space S, but most of the literature is focused on the case of S = R4, which arises
in many applications. In this setting, A exhibits many properties analogous to that
of Lévy processes, and is characterized by a characteristic quadruplet, which is a
usual characteristic triplet for Lévy processes, plus a so-called intensity measure. The
intensity measure is tied to stationarity properties of A, and in a temporo-spatial setting
on R, the only choice yielding a stationary and homogeneous random measure is that
of the Lebesgue measure. It is therefore not suprising that this choice is more or less
taken for granted in most applied contexts. In this paper, we study the case where
S = M is a Riemannian manifold, which is a natural generalization of the Euclidean
setting that has recently been motivated in an applied context in [23]. In this setting,
the choice of the Lebesgue measure as intensity measure is no longer appropriate, but
we argue that the canonical intensity measure is that of the Riemannian measure on M.
The rich structure of manifolds lead to a more nuanced treatment of the properties
of Lévy bases themselves, where the notions of homogeneity and stationarity are in
particular more flexible. The generalization of known fields and processes built from
Lévy bases on R? therefore leads to interesting and non-trivial results in the manifold
setting, once the canonical choice of intensity measure is pinned down. We relate Lévy
bases on a k-manifold M, to Lévy bases on R via a subordination concept based on so-
called metatimes cf. [7]. This allows for transferring several results from the Euclidean
setting to the manifold setting, such as a Lévy-It6 decomposition in the spirit of [29].
We also briefly consider processes arising from evaluating Lévy bases along subsets of
the manifold, characterizing some cases where this leads to Lévy processes and Lévy
sheets, and connect this to conventional time-changes of Lévy processes. For example,
when M is a regular C! curve embedded in a manifold N and parametrized as ¢(t), we
show that the process t — A(¢([0,¢])) is a Lévy process if and only if ¢ has constant
speed (Proposition 3.5), and that in general, the process has the law of a Lévy process
with the same characteristics, but time-changed by /Ot l[¢(s)||ds (Proposition 3.7).
The analysis is extended to the case where the manifold on which A is defined
evolves stochastically over time, and we connect this to extended subordination of
Lévy bases, as studied in [5]. This offers an interesting viewpoint, as stochastic partial
differential equations on evolving manifolds driven by Gaussian noise have been
studied previously, e.g. in [18]. Lévy bases on such (possibly stochastically) evolving
manifolds may be used to define non-Gaussian noise for the equations via stochastic
integration, where the connections to extended subordination provide some tractable
modelling tools. To this end, we also rigorously introduce appropriate notions of
Lévy noise on manifolds, and show that Lévy bases on manifolds may be considered
as classical types of Lévy white noise, as studied in [22, 8]. Here we note that the
classical case of Lévy white noise is restricted, as these are usually defined on the
space of Schwartz functions, which is not easily generalized to the manifold setting,
and we are therefore only able to treat this type of noise on smaller classes of manifolds.
Finally, we also study a generalization of trawl processes as introduced in [6], which are
traditionally defined as processes of the form A(A;), where A; is the time translation
(trawling) of a fixed set A. We generalize this construction to so-called M-trawl
processes, where the trawling is done via a general geometric flow, and we characterize
their fundamental distributional properties which parallels the traditional setting.
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Throughout the paper, we rely on many results which are standard to readers fa-
miliar with Lévy bases and/or basic geometry. Some basic geometric concepts are
recapped in Appendix A, while some results on Lévy bases are recapped in Section 2,
where we also extend some standard definitions and results to better accommodate the
non-Euclidean setting. In Section 3, we argue that the natural choice of intensity mea-
sure is that of the Riemannian measure, and we establish connections to subordination
of Lévy bases on Euclidean space, along with a Lévy-Itd decomposition for Lévy
bases with the Riemannian measure as intensity measure. We also consider various
processes of the form ¢ — A(M,) that arise from this choice of intensity measure.
In Section 4, we study the extension to Lévy bases defined on stochastically evolving
manifolds and Section 5 extends the study of Lévy bases on evolving manifolds via
the class of M-trawl processes and studies their distributional properties. Finally, in
Section 6, we build upon the analysis of [8] to define Lévy type noise on manifolds,
where the noise is interpreted as a suitable derivative of the Lévy basis.

2 Lévy bases and their properties

In this section, we introduce Lévy bases and the related properties that we shall
need. Most fundamental results can be found in [32, 29], with the various associated
integration theories also developed in [36, 32, 14, 37]. A detailed comparison of these
integration theories may be found in [10]. We shall spend some effort reviewing the
definition and properties of Lévy bases to set up the machinery for the following
sections, but some novel results are also given. For example, in Section 2.2 we provide
a characterization of the equivalence of homogeneity and stationarity of Lévy bases
on general spaces.

2.1 Lévy bases

In all of the following, we consider a probability space (Q, F, P) and a Lusin space S,
i.e., S is Borel isomorphic to a subset of [0, 1]. We note that all Polish spaces, which
are separable and completely metrizable topological spaces, are Lusin spaces. We let
S be a o-algebra on S, but Lévy bases are typically defined on §-rings, which are
non-empty sets that are closed under union, relative complementation, and countable
intersection. We typically work on the §-ring By (S) of totally bounded Borel sets in
S, and for a general o-algebra S we denote by Sp, the §-ring of all S-measurable
sets which are totally bounded in S. If A € S, we denote by S [ 4 the restriction
of § to A, and similarly for measures on (S,S). We now recall the definition of a
Lévy basis as an independently scattered and infinitely divisible random measure,
along with their Lévy-Khintchine representation (derived in [32]), which leads to the
so-called characteristic quadruplet that uniquely identifies the Lévy basis in law. It is
straightforward to extend these results to R?-valued Lévy bases, which are studied in,
e.g., [29].

Definition 2.1 (Lévy basis). A Lévy basis A on (S,S) is a collection of random
variables {A(A) | A € Sp} with the following properties

1. For any sequence A1, Ay, ... of disjoint sets in S, with U;":l A; € Sp we have
AU A)) S 22 AA).
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2. Aisindependently scattered: For disjoint elements A1, . . ., A, in Sp, the random
variables A(A1),...,A(A,) are independent.

3. A is infinitely divisible: The law of the random variable A(A) is infinitely
divisible for any A € Sp,.

Proposition 2.1 (Lévy-Khintchine formula for Lévy bases). Let A be a Lévy basis on
(S,S8) and A € Sp. Then A satisfies the following Lévy-Khintchine formula.

C(u; A(A)) = log(E [exp(iuA(A))])

=iul*(A) - %uza*(A) + /(ei“x -1- iuxl[,l,l](x))v*(dx, A), (1)
R

where {* is a signed measure on Sp, a* is a measure on Sp, and v* (-, -) is the so-called
generalized Lévy measure such that v* (dx, A) is a Lévy measure on R for fixed A € Sp,
and a measure on S, for fixed dx.

Definition 2.2 (Control measure). Let A be a Lévy basis with Lévy-Khintchine
representation (1). Define the measure ¢ by

c(A) =

(A +a™(A) + / min{l,x2}v*(dx,A), A €Sy,

R
where |-| denotes the total variation. Then the extension of ¢ to a o-finite measure on
(S,S8) is called the control measure of A.
Definition 2.3 (Characteristic quadruplet (CQ)). Let (¢, a, v(dx, -), ¢) be a quadruplet
satisfying the following conditions

1.  and a are measurable functions on S and a is restricted to be non-negative.

2. For fixed z, v(dx, z) is a Lévy measure on R and for fixed dx it is a measurable
function on S.

3. cis a measure on (S, S) such that /A £(z)c(dz) is a signed measure on (S, S),

[A a(z)c(dz) is ameasure on (S, S) and L‘ v(dx, 7)c(dz) is a Lévy measure on
R for fixed A € S.

Then (£, a,v(dx,-), c) is called the characteristic quadruplet (henceforth CQ) of the
Lévy basis with Lévy-Khintchine representation (1) which satisfies

(=20, 0=, vy = ")

d
where {*, a*, v* are defined in (2.2).

The CQ uniquely characterizes a Lévy basis in the sense that every Lévy basis
determines a CQ of the form (¢, a, v, c) = ({(z),a(z),v(dx, z),c(dz));es, and each
such CQ determines, in law, a Lévy basis on (S, S). In the converse case, however,
the measure ¢ is no longer the control measure in the sense of [32], and it is therefore
in general termed the intensity measure. With the CQ at hand we may write the
Lévy-Khintchine representation (1) more succinctly as

(2).

C(u; A(A)) =/AC(u;A'(z))c(dz), )
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where A’ denotes the so-called Lévy seed, which for each z is an infinitely divisible
random variable having Lévy-Khintchine representation

C(u; N (2)) =iul(z) - %uza(z) + /(ei“x — 1 —iux1_y,1)(x))v(dx, 2).

R

In the following, whenever we speak of a Lévy basis with some CQ, we shall implicitly
assume that there exists a u such that C(u; A’) # 0, i.e., that the Lévy basis is not
identically equal to zero.

Lemma 2.1. Let A be an R"-valued Lévy basis on (S,S) with CQ ({,a,v,c) and
suppose that there exists an increasing sequence (Sx);~., S Sp such that | Ji_; Si = S.
Define the function Q(z) by

0) = el +a@+ [ (1AP)vidy.o) ®

and suppose that fA 0(z)c(dz) < oo whenever c(A) < oo. Then A admits a unique
extension (up to modification) to the 6-ring R. = {A € § | ¢(A) < oo} and this
extension is unique (up to modification) and given by A with

A(A) = P- lim A(ANSK), A€Re, “)

and has CQ ({,a,v,c) on (S, R¢).

Proof. Let A € R.. Since A is additive at the sets Sy increasing in k, it holds for
m > k that
AANSy) = AANSK) =A(AN (S \ Sk)). 5)

Furthermore, it holds by assumption that fA 0(z)c(dz) <coand A\ Si | 0, so
0(z)c(dz) — 0.
A\Sk k—o0

Note then that since Q(z) > 0, we have
c(A NS\ Sk)) = / 0(2)c(dz) < / Q(z)c(dz) — 0.
AN (S \Sk) A\Sk k—oo

It therefore follows from Proposition 2.1 in [32] that (5) tends to O in probability.
Thus the sequence (A(A N Sy,)),_, is Cauchy in probability and there exists a limit
which is independent of the localizing sequence. The probability limit A inherits finite
additivity and it is simple to show that A is independently scattered, since

[exp( Z ui N(A)) )] = lim 8 Elexp(i{u;, A(A; N S)))]

k— o0

J=1

lﬂ[E[exp(i@j,K(AJ‘)))]’

j=1
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for pairwise disjoint A, ..., Ax. The limit A also inherits the same Lévy triplet, since
A(A N Sy) converges in probability, hence in distribution. It remains to show that A
is also countably additive, in which case it is a Lévy basis on R, with the same CQ
as A. To this end, let (Aj);.’;l be disjoint with A = (J; A; € R.. Then

N N
A(A) — ZX(A,) = X(A \ UA,) ——0,
j=1 J=1

in probability. Since the A(A ;) are independent, it follows from Leévy’s equivalence
theorem that the series 2‘;‘;1 A(A ;) also converges almost surely. It is simple to show
that any two extensions defined via (4) are modifications, since they agree on S and
the probability limit is unique. O

2.2 Stationarity and homogeneity

Stationarity of a random measure on (S, S) = (R?, B(R?)) is typically defined as law
invariance under translation, while law invariance under rotation is termed isotropy.
Given that we wish to work on more general spaces, it is natural to consider stationarity
as invariance under different operations. We shall therefore consider a group of oper-
ations on S, which we denote G, and where function composition is the group action.
When needed, we shall use the notation (S, S, G) to represent the space on which we
define the Lévy basis, along with the group of operations under consideration.

Definition 2.4 (Stationary Lévy basis). Let A be a Lévy basis on (S, S, G). Let also
Ay, Ay, ..., A, be a finite collection of elements of Sy, such that g(A1), g(Az), ...,
g(A,) belong to S, for g € G. We say that A is G-stationary, if it holds that

(A(A) A(A2) - A(A) £ (A(g(A1) A(g(A2) - A(g(An).

Definition 2.5 (Homogeneous Lévy basis). Let A be a Lévy basis on (S, S, G) with
CQ (¢, a,v(dx,-),c). We say that A is

1. Factorisable if the quantities £(z), a(z), v(dx, z) do not depend on z.

2. G-invariant if the measure c(dz) is invariant on S with respect to any element
of G,i.e. c(g(A)) =c(A) foranyg e Gand A € S.

3. G-Homogeneous if A is factorisable and G-invariant.

Remark 2.1. The typical definition of homogenity as given in [10] corresponds to a
factorisable Lévy basis on (R¢, B(R?), G), where G = T is the group of translations
on R¥. It is then simple to deduce that for such a T-homogeneous Lévy basis, the
intensity measure ¢ must be a multiple of the Lebesgue measure A9 on R¥.

In applications, it is often most convenient to model A by specifying its character-
istic quadruplet, much like it is simpler to specify the triplet of a Lévy process rather
than the distribution of its increments. One is in principle free to specify the intensity
measure c, as long as it satisfies the required regularity conditions of Definition 2.3.
This provides a great deal of modelling flexibility, but stationarity properties are not
guaranteed. In Proposition 2.2 and Corollary 2.1, we extend Proposition 32 of [10]
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to characterize when homogeneity and stationarity is equivalent. In particular, Corol-
lary 2.1 recovers the fact that the notions of G-homogeneity and G-stationarity are
equivalent on (R4, B (Rd), T), but we note that in the non-Euclidean setting, homo-
geneity is generally stronger than stationarity.

Proposition 2.2. Let A be a Lévy basis on (S, S, G). Then A is G-stationary if it is
G-homogeneous. Conversely, if A is G-stationary and in addition factorisable, then
A is G-homogeneous.

Proof. Suppose first that A is G-homogeneous. We need to show that

(A(A1), A(A2), ..., A(AD)) £ (A(2(AD), A(g(A2), ..., A(g(An)),

for any finite collection Aj, A, ..., A, of elements of Sp,, such that g(A1), g(A2), ...,
g(A,) are in Sj,. Following the proof of Proposition 32 in [10], there exists a partition
of say N, € N mutually disjoint sets g(B;) such that

n Ny,
Je@n ={JaB).
j=1 =1
Define the indices /; € {1,...,N,} for j = 1,...,n such that

g(a) = JeB).

kel;

As the g(B;)’s are disjoint, we have that

A(g(A)) = > A(g(BD).

lel;

The characteristic function of (A(g(Ay)),...,A(g(A,))) for u € R” is thus

E lexp (i Zn: ujA(g(Aj))>‘| = ﬁ E lexp (i -A(g(B))) Zk: ujly, (1))]

= =i£l Xp( (Z} uy, (l)le(g(Bl))>)

Using (1) and the factorisability property of A, we find that

n N k
[exp<1ZM,A (A ) )] = Hexp(c (Bl) (Zujllj(l);A'))

j=1 I=1 Jj=1

Nn k
[ Jexp <c(31)c (Z w1y, (); A))

I= j=1

H )]



8 T. K. Kloster

which shows that A is stationary with respect to G. On the other hand, if A is
factorisable and stationary with respect to G, it holds that

C(u; A(g(A)) =C(u;A(A)), A€S,, (6)
which in turn implies
C(u; A(g(A)) = c(g(A)C(us A') = C(u; A(A)) = c(A)C(us A').
As this holds for arbitrary g € G and A € Sp, it follows that ¢c(A) = c¢(g(A)). O
Corollary 2.1. Let A be a Lévy basis on (S,S, G) and let F denote the set

F=3feLiy(9): [|f(e()-rf(2c(dz) =0, g€ G,Ae Sy .
A

Suppose that A is G-stationary and G-invariant. Suppose also that every function in
F is constant c-almost everywhere. Then A is G-homogeneous.

Proof. Suppose that A is G-stationary and G-invariant and that F' coincides with the
set of c-a.e. constant functions. Then by (1) it follows that, for u € Q,

[ cwn@)eds = [ clun@)e.
g(A) A
It is then simple to deduce that

C(u;N'(g(2)))) = C(u; N'(2)),  c-ae.

This means that C(u; A’(z)) € F and therefore, by assumption, independent of z.
Using that C (u; A’(z)) is continuous in u#, we obtain a common c-null set outside which
C(u; N’ (z)) isindependent of z. Hence A is factorisable and thus G-homogeneous. O

Besides controlling stationarity properties, the intensity measure is also related to
path properties of the Lévy basis. To this end, we introduce the notion of dispersiveness,
which is also a condition on the intensity measure. Proposition 2.3 gives a Lévy-Itd
decomposition for dispersive Lévy bases on subsets of R and is essentially proven in
[29, Proposition 4.5]. We also note that in the temporo-spatial setting where S = Rx S’
with S’ a general Lusin space, a similar result is proven in [16] (see their Remark 4.4).
Finally, in Lemma 2.2 we show how the intensity measure transforms when the space
on which A is defined is transformed.

Definition 2.6 (Dispersive Lévy basis). A Lévy basis A on (S,S) is said to be
dispersive if
A({s}) =0, VseS. 7

Proposition 2.3. Let S € B(R?) and let A be a dispersive R"-valued Lévy basis on
(S,8) with CQ (£, a,v,c). Then there exists a modification A* of A with the same
CQ, which admits the following Lévy-Ito decomposition

N = [ c@etdw e [ 1o (N-R)dr At [ y1oe(INGy )
®
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where W is an R™-valued Gaussian Lévy basis on (R?, B(R?)) with CQ (0, a, 0, c)
and N is an R"-valued Poisson random measure on (R?, B(R?)) with compensator
N(dy,dz) = v(dy,z)Ap(dz).

Proof. SetS =R“\SandletAbea Lévy basis on (§, g) with CQ (¢, a, v, ¢). Define
AR as the random measure

AR(A) = A(ANS)+A(ANS), AceB,y(RY),

which, due to the independently scattered property of A and A, is a Lévy basis
on (R?, B(R%)) with CQ (¢, a,v,c). From Proposition 4.5 in [29], there exists a
modification Ay of Ag with Lévy-It6 decomposition (8). Defining A* by the restriction
of Ay to (S,S), we then obtain a modification of A with Lévy-Ité6 decomposition (8).

O

Lemma 2.2. Let A be a Lévy basis on (S,S) with CQ ({,a, v, c). Suppose that the
conditions of Lemma 2.1 hold and let A denote the extension of A onto the 5-ring
Re={A€S:c(A) <o} perLemma?2.l. ForUe S,let¢ : (U,S y) — (§,8)
be a measurable function and suppose that the pushforward measure c 5 := ¢.(c [v)
is o-finite. Then

Ap(A)=A(¢7'(A)), AeR

C(/,’

defines a Lévy basis on the 6-ring R.,,. If the relevant standard-Borel assumptions for
disintegration hold, then there exists a ¢ 4-almost everywhere unique Markov kernel
k from S’ to U such that

c(Bng '(A) = / k(B|2)ce(dz),
A
forAeS andBeS Ty. The CQof Ay is ({g,a4,Ve,Cq), Where
’ — d ’ ,
t0(¢) = [ c@x(az12)
’ - d ’ ,
ag(Z) LQ(Z)K( z|2)
ve(B,7') =/V(B,z)x(dz|z’), B € B(R).
U

If, in addition, it holds that S| C R
on (§’,8’) in the usual sense.

cor then the restriction of Ay to Sl; is a Lévy basis

Proof. For A € R.,, we have

C¢3
c(¢71(A)) = cp(A) < .

Hence ¢~ (A) € R, so A(¢~'(A)) is well-defined. Since inverse images preserve
disjointness and countable unions, the independent scattering and countable additivity
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properties of Ay follow immediately from the corresponding properties of ATt
therefore holds that

Cluns) = [ | Clun'@)e)

¢~1(A)
://C(u;A'(z))K(dz|Z')c¢(dz').
AJu

The inner integral is the Lévy exponent corresponding to ({4(z), as(z'), ve(-,2")),
leading to the claimed CQ for Ag. O

2.3 Stochastic integrals

Lévy bases lend themselves well to defining random fields via stochastic integration.
In this paper, we shall mainly rely on the integration theory of [32], which we briefly
summarize. We write the stochastic integral with respect to a Lévy basis A on (S, S)
as fA f(2)A(dz), for A € S and f : § — R a deterministic function. The integral is
defined for simple functions f,(z) = 7‘:1 14,(2)x; as

‘/Afn(Z)A(dz) = ijA(A NAj),

J=1

which can be extended to general measurable and sufficiently integrable functions
f(z) =lim, fu(2) as the probability limit of simple functions

[ r@awn =#-fim [ fao.
A n—oo A
The class of A-integrable functions is also characterized in [32, Proposition 2.4], and

we recall this result in Proposition 2.4. Furthermore, we state Proposition 2.6 of [32] in
Proposition 2.5, which characterizes the cumulant function of the stochastic integral.

Proposition 2.4. Let f : S — R be a measurable function, and let A be a Lévy basis
on (S,8) with CQ (£, a,v,c). Then f is integrable with respect to A if and only if the
Sfollowing conditions hold

[glvl (f(Z)7Z)|C(dZ) < oo,
/S|f(Z)|2a(z)c(dz) < oo,
/S|V2(f(Z),z)!c(dz) <o

where

Vi(x,z) =xl(2) + /(h(zx) - zh(x))v(dx, z),
R
Vo(x,z) = /min{l, |xz|2}v(dx, 2),
R

with h(y) = ylgy <13 (y).
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Proposition 2.5. Let A be a Lévy basis on (S,S) with CQ ({,a,v,c) and let " be
the associated Lévy seed. Let f : S — R be a measurable and A-integrable function.
Then [(|C(uf(2); N (2))|c(dz) < oo, and

C(u;Lf(z)A(dz)) :/SC(uf(z);A’(z))c(dz), u €R.

It is often of interest to integrate stochastic functions, and in particular other
random fields. In the theory of [32], we may integrate random fields X, provided that
these are independent of the driving Lévy basis A. Indeed, the independent random
field X can be realized on a product probability space and the stochastic integral
defined pathwise, for fixed realizations of X. This approach is outlined and utilized in
[10, 9]. In particular, this allows for obtaining the cumulant function in Proposition 2.5
conditionally on X (see [10, Proposition 40] or [9, Proposition 1]).

In many settings, it is also the case that the space S has a temporo-spatial structure
of the form S = I x §’, where I is an interval in R. In this case, Lévy bases on S
exhibit important dynamical properties, due to their relation to martingale measures.
In particular, square integrable Lévy bases are orthogonal martingale measures in the
sense of [37] in their natural filtration ]—"tA defined as

Fr=(NoA((st+11xa):s<t+1 AeB(S)). )

n=1

This allows for a stronger integration theory, in which we may integrate fields X that
are stochastically dependent on A, provided that X is F-predictable, in the sense that
it is P-measurable, where P is the o-algebra generated by all simple random fields Y
of the form

Y(5,2) = D" " W ¥i(@) a1 ()1, (2), (10)

i=1 j=1

where each Y; is ]-"é\i -measurable. To this end, the integrability criteria of Proposi-
tion 2.4 have been extended to general predictable random fields in [16].

Definition 2.7 (Ambit field). Let A be a Lévy basis on (S,S) where S = R X S’ has
a temporo-spatial structure. Let f : R X R X §” X §” — R be a measurable function
and let 0;(z) be a predictable random field. Let also (A;(2))(,z)es be a family of
measurable sets in S. Then an ambit field X;(z) is a random field of the form

X,(2) = /A 08200 A ). (11

2.4 Subordination of Lévy bases

Just as for Lévy processes, it is possible to define a concept of subordination of
Lévy bases, and for stable Lévy bases, the volatility modulation of an ambit field can
equivalently be cast as subordination of the driving Lévy basis. This concept relies
on so-called metatimes, as introduced to study subordination of Lévy bases in [7] and
independently studied in [13].
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Definition 2.8 (Metatimes and chronometers). Let (S1,S1), (S2,S,) be measure
spaces. A mapping 7 : S} X Q — & is called a metatime, if it satisfies the following
criteria.

1. T(A; w) and T(B; w) are disjoint whenever A, B € S are disjoint.
2. T(U‘;’;1 Aj;w) = U;"zl T(Aj; w) whenever Ay, As, ... € S; are disjoint.

Furthermore, if the mapping T is injective, i.e., T(A; w) # T(B;w) for any A # B,
then we say that T is a chronometer.

The dependence of a metatime 7 on w makes it a random element, and intro-
duces some subtleties related to measurability. For notational convenience we shall
sometimes suppress the explicit dependence on w and it is tacitly understood that any
non-deterministic metatimes under consideration are sufficiently regular and refer to
Section 2 of [13] for details.

Definition 2.9 (Subordination of Lévy basis). Let A be a Lévy basis on (S3,S;) and
T : S; — &, a metatime. Then we define the subordiation of A to T as the random
measure Al on (S1,S)) given as

Alr(A) = A(T(A)), A€ (S

From Definition 2.8 it is clear that any measurable mapping ¢ : S» — S; defines
a metatime via T(A) = ¢~ ' (A), and thus that metatimes are very general objects. The
subordination of a Lévy basis to a metatime does therefore not necessarily guarantee
any good properties, but in Proposition 2.6 we extend Theorem 15 of [10] from the
Euclidean setting to the general setting, which provides an analogue between subordi-
nation of Lévy bases to the classical concept of subordination of Lévy processes. The
result hinges on the random measure ¢ o T being independently scattered and infinitely
divisible, where c is the control measure of the Lévy basis under consideration, and
we refer to Example 3.1 for an example of an infinitely divisible metatime.

Proposition 2.6. Let A be a factorisable Lévy basis on (S3,S;) with CQ ({,a,l,c),
andletT : S| — S; be a metatime. Suppose that T satisfies the following

o T is independent of A.

e The random measure c o T is independently scattered, i.e., c(T(A)) is indepen-
dent of ¢(T (B)) whenever A and B are disjoint.

e The law of c(T (A)) is infinitely divisible for any A € (S1)p.
Then A|1(A), the subordination of A to T cf. Definition 2.9, is a Lévy basis on (S, S).
Proof. Conditionally on 7', (1) yields that for any u € R

C(u; Alr(A) | T) = C(u; N')e(T(A)). (12)
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For a disjoint sequence (A;)]_, of sets in (51 ), we therefore find using the independent
scattered property of co T

Elexp(iizn;u Alr(A; ))] [exp(zc uis A ) e (T(A; )))]

= 1;[E[exp(C(ui;A,)C(T(Ai)))]’

showing that the random measure Al is also independently scattered. We then need
to prove that A7 is infinitely divisible. As A|r is independently scattered, it is enough
to prove that A|r(A) is infinitely divisible for an arbitrary set A € (Si)p, as per
Remark 19 in [10]. Since c is a positive measure, it holds that ¢(T(A)) > 0 for all
A € (81)p and hence ¢(T(A)) necessarily has a Lévy-Khintchine representation of
subordinator type such that

C(u;c(T(A)) =iuy(A) + ‘/R(emx -1- iuxl[,],l](x))vc(dx, A),

where vy is a signed measure of finite variation and v¢ a generalized Lévy measure
cf. Proposition 2.1. For fixed A € (S1)p, it thus holds that C(u; c(T(A))) is also of
Lévy-Khintchine type. From (12), we find that

C(u; Alr(A)) = y(A)C(u; N) +/R(exc<“;A'> —1=C(us A)x1—1,1)(x))v€ (dx, A),

13)
which is a Lévy-Khintchine exponent in . We conclude that A|7 is infinitely divisible
and hence a Lévy basis. O

Corollary 2.2. Let the setting be as in Proposition 2.6 and assume that c o T is itself
a factorisable positive Lévy basis on (S, Sy) with CQ (£¢,0,v¢,c). Then A|r is a
factorisable Lévy basis with CQ ({r, ar, vr, cT), where

ar =C¢%a, cr=c, vr(A)=,v(A) +/ P(L, € A)v(dr),

R,

{r=00+ ‘/R+ (/Rl[—l,l](x)P(Lr € dx))v”(dr),

where (L;)rer, is a Lévy process with L, 4 n

Proof. From Definition 2.3, (2), and (13), we find that
C(u; Alr(A)) = [C(u;A’)b+/( xCh) ) C(dx)] € (A),
R

where b = (€ +f_11 xv€(dx). It is then plain to see that A|7 has control measure c¢ and
the concrete form of the local characteristics {r, ar, vr follow by standard Bochner
subordination principles (see, e.g., Chapter 30 of [33]). O

Remark 2.2. In Theorem 15 of [10], the authors prove a version of Proposition 2.6
where § = R4 and T is assumed to be chronometer. If we impose that T is a
chronometer, then 7~! is well-defined and we obtain reversibility in the sense that
(Alr)|r-1(A) = A(A) for sets A within the range of T'.
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3 Lévy bases on Riemannian manifolds

In this section, we begin the study of the case where S = M is a differentiable Rieman-
nian manifold. Most of the required geometric concepts are recapped in Appendix A,
but we note that it is completely standard and covered in detail in, e.g., [25, 26]. A com-
prehensive introduction to geometry is also provided in [2], which in addition studies
C? Gaussian random fields indexed by manifolds. Since Lévy bases lend themselves
well to defining random fields via stochastic integrals, it is natural to study Lévy bases
on manifolds and thereby define (not necessarily C?) infinitely divisible random fields
indexed by manifolds, as well as their extensions to ambit fields indexed by manifolds.
The recent work of [23] presents such an application, where an ambit field indexed
by a cylinder surface parametrized in R? is used to model day-ahead electricity prices
(see also Example 3.4). Riemannian manifolds are Polish spaces, and it is therefore
trivial to abstractly define a Lévy basis on M as detailed in Section 2, but some natural
intricacies arise in applications. Notably, the canonical choice of intensity measure
c(dz) = A9(dz) where A4 is the Lebesgue measure on (R, B(R?)) is no longer
appropriate, as M is usually a null-set with respect to ¢ when it is embedded in
R<. Instead we will argue, perhaps unsurprisingly, that the natural choice of intensity
measure is the Riemannian measure 1, on M, induced by the Riemannian metric
on M. This allows us to transfer essentially all of the intuition from Lévy bases on R?
to Lévy bases on manifolds, but gives rise to much richer structures depending on the
Riemannian manifold under consideration.

In the rest of the paper, we let (-, -)4 denote the inner product on R and ||-||4 the
associated norm. We shall always use the notation (M, p) for a Riemannian manifold
with metric p and countable atlas (¢4, Uqy)aer. We denote by M the Borel o-algebra
on M and by M, the corresponding ¢-ring of totally bounded Borel sets in M. Unless
explicitly stated otherwise, we will always assume that the Riemannian manifold under
consideration is C!, connected, oriented and without boundary.

3.1 The choice of intensity measure

The goal of this subsection is to motivate the choice of the Riemannian measure as
the canonical intensity measure for Lévy bases defined on manifolds, and to illustrate
some intrinsic properties of such Lévy bases. The Riemannian measure on the k-
dimensional manifold (M, p) is denoted 4,7, and we recall that it is such that

[ 1@t = [ 1@ defp@) a5 = [ savel,
A A A

where Vol,, denotes the volume element. On R4, there are two key properties of a
homogeneous Lévy basis A, which are natural to require in more general settings.

1. Volume-scaling: The cumulant function of a A(A) is the cumulant function of
the Lévy seed, scaled by the volume of A:

C(u; A(A)) =/AC(u;A’(z))/1M(dz)
= C(u; N) Ay (A). (14)
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2. Isometry-invariance: A is G-homogeneous in the sense of Definition 2.5 with
respect to the isometry group G = Isom(M).

Proposition 3.1 below asserts that the only way to preserve both of these properties
on a Riemannian manifold M, is to let A have intensity measure proportional to Ay.
We note that the choice of Riemannian measure as intensity measure generalizes the
Euclidean setting with the Lebesgue measure as intensity measure, since Ap; = A9 on
(R4, B(R%)), and A4 is invariant with respect to Isom(R¢). This prompts the question:
Which properties from the Euclidean setting generalize to the manifold setting, and
how do they generalize? In Proposition 3.2, we show how to directly relate Lévy bases
on R¥ to Lévy bases on a k-manifold, essentially by transformation of the intensity
measure. In particular, we show that a factorisable Lévy basis on a k-manifold M,
with intensity measure 1,7, can be viewed as a subordinated Lévy basis, A|r, where
A is defined on R¥ and T is a chronometer induced by the geometry of M. This
relation means that Lévy bases on M inherit several properties from the Euclidean
setting, such as the Lévy-1t6 decomposition (8). The Lévy-Itd decomposition of Lévy
bases on manifolds is established in Proposition 3.3. Finally, in Proposition 3.4, we
generalize Lemma 3.1 of [7] to the manifold setting, which relates random measures
on M to metatimes, and thus by extension to subordination of Lévy bases (see also
Example 3.1). In the following sections, we shall see how several other objects re-
lated to Lévy bases on manifolds admit interpretations in terms of subordination and
generalized time-changes.

Proposition 3.1. Let A be a factorisable and dispersive Lévy basis on a Riemannian
manifold (M, M) with o-finite intensity measure c. Then the only choice of ¢ that
ensures volume-scaling and isometry invariance of A is, up to scaling, the Riemannian
measure ¢ = Ayy.

Proof. If we require
C(u; A(A)) = Vol,(A)C(u;N'), AeM,

then we must have ¢ = A,;. Invariance of the Riemannian measure under isometries
follow by definition of the Riemannian measure, and uniqueness up to scaling follows
from the same properties of the volume form, as discussed in Chapter 1 of [31]. O

Proposition 3.2. Let (M, p) be a k-dimensional Riemannian manifold with (count-
able) atlas (U, ¢ o) aer and introduce the following factorisable CQ’s

q1= (¢ av, A%, q2= (L a,v, An).
Define sy = AM(M)% and the set Ry; C R¥ as

Rk, Ay (M) = oo,
Ry = X
[0, SM) . /lM(M) < 00,

and let A be a Lévy basis on (Rpy, B(Rp)), with gy as CQ. Then there exists a
non-random chronometer T : M — B(Ry), independent of £, a, v, such that the
subordinated Lévy basis A\t is a Lévy basis on (M, M) with g, as CQ. Furthermore,
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T is bijective up to Apr-null sets and if Apy is a Lévy basis on (M, M) with g, as CQ,
then the essential inverse T™' : B(Ry) — M is a non-random chronometer such
that the subordinated Lévy basis (Apr)|7-1 is a Lévy basis on (Rys, B(Rpr)) with gy
as CQ.

Proof. From Proposition 1.40 in [25], it follows that we can take the atlas (¢4, Ug)
such that each U, is precompact. Define the pairwise disjoint Borel partition (W) qes
of M by setting Wy = Uy and Wy, = U \ Up<o Up for @ > 2. Let Vy = ¢4 (W, ) and

define the density w, as
Wwa(2) = Vdetp®(z), (15)

where p¢ is defined via the metric tensor in local coordinates as pf =
p(%, %N #-1(z)- Define then the measures

La(dz) = wa(2)AX (dz),

and the corresponding volumes

Vo= [ wa4(d2) = A (W) < o0
V(l’

We may, without loss of generality, discard indices for which v, = 0. Now, because

R)y is constructed to have total volume A% (Rps) = Ay (M) = ¥ 41 Va» We can choose

pairwise disjoint sets (By)qer € B(Rpy) such that for @ € I we have

X (By) =vq, A (RM \ U Ba> =0.

acl

For example, when A,/ (M) < oo, such sets can be constructed as B, = [tn—1,1n) X

Van

[0, sa)%~! where tg = 0 and 1, = £, + 2 where @, enumerates 1. Defining
M

the probability measures P, = i/l“ lv, and Q, = i/lk I'B,, We obtain two
atomless standard probability spaces (Vq, B(Vy),Po), (Ba, B(Ba), Qq). Hence by
the isomorphism theorem for atomless standard probability spaces (see, e.g., [15,
Theorem 9.5.1]) there exists conull Borel sets VO C V,, and B% C B, and a measure-
preserving Borel isomorphism £, : VO — BY such that

(ha)*(Pa Fvg) = Qa nga (16)

where /13! is also Borel. Introduce the conull subsets W9 = ¢-1(V?) € W,, and set
Mo=|Jwhcm, Ro=|JB%CRu
ael acel

Then we can define a Borel bijection with Borel inverse f : My — Rg by

f= U(ha°¢a) ng .

acl

From this, we define the set map T as

T(A)=f(ANMy), AeM, an
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with inverse T7~1(C) = f~'(CNRy) for C € B(Ry). As T, T~ are induced by a bijec-
tion, they are deterministic chronometers and they satisfy the following pushforward
identity for A € M,

A(T(a) = > A (r(anwy))

= Aa(da(AN WD)

ael

= > A (AnWS)

acl

=Am(A).

By considering the subordinated Lévy basis Al as the pushforward (T~!),A, we
want to appeal to Lemma 2.2. This requires existence of an increasing and exhausting
sequence of My, which is satisfied for any Riemannian manifold as these are o-
compact. Furthermore, we require that fA 0(2)Ap(dz) < oo whenever Ay (A) < o0
with QO defined in (3). This holds trivially since £, a, v are constant, due to the
assumption of factorisability. Lemma 2.2 then yields that A|r is a Lévy basis on
(Mo, M Tm,) with CQ (£, a,v,Anm), where £, a, v are preserved as they are simply
constant. Conversely, starting from a Lévy basis Aps on (M, M) with CQ g,, we
find that T.Ap; = Ap|p-1 is a Lévy basis on (Ryr, B(Ry)) with CQ ¢;. The full
statement of the Proposition follows by noting that, for Borel sets A € M \ M, we
have T(A) = f(0) = 0 and hence A|7 vanishes on the A,,-null part, and similarly
(Apr)|7-1 vanishes on Rys \ Rp. O

Remark 3.1. In Proposition 3.2, the Lévy basis is assumed to be factorisable cf.
Definition 2.5, which means that the chronometer construction (17) is independent
of the choice of measure-preserving Borel isomoprhisms. More generally, we could
consider non-factorisable CQ’s such that the condition of fA 0(z2)Ap (dz) < oo when-
ever A (A) < oo holds with Q defined in (3). In this case, fiA(A) = A(f~1(A)) is
well-defined on R jx and with CQ (£ o f~!,ao f~1,v(-, f71(-))) (note that this CQ is
still valid cf. Definition 2.3). Conversely, the pullback of a Lévy basis on Ry has CQ
obtained via composition with f. Hence the CQ will depend on the choice of measure
space isomorphism /i, in (16).

Proposition 3.3. Let A be an R"-valued Lévy basis on a Riemannian k-manifold
(M, M) with CQ q = ({,a,v,Adp). Then A admits a modification A* with Lévy-Ito
decomposition of the form

N = [ @@+ W+ [ o) =n) (@)
v [ Yo IN Gy A as)
Rn

where W is a Gaussian Le’vy~ basis with CQ (0,a,0,Ap) and N is a Poisson random
measure with compensator N(dy, dz) = v(dy, ) Ay (dz).
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Proof. Define the function r(z) = 1+ Q(z) with Q as in (3) and the measure c(dz) =
r(z)Ap(dz). Note that 7(z) > 1 and define the modified characteristics

_i@ o _a@ o _vdy.2)
=D a(z)—r(z), v(dy,z) = T

Then § = (£, @, 7,¢) is another representation of ¢ and it holds that Q(z)/r(z) < 1.
Lemma 2.1 therefore applies automatically to the CQ ¢ and we may extend A to
the §-ring Rz. The measure ¢ is atomless and o -finite, so by the measure-space
isomorphism used in (17), there exist conull Borel sets My € M and Ry C Rk
along with a measure-preserving Borel isomorphism f : My — Ry, from ¢ [y, to
A* g,. Let T be the corresponding chronometer induced by this as in the proof of
Proposition 3.2 and define A= Al7-1. By Lemma 2.2, A is an extended Lévy basis on
R/l"lRo whose restriction to B, (Rp) is a Lévy basis on (Ry, B(Ryp)) with CQ g given

by

{(2)

q= (Zof_l»;lof_l’v("f_l('))’/lk TR())-

Proposition 2.3 gives a modification A* of 7\, initially on the bounded Borel sets, with
the Euclidean Lévy-Itd decomposition (8). Another application of Lemma 2.1 extends
both A* and its decomposition to R Ro* By uniqueness of this extension, A* remains

a modification of A on that 6-ring. For A € My, let A*(A) = A* (T'(A)), which
is well-defined as A¥(T(A)) = ¢(A N Mp) < co. Pulling the Gaussian and Poisson
random measures in the Euclidean Lévy-1t6 decomposition back through f shows that
A* has the decomposition (18). Finally, for each A € My, note that
A*(A) = A*(T(A))

2 A(T(A))

“ZA(A N M)

= AA),
where the last equality follows because c(M \ My) = 0, and hence A(A \ My) =0

almost surely. Thus A* is a modification of A. O

Lemma 3.1. Let (E,&, 1) be a o-finite and non-atomic measure space such that
(E, &) is standard Borel and such that u(E) = oo. Then there exists measurable
sets Eg C E and Ry C Ry with u(E \ Eg) = 0 and A'(R, \ Ry) = 0 and a Borel
isomorphism y : Ey — Ro such that

Xt TEy) =" TR, -

Proof. Let (K,), , be a disjoint Borel partition of £ with 0 < u(K,) < oo for all n.
Fix n € N and consider the probability space

H(A)
1(Kn) '

Since (E,€) is standard Borel, so is (K,,€ [k,) and hence (K,,& [k,,Qy) is a
standard probability space and non-atomic since u is non-atomic. Therefore, by the

(Knag rKn’ Qn), QH(A) = A€ g rKn .
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isomorphism theorem for atomless standard probability spaces [15, Theorem 9.5.1],
there exist conull Borel sets K9 C K,, and 19 C (0, 1) and a measure-preserving Borel
isomorphism

8n: KS — 12

(with g, I Borel) such that

(gn)*(Qn FK;;) :/ll rlg .

We can then define
Un(x) = u(Ky)gn(x), x¢€ KS,

such that ¢, : K9 — u(K,)I9 C (0, u(K,)) remains a Borel bijection with Borel
inverse. It follows that for Borel A C u(K,,)I°

ke (' (A) = u(Kn)Qu (g, (A/p(Kn))) = (KA (A/u(Ky)) = 21 (A).

Thus we conclude that
(Wn)«(p FK;;) =4 F#(K”)Ig .

Set s, = Y.p<, #(K¢) and note that s,, — oo due to the assumption of u(E) = co.
Hence we have that Ry \ U, en(Sn-1,51) € {sn : n > 0}. Define then

R?; = Sn-1 +#(Kn)]2 c (sn—l,sn)7
and Ry = U, e RY for which it holds that
A (Re \ Ro) < 2! (R+ \(J G sn>) + 7 A ((sne1s0) \ RD) =00
neN neN

Define also Eq = |J,, K and note that u(E \ Eo) = Y,en (K, \ K9) = 0. Then the
map y : Eg — Ry given by

xx) =sp1+¢n(x), xe€ Kg,
is bijective with inverse y ' (y) = ¢! (y — sn—1) for y € R? and it holds that

Xe(U TE) =A TRy -

The maps y is Borel, since each restriction x [go= sn—1+¢n (x) is Borel and (K9),,en
is a countable Borel partition of Eq. Likewise, y ! is Borel since y ! | ro is Borel
and (RY),.cn is a countable Borel partition of Ry. O

Proposition 3.4. Let M be a Riemannian k-manifold such that Ap; (M) = co. Let
M M XQ — R, be such that for almost all w € Q, A — u(A;w) is a o-finite
measure on (M, M), and for each A, w — u(A;w) is F-measurable. Then there
exists a M ® F-measurable metatime T : M X Q — M such that, for almost all
w € Q, it holds that

1(A;w) = Ay (T(A; ), A€ M, (19)
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Proof. Let K; € K, C --- be a sequence of compact Borel sets in M such that
M =,en Kn-Set L, = K, \ K1 € My, (with Ky = 0) and note that y(L,; w) < oo
for almost all w € Q. The aim is to construct a metatime 7}, on each L,, and patch these
together into the final metatime 7. For the construction of 7,,, we require sequences
(Cw)nen € M of pairwise disjoint sets of infinite volume, i.e., A3 (Cp,) = oo for all
n € N. Such sets exist due to M being o-finite and of infinite volume. By o-finiteness
of 157, Lemma 3.1 then yields that there are Borel isomorphisms y;, : Cg — R?l C R,
such that

(Ctm)edn 1cg)(A) =21(A), A€ B(Ry). (20)

where C9, R? are Borel sets such that A3, (C, \ C%) = 0 and ' (R, \ R%) = 0. Let
my(w) = pu(Ly; w) be the random p-volume of L,, and note that w +— m,(w) is
F-measurable. Since each (L,, M [r,) is a standard Borel space and uncountable,
there exists a Borel isomorphism ¢, : L, — (0, 1) with Borel inverse. This allows
for defining the (random) distribution functions

Fu(t; w) _l{m,,(w)>0}(w) ( )IJ('J'" ((0,7]); w), te[0,1].

Then for each fixed ¢, the map w +— F},(t; w) is F-measurable by assumption and, for
each w, the map ¢t — F(t;w) is non-decreasing and right-continuous. It then follows
that (¢, w) — F,(t;w) is B([0, 1]) ® F-measurable.

Define the corresponding quantiles as

On(u;w) =inf{t € [0,1] : Fy(t;w) > u}, uel0,1].
Then Q,, is B([0, 1]) ® F-measurable since for every x € R,

{w) : Quww) <x}= | ] {ww):Fulgw) >u}.
q€Q, g<x
We can then use Q,, to define a transport map H,, as

Hy,(r;w) = {!/l,;l(Q”(r/mn(a)); w)), 0<r<m,(w),

Xn, otherwise,

for r > 0 and x,, € L, fixed and arbitrary. Since it is a composition of jointly
measurable maps, H,, is also B(R;) ® F-measurable. A standard monotone class
argument can be used to verify that for almost all w € Q

A{0<r<my(w): Hy(r;w) € A}) = p(A;w), AeMly, . (1)
Now, for A € M, define the candidate metatime 7,, as
T.(A; w) =X,71({0 <r<my(w):Hy(r;w) e AN Ln} N R?l) c Cg.

It follows from the properties of preimages that 7,,(0;w) = @ and that T,(-; w)
preserves set differences and countable unions of disjoint sets and hence that 7,, is a
metatime on M. Using (20) and (21), we obtain the volume identity

A (Ta(Asw)) = p(AN Ly w).
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Additionally, we find that 7, is M ® F-measurable since
{(x, w):x€ Tn(A;a))}
= {(X, (1)) X E Crop O < Xﬂ(x) < m”((l)), Hn(Xl’l('x)’w) € A m Ln}’

where the right hand side is an element in M ® F. We can then define the final
metatime 7 as the countable disjoint union

T(A;w) = U T (A; w).
neN
Since each 7, is M ® F-measurable and the union is countable, T is also M ® F-
measurable. Furthermore, for A € My, it holds that

A (T(Asw)) = Z Ay (Th(Asw)) = Z (AN Ly;w) = p(A; ). O
neN neN
Remark 3.2. The condition that Ap;(M) = co in Proposition 3.4 rules out many
interesting cases such as that of compact manifolds. However, in applications it is
often natural to have a space-time structure of the form M = R x M’ for a Riemannian
manifold M’. In this case, M’ can be compact while the conditions of Proposition 3.4
are still satisfied.
Example 3.1. Suppose that u is a positive random measure on the Riemannian
manifold M = R, X M’ (for which A3, (M) = oo per Remark 3.2) and let T be a
metatime on M such that (19) holds. Let A be a factorisable Lévy basis on (M, M)
which is independent of T and u. Then, conditionally on 7', the cumulant function of
A|T is
C(us Alr(A) | T) = A (T(A))C (3 A).

An infinitely divisible random measure u can be constructed via

w(A) = /A‘r(t,x)(/ll ® A ) (dt, dx),

where 7 is of the form
t
T(t,x) = / / g(t,x;y, s)A*(ds, dy), (22)
o Jm

for a suitably regular deterministic kernel function g and positive Lévy basis A* on
(M, M), independent of A. Letting T be a metatime such that u(A) = Ap(T(A))
(which exists cf. Proposition 3.4), we find that

/IM(T(A)):./A./O ‘/M/g(t,x;y,s)/\l(ds,dy)(/ll®/1Mf)(dt,dx)

-/ t [ s ansay.as,

where f(s,y | A) = fA 1< g(t,x5y,8) (1! ® Ap4/)(dt, dx). The stochastic integral
against deterministic functions is again infinitely divisible cf. [32], which shows that for
each A € My, Ap/(T(A)) is infinitely divisible. This can be extended to the measure
Ap (T (-)) on M. This construction can be extended to more general random measures
u(-) = Ay (T(+)), for example by incorporating a multiplicative noise component in
the integral (22), or by probability mixing of the coefficients of the kernel function g.
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3.2 Lévy bases on curves

In Remark 3.5 of [29], it is shown how the process ¢t — A([0,?]) is a Lévy process
when A is a translation invariant Lévy basis on R. A possible generalization of
this property is to study A defined on curves embedded in some manifold M with
metric p. This situation is thus slightly different than in the previous section, where A
was defined on M; here, A is defined on the image of the curve ¢(R), taking values in
M. In general, ¢(R) is only an immersion, so in all of the following, we impose that
@ is injective and a homeomorphism onto its image, making it a proper embedding.
This implies that ¢ is C! and regular, in the sense that

||¢(f)||p = p¢(z)(<p(t),ga(t)) >0, teR.

If ¢ is parametrized in R?, this simply corresponds to the condition that

(p(0), (1)), >0, teR.

Given the Riemannian measure A5, on M, the associated Riemannian measure on the
curve ¢ is that arising from the arclength of ¢ as

1,(A) = [D el

In Proposition 3.5, we then give necessary and sufficient conditions on the parametriza-
tion of ¢, such that the process defined by ¢ — A(([0,¢])) is a Lévy process. The
crucial property of ¢ is that it must have constant speed, which severely restricts the
parametrizations that lead to Lévy processes, but at the same time implies that any
curve reparametrized by its arclength yields a Lévy process.

Proposition 3.5. Let A be a factorisable Lévy basis on (¢(R), B(¢(R))) with CQ
(£,a,v,Ay). Let ¢ be a regular parametrized curve on M, parametrized as a regular
C! curve ¢ : R — M. Then the following statements are equivalent.

1. The processt — A(@([0,t])) is a Lévy process (up to modification).

2. The curve ¢ has constant speed in the sense that ||¢(1)||, = «, forallt € R and
some a > 0.

Proof. Set Y, = A(p([0,1])), £(2) := f0t||gb(s)||pds, and note that ¢ is injective by
assumption of being an embedding, such that for 0 < s < ¢,

Y, = Y5 = Ale((s,1]).
Hence the factorisability property of A yields that
C(u; Y, = Yy) = (€(1) = €(s))C(u; ).

Suppose first that Y is a Lévy process. Then its one-dimensional distributions are such
that C(u;Y;) = tC(u;Y1). On the other hand, we know that

Cu;Y,) =(NC(usA'),  Clu;Yy) = €(1)C(u; ).
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Thus we must have £(¢)C(u; A’) = t£(1)C(u; A”) and it follows that £(z) = t£(1) for
t > 0. Differentiating and using the continuity of ¢ gives

e, =¢()=a>0, >0,

where @ > 0 is implied by regularity of ¢. Conversely, suppose that ||¢(f)|l, = a.
Then, for0 < s < ¢,
C(u;Y; = Yy) =a(t — s)C(u;A'),

so the distribution of Y; —Y depends only on 7—s. Moreover, injectivity of ¢ ensures that
the images of disjoint parameter intervals are disjoint, and the independently scattered
property of A therefore gives independent increments of Y;. Since A, ({¢(0)}) = 0,
we have Yy = A({¢(0)}) = 0 almost surely. This shows that ¥; is a Lévy process
in law in the sense of [33], but such a process always admits a modification that is
continuous in probability and thus a Lévy process. O

Remark 3.3. Proposition 3.5 implies that Lévy bases defined on geodesics on M are
Lévy processes. Geodesics are generalizations of the notion of straight lines in R?
to manifolds, in the sense that these curves locally provide the shortest path between
points, and they can be shown to always exhibit constant speed. In particular, we
recover the fact that t — A([0, ¢]) is a Lévy process when A is a translation invariant
Lévy basis defined on (R, B(R)).

Corollary 3.1. Let ¢ : R — M be a regular C' curve, and let A be a factorisable
Lévy basis on (¢(R), B(¢(R))) with control measure A,. Define x(t) = fot ll@(s)||ds
and y(t) = @(x~'(t)). Then t — A(y([0,t])) is a Lévy process in t with t €
[0, /1 llg(5)lpds).

Proof. Since ¢ is regular, it holds that y’(¢) = ||¢(#)||, > 0, meaning that y is strictly
increasing and admits a C! inverse on its range. Additionally, we note that

1 1
X @) et @)l

()@=
The chain rule then implies that

YO =o(x'@))(x") @),

and thus that

. e )l
@] = 90_—1 =1
et )]
Hence vy has constant speed and ¢ +— A(y([0,7])) is therefore a Lévy process by
Proposition 3.5. O

Proposition 3.5 essentially states that the curvature of ¢ must be sufficiently
homogeneous to obtain a process with independent and stationary increments, and
Corollary 3.1 states that any curve reparametrized by its arclength is exactly sufficiently
homogeneous. It is then natural to wonder, if there are some curves ¢ that are not
compatible with Lévy processes at all, without reparametrization. The answer to this
question is negative, as Proposition 3.6 shows that it is always possible to obtain any
Lévy process on any given curve, by sufficiently distorting a factorisable Lévy basis.
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Proposition 3.6. Let (M, p) be a Riemmanian manifold, and let ¢ : R — M be
a regular C' curve on M. Then it is always possible to choose a Lévy basis A on
(p(R), B(¢(R))) such thatt — A(¢|0, t]) is a Lévy process with characteristic triplet
Z,a,v).

Proof. As ¢ is regular, it holds by definition that ||¢(¢)||, > O for all . We can then

specify A to have CQ (7, d, 7, 1p7), where (£, d, ) = m - (£, a, v). It follows by
re

the same computations as in the proof of Proposition 3.5 that

C(u; A(e([0,1])) = C(us A')1,

which means t — A(¢([0,1])) is a Lévy process in law with characteristic triplet

(Z,a,v). O

Remark 3.4. The converse case to Proposition 3.6 where one fixes a general Lévy
basis A and seeks a curve ¢ for which  — A(¢([0,¢])) is a Lévy process is in general
not possible, as the geometry of the curve necessarily applies evenly to the elements
{, a, v. As such, if these have differing inhomogeneities, we cannot recover a Lévy
process on any ¢.

Proposition 3.7. Let (M, M) be a Riemannian manifold and ¢ : R — M a regular C'
curve. Let A be a factorisable Lévy basis on (¢(R), B(¢(R))) with CQ (£, a,v,dy).
Then the process Yy = A(@([0,t])) has the same finite-dimensional marginal distri-
bution as N ( fot||¢(s)|| ods), where N (t) is a Lévy process with the same triplet as
the Lévy seed of A\, (¢, a, V).

Proof. Set{(t) = /Ot||¢(s)||p ds and note that Y; =Y = A(¢((s,1])),since A, ({s}) =
0. We find that

Cu; Y = Ys) = Ap(9((5, 1)) C(u: A') = (€(r) = £(5)) C(u; ).

This is the cumulant function of A’(£(¢)) — A’(€(s)). Now let 0 =1y < 1] < --- <ty
and note that since ¢ is an embedding and thus injective, the sets ¢((¢x—1, fx]) are
pairwise disjoint for k = 1, . . ., n. The independently scattered property of A therefore
implies that the increments Y, —Y;, , are independent and, furthermore, they have
the same distributions as

AN (1)) = N (E(te-1)),  k=1,....n,

which also has independent increments. From this we see that

d ’ ’
Frpee e ¥) & (A (€)oo A (EG)).
and thus Y; and A’ (£(¢)) have the same finite-dimensional marginal distributions. O

Proposition 3.7 formalizes the notion that when A is homogeneous, the process
t — A(@([0,¢])) is simply that of a Lévy process time-changed by the increasing
deterministic process fOt l¢(s)||pds, which has a rather well understood theory. From
Proposition 3.7, it also follows that the curve ¢ together with the Lévy basis A cannot
uniquely determine the distribution of the resulting process A(¢([0,1])), as C! curves
are generally not identified by their arclength.
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Example 3.2. Consider the choice of a helix parametrized in R?

¢(1) = (cos(1),sin(1), 7).

The metric inherited from R? is simply the pullback of the Euclidean metric p =
dx? + dy? + dz?* given as ¢*p = 2dt? and the induced arclength measure is therefore
Ap(A) = V221 (¢~ (A)). It is then plain to see that ¢(7) has constant speed ||¢ () I, =
V2 and Proposition 3.5 yields that 7 — A(p([0,])) is a Lévy process when A is a
factorisable Lévy basis with CQ (£, a, v, /l‘p).

Example 3.3. Consider the setting of Example 3.2, but with a non-uniformly param-
etrized helix in R? of the form

(1) = (cos(t?), sin(¢?), ).

This is only injective and regular on (0, c0), so we restrict to this region with the
convention A({0}) = 0. Then the pullback metric becomes ¢*p = 8t%dt?, such that
A,(A) = 2V2 f‘p_l (A) tA'(dt) and le)lp, = 2v2|t|. Hence ¢ does not have constant
speed and Proposition 3.5 yields thatt — A(¢((0, ¢])) is not a Lévy process. However,
re-parametrizing ¢ by % yields a constant speed curve with unit speed and it follows

from Corollary 3.1 that # — A(y((0,¢])) is a Lévy process where
Y1) =9({7)-

3.3 Lévy bases on manifolds

In addition to Lévy processes, it is also illustrated in [29] how Lévy bases on
(R, B(R4)) can be considered as Lévy sheets, when evaluated along increasing
sets in R¢. In the manifold setting, we can similarly consider an increasing family of
sets M, indexed by R¢. Under some regularity on the limiting space Mo, = |J, M,
we may then define the Lévy basis across all submanifolds by defining A on some
manifold, M, containing M, and then let the intensity measure be ¢ = Ajs. this
corresponds to the setting of [23], where the family M, is a continuously extending
cylinder surface in R? with a fixed Riemannian metric (see Example 3.4). This view
is opposed to that of the Lévy basis being defined on a general family of Riemannian
manifolds (M;, p;), where it is less clear how to define and interpret the Lévy basis A
consistently across all submanifolds. Note that we implicitly assume that each M, is
totally bounded, such that the Lévy basis will be almost surely finite when evaluated
along M,.

In Proposition 3.8 below, we generalize the results of [29] in a possible direction,
by characterizing a situation in which the process ¢ — A(M;) yields a homogeneous
Lévy sheet, of which we recall the definition, following [7]. To this end, we introduce
the increment A’ F of a random field X (¢) indexed by ¢ € R as

1 1
AX = Y (=Dk e X (bl ey), ., b (er),

6120 ek:O

where b7 (1) = t/) and b7(0) = s\,
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Definition 3.1 (Homogeneous Lévy sheet). Let (X;),czx be an R-valued random field
indexed by R¥. We say that X, is a homogeneous Lévy sheet if the following holds
« Al X,...,A? X are independent when n > 2 and (s1, 1], ..., (sn, t,] are dis-
joint.

« A L APX forall a, b, t € RK.

t+a
* t — X, is continuous in probability.
e Almost all sample paths of X; have limits along monotone paths in the sense
of [1].

Proposition 3.8. Let A be a factorisable Lévy basis on (M, M) with CQ (£, a, v, Ay),
where (M, p) is a Riemannian manifold. Let (M;),crx be a sequence of sets in M
such that My € M, whenevert < t’ with the inequality interpreted coordinate-wise,
and such that each M, is totally bounded in M and define Mo = \J,cgx M;. Define
the random field X; = A(M;). Then the following holds. :

1. If X; is a homogeneous Lévy sheet, then it holds that

k
(M) = Apr (My) ]—[N), 1=(1,...,1).
j=1

2. If there exists an « > 0 and a measurable map n = Mo — RX such that, for
everyt € RK, the following holds

Am (M, 2771 ([0,1]))) =0,
where A denotes the symmetric set difference and
7 (A ) = adk.
Then X, admits a modification that is a homogeneous Lévy sheet.

Proof. Suppose that X; is a homogeneous Lévy sheet. By [29], it follows that there
exists a Lévy seed A" such that

k
C(u; X;) = C(us A”) A% ([0,11] x [0, 2] x -+ x [0, 14]) = C(us A”') ]_[ 19 (23)
j=1
Letting A’ denote the Lévy seed of A, it therefore holds that

k
Cus A) A (My) = C(w; A7) [ ]2 24)
j=1
Evaluating this expression at t = 1, we find that C(u; A”) = Aps(M7)C(u; A’) and
substituting this into (24) we find that

k
A (M)C (3 A') = g (M)C (s N) [ |19,
j=1
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and hence that Ay, (M;) = Ap(My) Hl;:l t) . Now suppose that the condition (2)
holds. We first construct a Lévy basis on R¥ as follows. Let B C R¥ be a bounded
Borel set and choose » € R¥ such that B C [0, r]. Note that M, N 7~'(B) C M,., so
we can define the random measure

A(B) = A(M, n 77 '(B)).

This definition of A does (almost surely) not depend on the choice of r. Indeed, if
B C [0,7r] N[0, q], then

(M, n =" (B))a(Mg N7 (B))
c (Myan7'([0,7])) U (Myan~'([0,4])).

The set on the right has Aj/-measure zero and since the intensity measure of A is
Ay, it follows that A is almost surely equal to zero on this set. Now let (B‘,-);‘;l
be pairwise disjoint bounded Borel sets with bounded union and let » be such that
U] 1 C [0,r]. The sets M, N ](B /) are then also pairwise disjoint. Since A is

countably additive and independently scattered, this is inherited by A and the latter is
thus a Lévy basis on R¥ with intensity measure a1*. Additionally, for B € B, (Rk),
we have _

C(u; A(B)) = Ay (M N e (B))C (u; N')

=Am (n_l(B))C(u; A')
= a//lk(B)C(u; A').

A is therefore factorisable and hence homogeneous. Define then Y; = K( [0,7]), which
is such that

Y, =AM, n 727 ([0,1])) = A(M,) = X,,

almost surely, i.e., ¥; and X; are modifications. We want to verify that ¥; constitutes a
homogeneous Lévy sheet. For s, 7 € RK withs < ¢ coordinate wise, the increments sat-
isfy ALY = A((s, r]) with (s, 7] = Hk (s(f ), t()]. Since Ais independently scattered,
increments over disjoint parameter rectangles are then independent. Furthermore, it
holds that

C(u;AfY ) = a1k ((s, t])C(u' A’)

QH (J) (J) (u;A').

J=1

~

As such, the distribution of A’Y depends only on A¥((s, t]) and it follows that A;IZY =
ALY . Finally, for ¢, — t, it holds that

A5([0,1,]410,1]) = 0,

which implies that ¥;, — Y in probability. Proposition 4.1 in [29] then yields that
there exists a modification Y of Y which has limits along monotone paths. Hence X;
is a homogeneous Lévy sheet, up to modification. O
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Corollary 3.2. Let the setting be as in Proposition 3.8. Suppose that M = RK x M’
and is equipped with the Riemannian measure Ap; = A* ® Ay where Ay (M') < oo,
Suppose also that My has the structure M, = ([0,2] X --- X [0, 1x]) X M’ for some
Riemannian manifold M’, then t — A(M,) is a homogeneous Lévy sheet.

Example 3.4. In [23], a space-time ambit field model is proposed for day-ahead
electricity prices of the form

Y,(x) = /M = 5.x.£)05 (E)A(ds, dE). 25)

In this setting, the manifold (M, p) is the cylinder surface parametrized as
M = {(t,cos(x),sin(x)) € R’ | r € R, x € (0,2x]}, (26)
The subsets M, are the truncated cylinder surfaces
M, = {(s,cos(x),sin(x)) | s <t, x€ (0, 277]}.

The Lévy basis A is then defined on (M, M) with factorisable CQ (¢, a, v, Apr). If we
instead start the time-truncation at ¢ = 0, then Corollary 3.2 shows that t — A(M;) is
a Lévy process.

Example 3.5. Setting M = RY with M, = [0,21) X [0, ) X ---Xx[0,¢4), it is simple to
verify that the conditions of Proposition 3.8 hold. Indeed, set M., = R¢ and 7(x) = x.
Then

d
771 (10,1]) = H[O,t(”].
=1

J

Since M; = ]_[]‘?=l [0,2(7), the two sets differ only on their boundaries which are

A4-null sets so
A4 (M,an71([0,1])) = 0.

Furthermore, 7. (/ld fRa) = 29, so the pushforward condition holds with @ = 1. It
follows that X, = A(M,) has a modification that is a homogeneous Lévy sheet, which
recovers the result of [29].

4 Lévy bases and stochastic integration on stochastically evolving manifolds

So far, we have only considered the case where the underlying geometric structures are
deterministic. We will now explore the immediate consequences of evaluating a Lévy
basis and related random fields along smooth curves and manifolds that are stochastic
or stochastically evolving in time. We shall also restrict attention to the case where
the randomness pertaining to the manifold is independent of the Lévy basis under
consideration. This allows us to apply all of the theory from the deterministic setting,
by adopting the convention that the stochastic curves and manifolds are defined on a
separate probability field.

In the following, we therefore consider any Lévy bases as defined on some proba-
bility space (Q, F1,P;), and all “stochastic manifolds” as being defined on a different
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probability space (Q2, F2,P2). We then think of the probability space (2, F,P) as
the product space (Q, F,P) = (Q X Qy, F1 X F»,P; X P;). When the underlying
space is non-deterministic or randomly evolving, it is unclear on which space to define
the Lévy basis “directly”. However, a rather tractable approach is obtained by fixing
an underlying topological manifold M, and then letting the stochastic object be the
metric p. This type of approach is standard when considering Ricci flows (see [35]),
and such an approach is also considered in [18] to study stochastic partial differential
equations on evolving manifolds. In our case, this perspective allows for a simple way
of defining a Lévy basis A on the stochastic manifold, via the concept of extended
subordination, where one substitutes the usual intensity measure for a random mea-
sure. Indeed, since the stochastic object is the metric, p(+; wy), this is equivalent to
a random Riemannian measure, y(dz) = Apr(dz; wy). Hence we can simply define
A on the space (M, M), but with stochastic intensity measure y, arising from the
stochastic metric. This corresponds exactly to extended subordination as defined in
[5] and we note that the stochastic intensity measure entails that A is in general not a
Lévy basis. In the rest of the section we shall, with some abuse of terminology, refer
to A as a Lévy basis with CQ (¢, a, v, u), where it is tacitly understood that this CQ is
not a proper quadruplet, and only satisfies Definition 2.3 for fixed w, € 5, such that
A is a Lévy basis for fixed w».

We distinguish between two settings: First, where the intensity measure is simply
a random Riemannian measure, dependent on w5, but not evolving through a tempo-
ral dimension. Secondly, we consider a particular case where the random intensity
measure evolves over time, which allows for some additional structure.

4.1 Extended subordination by random Riemannian measures

Specifying the Riemannian measure as a random measure u should, w, by w», preserve
the properties that make it a valid Riemannian measure. This can, for example, be
achieved by specifying

u(A) = /A F (2 02)Aagy (d2), @7

where Ay, is the Riemannian measure on M, corresponding to a deterministic “base
metric” po, and f(z;w2) € C*(M) is a strictly positive random field. Note that,
for a factorisable Lévy basis A on M with random intensity measure u, extended
subordination corresponds to subordination by a metatime 7', due to Proposition 3.4.

Corollary 4.1. Let M be a Riemannian manifold with Riemannian measure Ayy, and
let u be a random Riemannian measure of the form (27). Let A be a factorisable
Lévy basis on (M, M) with intensity measure u(-;wy) for each wy € Q). Then the
following holds

e If A is Gaussian with CQ (0, a, 0, u), it holds that

A(4) T4 /A VF@QW(dz), Ae M,

d.d
where /4 denotes equality of finite-dimensional distributions, W is a Gaussian
Lévy basis on (M, M) with CQ (0,a,0,1y) and the stochastic integral is
interpreted in the pathwise sense of [32], as discussed in Section 2.3.
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o If A is purely jumping with CQ (0,0, v, u) and Ap; (M) = oo, it holds that

fdd

A(A) JIr(A), A€My,

where J is a Lévy basis on (M, M) with CQ (0,0, v, Adpr) and T is a metatime
such that
Am (T(A)) = u(A), A€ My, (28)

Proof. Suppose A is Gaussian with CQ (0, a, 0, i) and let (A J')?=1 be pairwise disjoint
sets in M, Since u is the conditional intensity of A, we find that

E[exp( ]Zn;u A(A; ))] lexp( ;]Zn;uﬁy(A,-)ﬂ,

which is exactly the joint characteristic function of the integrals /A_ Vf(2)W(dz).
J

When A is purely jumping, Proposition 3.4 yields that there exists a metatime such
that (28) holds almost surely, and using that metatimes map disjoint sets to disjoint
sets we find that

E[exp(iiu]A(A ))] [eXp< ZC s N) Ay (T (A, )))]

=
= El(izujJ|T(Aj)>] ,
=

from which it follows that A(A) J |7(A). O

Example 4.1. Let the setting be as in Corollary 4.1 and suppose that A is a Gaussian
Lévy basis with CQ (0, a,0, ). Then we can represent the law of A as a stochastic
integral on the fixed base manifold M as

AA) /A VF@QW(ds),

where W is a Gaussian Lévy basis on M, with CQ (0, a, 0, Aps,). In particular, the
conditional stochastic variance of A(A) is

VIAW) | f] = a /A F A (d2).

We can extend this to consider laws of stochastic integrals on M since

( / h(z)A(dz)) 4 / h(ONF@QW(dz), A€ My,
A A

for any A-integrable function 4 : My — R. Interpreting +/f(z)W(dz) as a ran-
dom measure, we can then model many quantities of the homogeneous noise on the
stochastic manifold via non-homogeneous noise on the fixed manifold M.
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4.2 Stochastically evolving manifolds and extended subordination

The goal is now to extend the analysis to stochastically evolving manifolds, such that
the manifold is interpreted as being time-dependent, M,. We take the view similar
o [18], where the evolving manifold consists of a fixed topological k-manifold M,
endowed with a stochastic and time-dependent metric p;(-; w;). For each ¢ and w,,
we impose that the evolving metric is of the form

pi(zw2) = £(1;02) F po(2), (29)

where py is a fixed base metric on M and f(¢; wy) > 0 is continuous in ¢ and jointly
measurable in (¢, w;). Throughout, we assume that no topology changes happen due
to the evolution of p;, which can be ensured by working on a sufficiently small time-
interval [0, 7. We can then define a temporo-spatial and factorisable Lévy basis A on
the space R, x M with CQ (¢, a, v, ), where y is the random Riemannian measure
induced by the metric (29)

p(dt, dz; w2) = f(t;w2) (2" (dr) ® Angy (d2)). (30)

Once again, this simply corresponds to a factorisable Lévy basis on R, X M, time-
changed in the sense of extended subordination. The cumulant function of A reads

C(u; A([0,1] x A)) =log<E lexp(C(u;A’)/lMo(A)/tf(s)ds)]), AeM,.
0

For fixed A, we therefore have that in the same Gaussian and pure-jump cases as
Corollary 4.1, the process t — A([0,¢] X A) is a Lévy process, time-changed by
the absolutely continuous and increasing process /Ot f(s)ds. Due to the independence
between A and u, we may also construct stochastic integrals against A via the approach
of [32], as summarized in Section 2.3, but we may in fact also define the stochastic
integral in the sense of [37], for which we need the following proposition.

Proposition 4.1. Let A be a factorisable Lévy basis on (R, x M, B(R,) ® M) with
CQ (¢,a,v, u) where p is given by (30). Suppose that E[fot f(s)ds] < oo for all
t < oo, and introduce the right continuous filtration F, as

Fr=c(FruFt),
where F2 is defined in (9) and FV is the filtration
FH =0'(f(s) :0<s< t).

Then u is predictable with respect to F;. Additionally, if it holds that E[A’] = 0 and
E[(A’)?] < oo, then A is an orthogonal martingale measure with respect to JF,, which
is to say that A satisfies the following properties

(i) A({0} x A) = 0 almost surely for all A € My,
(ii) Fort >0, A([0,1] x -) is a o-finite L*-valued measure.

(iii) For fixed A € My, the process t — A([0,t] X A) is a martingale with respect
to Ft-
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(iv) For A,B € My with AN B =0, it holds that E[A([0, ] X A)A([0,t] xB)] =0
forallt.

Proof. As f is continuous and adapted to its natural filtration, it follows that y is also
a JF!'-predictable random measure, and hence predictable with respect to the larger
filtration J;. We now show that A is an orthogonal martingale measure in J; under
the additional moment assumptions on the Lévy seed. It is straightforward to see that
A({0}xA) =0forall A € My, such that property (i) is satisfied. If the Lévy seed has
mean zero, it follows that E[A([0, #] x A) | F¥'] = 0 and hence that E[A([0,7] X A)] =
0. Let then (K},),> | be a partition of M such that each K, € My, (s0 Apg,(K;) < 00).
For fixed w; € €, the set function A — A([0,7] X A;w,) is a centered, square-
integrable Lévy basis with deterministic intensity measure Az, (A) fot f(s;w7)ds and
due to the zero-mean property, it follows from Proposition 28 in [10] that A([0, ] X
- ; wy) can be taken o -finite. Moreover, it holds unconditionally that

/11\/[0 (Kn) < 00,
AeM MKn

sup E[JA([0,1] x A)[] < V[(A’)z]El/otf(s)ds

Hence A([0, 1] xA) defines a o-finite L?(Q)-valued set function. This can be upgraded
to a measure if the set function is also countably additive, which we show. Let therefore
(A;);Z, be a sequence of disjoint sets with (J; A; € M)}, and note that

J J
A([0,1] x A) = > A([0,1] x A)) =A([O,t] X (A\UAJ)),
. =

J=1

such that

J
/O f(s)ds]/lMO ([0, 1] % (A \ U A,))

J=1

— 0.
J—o00

This shows property (ii). To show the martingale property, let G = o (f(¢t) : t = 0)
be the full o-algebra generated by f. Then, conditionally on G, A is a centered Lévy
basis with deterministic intensity u(-; w;) and it follows that

E[A((s.t] x A) | GV Fr] =0.

Now, since Fy C G V F2, the tower property yields that E[A((s,?] X A) | Fs] =0
and therefore that E[A([0,¢] x A) | Fs] = A([0, s] x A), which is the property (iii).
Finally, we note that A also satisfies property (iv) since for disjoint A, B € Mp, it
holds that

E[A([0,1] x A)A([0,] x B)] =E[E[A([0,1] x A)A([0,] x B) | F£']] = 0.

Thus, we conclude that A is an orthogonal martingale measure. O
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The orthogonal martingale property of A as proven in Proposition 4.1 shows
important dynamical properties of A on the randomly evolving manifold, and allows
for defining stochastic integrals against A in the L’-framework of [37, 17], thus
entailing that the stochastic integral itself defines an orthogonal martingale measure.
This framework heavily relies on the covariance measure of A, which is the random
measure Q defined via

0([0,7] x A) :/Ot/A<a(s,z)+/Rx2v(dx,s,z)>u(ds,dz)
:/ /(a(s,z)+/xzv(dx,s,z))/lMO(dz)f(s)ds.
0 A R

The class of A-integrable random fields in this L? setting is then the collection of all
Fi-predictable fields /4 satisfying

El/otA4|h(s,Z)|2Q(ds,dZ)] < oo,

where in particular & does not need to be independent of A. We can then define an
ambit field X;(z) on M, as

X,(2) = /O /M Bt 5.2 ) A(ds. dy),

and if the kernel function / can be related to a time-varying differential operator £; on
M;, the field X, (z) can be interpreted in the sense of so-called weak and mild solutions
to stochastic partial differential equations on stochastically evolving manifolds. This
point of view is thus parallel to the variational approach to stochastic partial differential
equations on evolving manifolds in [18].

5 Trawl processes on manifolds

Trawl processes constitute some of the simplest possible ambit processes, but they
exhibit a surprising amount of flexibility. They were originally studied in [6], and
have seen considerable attention in recent years (see for example [11, 12, 28, 27, 34]).
They are characterized by their interpretation as “the random measure of a moving
geometric figure in a higher dimensional space” and enjoy several nice stationarity
properties. They are essentially processes of the form ¢ — A(A;) for a Lévy basis
A and time-indexed family of sets A; which are time translations of some fixed set
A. As a result, trawl processes may be characterized via a property identical to (14),
whenever 1, = 19 (see Proposition 54 in [10]), and it is therefore natural to consider
a more general setting where the sets A; evolve on a manifold. This setting lends itself
well to the machinery developed so far for Lévy bases on manifolds, and serves as a
further step towards treating Lévy bases on evolving curves and manifolds. The goal
of this section is to generalize trawl processes to so-called M-trawl processes (see
Definition 5.2) and study some of their basic distributional properties. Compared to
the usual case where the trawl set is always translated in the time dimension, M-trawl
processes are defined in terms of a triplet (A, A, V), where V is a vector field that
describes the movement of the set A over time and A is the Lévy basis.
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Definition 5.1 (Trawl fields and processes). Let A C (—oo, 0] x R? be a Borel set with
A1 (A) < oo. Define A;(x) = A + (t,x) and let A be a homogeneous Lévy basis on
(R4 B(R4*1)). Then the random field defined by

N = [ Ll s - A, d) = A(A (),

is a trawl field. If A, (x) = A; = A + (¢, 0) does not depend on x, then the process

n=/' La(r = 5. £)A(ds. d&) = A(A)),
RxR4

is a trawl process.

Trawl fields and processes are T-stationary by definition and the geometric inter-
pretation of this is, that the volume of the set A is preserved through translations in
time and space. This is not the case for the processes of the form ¢t — A(¢([0,1]))
studied previously, where we evaluated the Lévy basis along an increasing family
of subsets, and M-trawl processes are therefore fundamentally different. Stationarity
properties are not guaranteed to hold for arbitrary sets moving along curves on a
manifold, as the intrinsic curvature may deform the set, and we will therefore have to
consider which operations are sensible for trawl fields on manifolds. We shall focus
on the case of trawl processes (so only indexed by time) on manifolds, which we term
M-trawl processes, and leave the general case of M-trawl fields for future work. We
wish to maintain the fundamental stationarity property of the cuamulant function of a
trawl process, which reads

C(u, A(A) = 21" (A)C(us N') = 27 (A)C (us A).

In a more general setting, it is most convenient to consider just the random measure
of a moving set A(A;), and impose that the camulant function has the form

C(u; A(Ar) = c(A)C(; N') = caC(u; A'), ca >0, 31)

which means that the intensity measure should be invariant to the trawl operation.
Arbitrary operations on sets A € M are not guaranteed to preserve the volume of
the set, but a natural generalization of moving the trawl set A by time-translations
in Euclidean space is then given by volume preserving flows along a curve on the
manifold. As we require a natural notion of time, we shall impose that M has the
space-time structure M = R X M’ for some Riemannian manifold M’. Intuitively
speaking, we want to move the set A smoothly along a curve on M over time, in a
way that leaves the volume of A unchanged and this movement is prescribed via the
velocity field, which generates a family of flows on M. The crucial point of volume
preservation is then guaranteed by imposing some regularity on the velocity field. In
our case, we shall impose that the velocity field V generates a one-parameter family
of time-indexed flows y; : M — M which are isometries on M and such that

d
= 7(p) = V(y:(p)), vo(p)=p, peM. (32)

Such flows are globally well-defined at all times ¢ if the Riemannian manifold M is
complete as a metric space, which we therefore impose throughout the section. The
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restriction to velocity fields that generate isometries may seem quite restrictive, but this
corresponds to the class of so-called Killing vector fields, which have many connections
to the topology and symmetries of M. We refer to [31, Chapter 8] for a treatment of
Killing vector fields (see p. 316 for a discussion on the global well-definedness on
complete manifolds).

Remark 5.1. It is possible to relax the assumptions on the velocity field V and still
preserve the volume of the moving set A. In particular, it is sufficient to impose that

div(V) =0,

which is a weaker assumption that is always true for Killing vector fields. In this case,
however, the metric is not necessarily preserved and thus the set A may be distorted in
various ways as it is being moved, but in such a way that the volume is still constant.

Definition 5.2 (M-trawl process). Let (M, p) be a Riemannian manifold of the form
M =R x M’ where M’ is a Riemannian manifold, and let V be a Killing vector field
on M, and let y, be the flow generated by V, i.e.

d
7P =V(%(p), peM, teR.

Let A C (—o0,0] X M’ be a Borel set with 0 < A37(A) < oo and define the ambit sets
A; as

Ar=y(A) = {%(p) lpe A}, t €R,.
Finally, let A be a factorisable Lévy basis on (M, M) with CQ (£, a, v, Apr). Then we
say that the triplet (A, A, V) is an M-trawl process, where A is the trawl set.

Example 5.1. The class of M-trawl processes generalizes the usual notion of trawl
processes. To see this, assume that ¥; = A(A;) satisfies the conditions for Defini-
tion 5.1, 1i.e., M = R xR, and let A C (—c0, 0] x R¢ be translation invariant. Then
(A, A,V) is an M-trawl process where V is the velocity field V = %, where it is
understood that ¢ is the first coordinate of M. The associated flow is simply

Ve($, X1, ..., Xq) = (S+1,X[,...,Xq).

Since Killing vector fields generate a one parameter group G of isometries om M,
it follows that the Lévy basis A in Definition 5.2 is G-homogeneous, which means
that the process Y; is strongly stationary since

Y= A () TEOA) TE A () = ¥
Furthermore, it is plain to see that the cumulant function of an M-trawl process satis-
fies (31) with ¢4 = Ap7(A) and that consequently, their marginal law are determined
uniquely by the Lévy seed A’. In particular we may obtain any infinitely divisible dis-
tribution as the stationary law of Y; = A(A;) by selecting A’. Higher order cumulants
are easily obtained as

_n d"C(u;Y;) . d"C(u; )

in
n n n ’
d u u=0 dM u=0

which provides a straightforward way of computing higher order moments of Y;.
The following Proposition generalizes the stationary increments property of trawl
processes to M-trawl processes.
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Proposition 5.1. Let (A, A, V) be an M-trawl process. Then Y; has stationary incre-
ments, i.e., for 0 < s <t we have

d
Yt - Ys = Yt—s - Y()~ (33)
Proof. The cumulant function of Y; — Y; reads

C(u; Yy = Yy) = C(u; A(Ar \ Ay)) + C(—us A(A \ Ay))

= Am (A \ A)C (s N) + Apr (Ag \ A))C(—u; ). Gy

The semigroup property of y, entails that

A\ As =s (Vt—s(A) \ A) = ¥s(Ar—s \ Ao),

and similarly Ag \ A; = y5(Ap \ A,—). Since each v, is an isometry, it preserves Ay
and so we find that

Am (Ar \ Ag) = A (A5 \ Ao), Am(As \ Ar) = Ap (Ao \ Ar—y).
We therefore find that
C(us Yi—s = Yo) = Apg (Ar—s \ A0)C (s A”) + Apg (Ao \ Ar—s)C(—u; A)m
which coincides with the expression (34). We conclude that (33) holds. |

Trawl processes have a very tractable autocorrelation structure, which is deter-
mined by the trawl set. This is very useful in practice, as one may then impose natural
conditions on the trawl set to shape the autocorrelation function to the problem at
hand, in a manner that is decoupled from the stationary law of the process, which is
governed only by the Lévy seed. Corollary 5.1 gives the autocovariance structure of a
general M-trawl process in terms of the trawl set, and the proof is exactly the same as
that of Proposition 56 in [10] and is therefore omitted.

Corollary 5.1. Let (A, A, V) be an M-trawl process on a Riemannian manifold (M, p)
satisfying E[(A")?] < oo and set Y; = A(A;). Then it holds that

Cov(Y;, Yiss) = Am (A N Apis)V [A'] >

Corr(Yy, Yias) = Am (Ar N Arss) [Ap (Ar).

In particular, if y; is a measure-preserving flow, then it holds that

Cov(Y;, Yras) = An (AN A VIAT],
Corr(Yy, Yies) = A (AN Ag) [Ap (A).

Example 5.2. Consider the cylinder surface of Example 3.4 with factorisable Lévy
basis A with CQ (£, a, v, Apr). The cylinder surface can be represented as M = R X st
with S! denoting the unit circle and has Riemananian measure As(ds, df) = dsd#,
where 6 € R/(27Z) is the angular parameter. Consider the vector field V = d; + w0y,
which for 6 # 0 generates the flow

V:(s,0) = (t+s,9+wt (mod 27) )
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Under the cylinder embedding (26) into R?, y, generates a helix that wraps around
the cylinder (see also Example 3.2). Consider also the trawl set A = [-T,0] X I, for
some T, @ > 0, where

Io={0€S":ds(0,0) <a}, dsi(61,62) =min{|6; — 62], 27 — |6; — 62]}.

This trawl set corresponds to a rectangular patch on the cylinder surface containing all
past points up to time —7 and all spatial points that are within an angular distance of
a on the circle. The trawl set has volume A, (A) = 2aT < oo and the induced process
isY; = A(A;) where

A=y (A) =[t-T, 1] x {0 €S 1 ds1 (6, 01) < a},

corresponding to sliding the rectangular patch A along a helix on the cylinder, such
that the set is both shifted and rotated. The covariance structure induced by the trawl
geometry is obtained via Corollary 5.1 as

Cov(Yy, Yin) = V[N](T - [h)* (2a ~ min|eh - 27rk|).
€

5.1 Trawl functions for M-trawl processes

In the Euclidean setting, it is often convenient to specify the trawl sets A, via the graph
of a trawl function, as this provides very natural interpretations and links between the
trawl function and autocorrelation function. An interesting such class that leads to
so-called monotonic trawls is to specify the trawl set to be of the form

A={(s,x) €eR* |50, 0<x<n(s)} € (—00,0] x [0,K]}, (35)

for some K > 0 and non-decreasing function 77 : (—co, 0] with 77(0) < co absolutely
continuous. Generalizing monotonic trawls to M -trawl processes can be done in several
directions, but a natural extension is to leave the trawl function unchanged and with
the same interpretation, and measure the distance between each point x € M and the
point (¢, p), where p € M’ is some fixed reference point. We then have that

A={(s,x) € (=00,0] x M" | 5 <0, ppr(x,p) <7(5)}. (36)

For the trawl set (36), it holds that

0 0
A4 = [ (B (o) ds = [ Bar n(s)) s,
where By, (r) represents the volume of the ball in M” with radius r, centered at p. If
A has finite second moment, the autocorrelation structure is given by Corollary 5.1,
and by imposing some regularity on the Killing field V, we can obtain explicit forms
of %Corr(Y,, Y;+n) in terms of the trawl function. This is useful in applications to
tailor the autocorrelation structure to the data at hand. If, for example, the flow vy, is of
the form vy, (s,x) = (s +1,¢¥,(x)) where () is a one-parameter group of isometries
on (M’, pp), then

Ay ={(s.0) : 5 < h, par (W-n(x).p) < (s — M)}
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If y, preserves the distance to the origin p, i.e., pp (Y (x), p) = pm (x, p), then

“h
Aranan = [ Bu(ats)ds,

—00

and hence we find that

di’hAM(A N An) = —Bar (n(—h)).

and thus that
—Bum (n(=h))
Am(A)
This generalizes the expression derived in Chapter 8.3.1 of [10] for monotonic trawls
on R?. Indeed, in the usual trawl setting on R? and flows corresponding to time
translations and with p = 0, the expression (37) reduces to just —n(h)/Ap(A).
If the isometry i, does not preserve p, then we find that

d
%Corr(Y,, Yien) = (37)

-h
A0 A = [ (Bp.n(s)) 0 B (p).n(s + 1) s
which means that the decay of the autocorrelation function is governed by the overlap
of the moving balls B(p,n(s)) and B(¥,(p), n(s + h)).

Example 5.3. Consider the setting of Example 5.2. Defining the function r(s) =
al{_t,)(s), it holds that 5(s) = @ exactly when —~T < s < 0 and thus we have the
trawl function representation

A= {(s, 0) € (—=00,0] x S' : n(s) > 0, ds1(6,0) < T](S)}.
Under the flow y;(s,0) = (s +¢,0 + wt (mod 27)), the trawled sets are
A = {(S,O) cs<t,n(s—1) >0, dgi (0, wt) < n(s —t)}.

Equivalently,
Ar={(5,0) 11 =T <5 <t, dgi(0,w1) < a}.

6 Lévy noise on manifolds

In [8, 10] it is shown how Lévy bases may be considered as a generalization of white
noise on R to that of Lévy white noise, but also how certain Lévy bases can be related
to cylindrical random variables in a suitable Hilbert space. All of this is shown in a
Euclidean setting, and we shall therefore consider some extensions to the case where
the underlying space is a Riemannian manifold. Lévy type noise is typically studied in
the context of stochastic partial differential equations (SPDE’s), but only a relatively
small part of the literature treats the manifold setting. Notable exceptions are those of
[20, 21, 18, 19], who treat SPDE’s in a setting very close to what we have in mind. In
[18] the authors consider SPDE’s of the form

dF (1) = Ay (1, F(1))dt + By (1, F (1)) dW (1),



Lévy bases on manifolds 39

where Aps, By are suitably regular operators, and in particular Ay is a differential
operator on M. A particular example is that of the stochastic heat equation where B,
is constant and Ay, (¢, X (1)) = Ap X (2) is the Laplace-Beltrami operator acting on X.
In [18] the noise W(¥) is taken to be a cylindrical Wiener process which can then be
generalized to Lévy processes by the machinery of [30, 8]. The case where W is a
classical white noise, or more general Lévy white noise, is more intricate, since white
noise is typically constructed on the space of tempered distributions on M and this is
not easily generalized to arbitrary smooth manifolds. In the following, we show how to
relate Lévy bases on manifolds to Hilbert space valued noise on general Riemannian
manifolds, and sketch a construction of Lévy white noise in the narrower setting of
affine Nash manifolds.

6.1 Lévy noise in Hilbert space

Following [8] we define the noise of an appropriate Lévy basis A as the map x — A(x)
for x € M. This relies mostly on Hilbert space theory, and as such the manifold setting
is not of particular importance, but we go through the results to showcase the role of
the Riemannian measure. Furthermore, we assume that the Hilbert space L*(1y/) is
separable and denote by {e,,}  a complete and orthonormal system in L*(Ap). The
key property of the Hilbert space setting is the nuclear covariance condition

o0 2
E LA oo, 38
) [(/Me(xux))]< (38)

In addition to (38), we also assume that the stochastic integral operator as initially
defined on simple functions admits a Hilbert-Schmidt extension from L*(1,;) into
L*(Q), such that [, ¢,(x)A(dx) — [, ¢(x)A(dx) in L*(P), whenever ¢,, — ¢ in
L*(Apz). This assumption appears absent, but tacitly used, in [8].

n

Proposition 6.1. Let A be a Lévy basis on (M, M) with intensity measure Ay; and
assume that N\ satisfies the nuclear covariance condition (38). Then there exists a
L*(Apr)-valued square-integrable random variable A such that

/ (A (dx) = f (A G) Ay ().
M M

Thus A is the Radon-Nikodym derivative of A with respect to Ay.

Proof. First we note that the mapping ¢ — (A(-), #);2(,,,) defined by

6 (A D)2 sy = /M (A (),

is linear and bounded on L*(M). Linearity is by definition of the stochastic integral,
and boundedness follows by writing ¢ = 3.7 | ¢,e, and then applying the Cauchy-
Schwarz inequality to obtain

E”/M d(x)A(dx) 2] < iqﬁi . iE[(‘/M en(x)A(dx))Z] < oo,

n=1 n=1
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In fact, this shows that the operator is Hilbert-Schmidt from L?(1;) into L?(P) and
it follows by standard Hilbert space theory that there exists a function A € L?(Ay)
such that

(AL ) oo, = /M AG)S)An (d).
O

Proposition 6.2. Let A be a Lévy basis on (M, M) satisfying the nuclear covariance
condition (38) and such that A(A) = _/A A(x)Aps(dx). Set

q(x,y) =E[(A(x) ~E[A®)]) (A -E[AW])],
and define the linear operator Q via

0f(x) = /M dCe) f A (dy)e e L (). (39)

Then Q is a bounded, non-negative, self-adjoint, and trace class operator and maps
L*(Ap) into itself. Moreover, whenever 14,15 € L>(Ayy), it holds that

Cov(A(A), A(B)) =(Q1a. 1B)12(ay)-

Proof. For brevity, define the L?(1,;)-valued and square integrable random variable
X = A —E[A]. We first show that Q f € L*(1,) by noting that

‘ / () () Aar (dy)
M

L2(Ap)

< [ Jaton s gy Aae ()

< ( /M /M q(x,ymM(dxMM(dy))2|f|LzuM>

1
. . 7
< ([ [ BAGPIERG @t @) e
= E[|A|L2(/l ):| |f|L2(/lM) .
By Parseval’s identity and the nuclear covariance condition (38) it holds that

o 2
|A|L2(/1M) Z [(/ en(x)A(dx)) ] < 0.

n=1
Thus, it holds that Q f € L?>(A,,). We then note that
<Qf’ f)LQ(/lM) = E[(f’ X>22(/1M)] >0,

which shows that the operator is non-negative. Self-adjointness follows by Fubini’s the-

orem and observing that ¢ (x, y) = g(y, x), such that (Q f, 8)12(1,,) = {f> Q&) r2(an)
for f,g € L*(Ap7). We then show that Q is trace class in the sense of Appendix A
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in [30]. To this end, we note that Q is Hilbert-Schmidt, since ¢ € L*(Ap ® Apr)
and therefore compact. As Q is also self-adjoint and non-negative, the spectral the-
orem ensures existence of an orthonormal basis (e,),, and associated eigenvalues
An > 0 such that Qe,, = Apen and A, = (Qen, €n)12(a,,) = BIX, €n) 2,11 An

application of Tonelli’s theorem and Parseval’s identity therefore yields

i/ln =E iKX’ en)Lz(ﬂM)|2]
n=1

n=1
=E[IXN724,,)]

< 00,

Setting a,,(x) = VA, e, (x) and b,,(x) = VA,.e,(x), we have
Of = D (f+@n)12(ay) P
n=1

and - -
Zl|anl|L2(ﬂM)||bn||L2(/lM) = Z/ln = E[”X”iz(/lM)] < 09,
n=1 n=1

which is exactly the trace class condition of [30]. Finally, whenever 14, 15 € L? (Am),
the density representation of A gives

Cov (A(A). A(B) =E[( i x<x>AM(dx>> ( i X(ymM(dy))]

= E[(X, 1a) 2 (a0 (X 1B) L2 (40)]
=(014,1B)12(ay)-

6.2  From white noise to Lévy noise

Classically, white noise is considered as the time derivative of a Brownian motion,
which only exist in a generalized sense, and this may also be extended to non-Gaussian
Lévy white noise. A comprehensive treatment of white and Lévy white noise on R?
and their links to SPDE’s may be found in [22].

Typically, white noise is defined on the dual of the Schwartz space G(R9) of
smooth functions whose derivatives are all rapidly decreasing. The dual space of
tempered distributions is denoted by G*(R?). An immediate problem in defining white
and Lévy white noise on Riemannian manifolds is, that it is not clear how to define
these spaces in full generality. We will therefore restrict ourselves to a rather specific
subset of Riemannian manifolds, namely affine Nash manifolds. These manifolds are
distinguished by the property that they are globally defined in terms of polynomial
equalities and inequalities, which makes it possible to define notions of rapid decay
in a manner similar to the Euclidean setting. The following bare-bones definitions
are all adapted from [3], which we refer to for a more comprehensive treatment of
Nash manifolds. Note that any compact smooth manifold is diffeomorphic to a Nash
manifold.
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Definition 6.1 (Semi-algebraic sets). A set A C R is called a semi-algebraic set if
it can be represented as a finite union of sets defined by a finite number of polyno-

mial equalities and inequalities of the form {(x1,...,x4) € R¢ : p(xy,...,x,) = 0}
and {(x1,...,xq € R? : p(x1,...,xq5) > 0} where p represents some polynomial
over R¥.

Definition 6.2 (Affine Nash manifold). An affine Nash manifold is a smooth manifold
M embedded in R¢, which is also a semi-algebraic set in R¥.

The structure of affine Nash manifolds allows for defining Schwartz spaces and
their duals analogously to the Euclidean setting. Indeed, [3] define the Schwartz space
on M as

S(M) = {¢ € C®(M) : D¢ is bounded for any Nash differential operator D on M }

Nash differential operators are defined in Section 3.5 of [3], and are essentially dif-
ferential operators acting on functions whose graphs are semi-algebraic sets and such
that the operator itself has such semi-algebraic coefficients. In [4] it is proven that
S(M) is a nuclear Fréchet space, and analogously to the classical theory of [22, 8] we
can then invoke the Bochner-Minlos theorem to define a Lévy white noise probability
space. This is done by defining Q* = &* (M) with associated o-algebra F* and letting
v be a Lévy measure on R \ {0} such that

K :=/ x%v(dx) < oo.
R\{0}

By the Bochner-Minlos theorem on general nuclear spaces, there exists a probability
measure P* on (Q*, F*) such that

/ ei<‘“’¢>P*(dw)
Q*

1 .
- exp(—iﬁnqsnizum [ e -1 i¢<y>x]v(dx>AM(dy)),

where we use the suggestive notation (w, @) = w(¢) for the action of w on the
Schwartz function ¢. The probability space (Q*, F*, P*) is called the Lévy white noise
probability space. We can then define cylindrical random variables Z4 on (Q*, F*, P*)
via

Ey(w) = (w.4), ¢ € BM),
which satisfy

E” [24(w)] =0, VP*[E(,,]=(02+K)/M¢(y)2/lM(dy)-

The extension to 24 forany ¢ € L?(Ap7) may be carried out by noting that ({w, n))o
is a Cauchy sequence in L?(P*) and hence convergent in L*(P*), whenever ¢,, — ¢ in
L?*(Aps), independently of the approximating sequence ( ¢n), - In particular, for any
A C My, we can define the random variable 24 = E;,, which leads to the following
result as in [8, Proposition 2.16], the proof of which follows almost identically.
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Proposition 6.3. Define the random measure A on My, as
A(A) =E4, AeMsp.

Then A is a factorisable Lévy basis on (M, M) with intensity measure ¢ given by
c(A) = ? A (A) + / min(1,x?)v(dx)Aa (A).
R

In particular, if M has a space-time structure of the form M = R x M’, then A is a
finite variance orthogonal martingale measure with respect to its natural filtration (9).

Proof. We show that A is a Lévy basis, by showing that it satisfies an equivalent
definition to that of Definition 2.1. First we show that A has the additivity property
that A(A U B) = A(A) + A(B) for disjoint A and B. Let therefore A, B € M, be
disjoint and let {a, },_,, {bx}, _, be two sequences of functions in L*(Apr) such that
a, — 14 and b,, — 1. Then 14y = 14 + 1p, and since a, + b,, — 14+ 1p in
L?(Ayy) it holds that a,, + b, — 14ug in L?>(Ap). Then 1405 = 14 + 15, and since
an+b, — 14 +1pin L?(1p) it holds that a,, + b,, — 1aup in L?(A7). It then holds
that

Ean+b,,, = <‘Ua an + bn> = <‘U7 an> + <wa bn> = Ea,, + Eb,,,-

But it also holds, by independence of the approximating sequence, that 2, .5, —
A(A U B) in L*(P¥), which implies that A(A U B) = A(A) + A(B), thus proving the
additive property of A. We then show that A is independently scattered. To this end
we take two approximating sequences {a,}, ,,{bn},_; S S(M) converging to 14
and 15 in L?(1,7). We then have

log (E [eiuAEan ei“BEbn ] )
- og B[ nensent)

2

1 2
= _EO- ||uAan + uan”Lz(/lM)

+/ / [eix(uAan(Z)‘fuBbrz(z)) -1- ix(uAan(z) + uan(z))]v(dx)/lM(dz).
M JR\{0}
(40)

2 —

L2(Am)
which shows the claim for the Gaussian part. For the jump

r(xu)v(dx). Note that |r'(u)| < |ul,

As 14 and 1 are orthogonal in L?(1ps), it holds that ||uga, + ugby,||

2
L*(Am)’
part, set r(u) = €™ — 1 —iu and ¥ (u) =

which yields the estimate

lleals + uplgl|

-/R\{O}

/ xr’(sx)ds

From this, we find that for u,v € C,

|r(ux)—r(vx)| = < |u—v|(|u|+|v|)x2.

() =y ()] < Klu = v](Jul +v]).
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For any f,g € L*(Ap), we therefore find by an application of the Cauchy-Schwarz
inequality that

/MIM/(f(Z)) —y(8(2))|An (dz) < KIf = gllz2cang) (122 cangy + 18122 Canr) )

which yields continuity in the sense that / U(fu(2)Am(dz) — fzp(f(z))/lM(dz)
whenever f, — f in L?(A7). It follows that the jump-part on right hand side of (40)
converges to

Apm(A) [ ixua _q — Lqu]v(dx) + Ay (B) [ ixup _ Lqu]v(dx)
R\{0} R\{0}

and hence that

E [@iuAA(A) eiuBA(B)] =E [@iuAA(A)] E [eiuBA(B)] ,

which proves that A(A) and A(B) are independent, but also that A is infinitely divisible
since

log(E[ei”A(A)]) = Ay (A) (—%uoz +/ [ei”x -1- iux]v(dx)).
R

\{0}

By Proposition 27 in [10], A is then a factorisable Lévy basis with CQ (0,02, v, ¢).
It is shown in Chapter 5.2.2 of [10] that square-integrable Lévy bases on R X E are
orthogonal martingale measure when M’ = R, but it is straightforward to extend this
statement to the manifold case. ]

Remark 6.1. By setting o = 1 and v = 0 in Proposition 6.3, we obtain a white noise,
which then corresponds to a Lévy basis with CQ (0, 1,0, A37). This is in line with the
interpretation of Lévy bases as an extension of white noise as defined in [37], which
is also discussed in Chapter 5.1.2 of [10].

From now on, we assume that A is a Lévy basis as constructed in Proposition 6.3.
Since A has finite second moment and admits a Lévy-Itd representation per Proposi-
tion 3.3, we can represent A of the form

ACA) = Ca(A) + o W(A) + /R gy @)

where N is a compensated Poisson random measure with compensator A7 (dz)v(dy)
and ¢ is chosen accordingly. We assume that o = 1, so the Gaussian random
measure W defines an isonormal Gaussian process X via the stochastic integral
X(h) = [,, h(z)W(dz), for which it holds that E[X(h)X(g)] = (h.g)12(a,,)- Let-
ting Fx = (X (h) : h € L*(Ap)), it is then well-known that the space L?(P*; F%)
decomposes as



Lévy bases on manifolds 45

where #,, is the n’th homogeneous Wiener chaos and that every F € L*(P*; Fy) can
be represented as

F1+ Y I(f),
n>1
where f,, are symmetric square integrable functions over the space M" = ;le M

equipped with the measure A%, and 1,,(f) = /M,, Sz, z)WO(dzy, . .., dzy) is
the n’th iterated Wiener-It6 integral with respect to W, which satisfies an isometry
property of the form

if n+#m,

0
E[L:(f)In(8)] :{n!(f,ghzu;@/;!) if n=m.

A similar result holds for the compensated Poisson random measure N. Setting ¥ =
M xR\ {0}, u = Ay ® v, and Fy, = o(N(A) : A € B(Y)), the space L*(P; Fy,)
admits the decomposition (see, e.g., [24])

L*(P; Fy) = P N,
n=0

where

No={L(f) : f € Lim(u®") },

with 7, denoting the n’th multiple Wiener-Itd integral of the form

T.(f) = JCH.f(yl,...,yn>ﬁ7<dy1>~--i?(dyn»

Here, we adopt the convention that any function f in the iterated Wiener-Itd integral
is taken as an L2-reRresentative which is zero on the diagonal of Y". The iterated
Wiener-1td integrals 7,, also have the isometry property

if n#m,

0
{n!(f,g)Lz(#M) if n=m,

and it holds that any F € L?(P*; F ) can be represented as

E[1.(/)n(2)] =

F=E[F]+ ) T.(f).

nx>1

Combining these two representations, we set }"j{ = 0(Fx U Fu) and find that the
space L2 (P*; F7}) has the mixed chaos decomposition

2P Fy) = éé’}{p@/\@,
p=0 g=0

and every F € L*(P*; F7}) admits a unique representation of the form

F= Z Ipqlhpq), hpg€ Lbym(/li[p ® u®?), (41)
p,q=>0
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where for i, , = f, ® g4, the multiple Wiener-1t6 integral is Z,, , = I, (fp)z{(gq).
Hence the Lévy basis A has a chaotic representation property. In view of this, we may
then follow [22] and define the space Sy (M) of stochastic test functions as

eMMw:{X:}]guwzwﬁu&e&m@%®ﬂwyumm<w}
P.q20

where ||-|| is an appropriate seminorm, which should ensure that Sz (M) C L?(P*)
is a nuclear space. Supposing that Sy (M) is in fact a nuclear space (see Remark 6.2
below), we can then define the noise A by the linear map

(A, fy=Ef, [eL*(n).

The notation /M F(x)A(x)Aps(dx) is then understood in a distributional sense and
satisfies

%ﬁ=%=A/MMwL

thus admitting an interpretation of A as the noise of the Lévy basis A.

Remark 6.2. The nuclearity of S(M) alone does not imply the nuclearity of the
stochastic test-function space proposed above. Indeed, its first Poisson chaos contains
the factor L?(v). If this space is infinite-dimensional, retaining its Hilbert-space norm
prevents the relevant embeddings from being Hilbert-Schmidt. A nuclear stochas-
tic test-function space should instead be constructed by choosing a suitable nuclear
Gel’fand triple

E,cL*(v)CE,

and combining it with the nuclear space S(M) in the corresponding Fock-space
construction. We do not pursue this construction here.

Remark 6.3. The Lévy basis A treated above violates the nuclear covariance condition
(38), which means it is not regular enough to admit a Hilbert space valued Radon-
Nikodym derivative E,. This is easily seen from the computation

0o [

ZE[(/M en(x)A(dx))z] = EE[E;] = i|en|% = Z 1 = co.

n=1 n=1 n=1

Example 6.1. Consider the ambit field (25) of Example 3.4. The cylinder surface
parametrized by (26) clearly satisfies Definition 6.2 and is thus an affine Nash manifold.
Suppose that o (x) = 1. Then Y;(x) is a linear functional of the driving Lévy basis A
and it is then simple to verify that Y has chaos representation (41) given by

Yi(x) = B[Y,(0)] + Z10 (A'5") + Zo.1 (7).

where we define S' = {((x,y) € R? : x> + y? = 1} and set

hifbx)(s’ y) = Val(s)f (1 =5,x,),
héfix)(s’ y) =210, (s) f(t = 5,x, ).
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A Basic geometric concepts

In this appendix, we recall some basic definitions and properties of Riemannian
manifolds, which are used throughout the paper. All of the results can be found in
[25, 26].

A.l Riemannian manifolds and embeddings

A smooth manifold is essentially a space that locally behaves like Euclidean space, but
whereas Euclidean space is globally flat, the smooth manifold is not. The dimension
of a manifold is equal to the dimension of the “local Euclidean space”, such that a
k-manifold locally looks like R¥. This property is described by countable collections
of sets U, that cover the full manifold, together with injective maps ¢, that give a
local coordinate description of U, in terms of coordinates in R¥.

Definition A.1 (Smooth manifold). We say that M is a smooth manifold of dimension
k if M is a second countable Hausdorff space and there exists a collection of subsets
{Uq4} o of M together with an injective map ¢, : Uy — R4 for each a such that the
following hold.

1. For each a, the set ¢(U,,) is an open subset of R¥.
2. For each a, B the sets ¢ (U, N Ug) and ¢p(U, N Up) are open in R4,

3. Whenever U, N Ug # 0 the map ¢, o ¢[;1 t9p(UaNUg) = ¢o(Uy NUp) is
a diffeomorphism.

4. Countably many of the sets U, cover M, i.e. there exists a countable collection
{Uq}aer suchthat J,e; Ug = M.

5. For p # q where p,q € M there either exists U, with p,q € U, or disjoint
Uq, Ug such that p € U, and g € Ug.

We say that each (U,, ¢) is a smooth chart, i.e. U, € M is open and ¢, : Uy, —
0o (Ugy) is a homeomorphism.

A Riemannian manifold is essentially a smooth manifold M with an associated

metric. This metric is defined on the tangent space 7, M. A smooth manifold M is
in general not a vector space, but 7), M constitutes a k-dimensional vector space with
basis (% ,k: 1° where x! are local coordinates of the manifold M.
Definition A.2 (Tangent space). Let M be a smooth manifold and let p € M. A linear
map F : C*(M) — Riscalled aderivationmap at p if F(gh) = g(p)F(h)+h(p)F(g)
for every g, h € C*(M). The set of all such derivations at p is a k-dimensional vector
space and is called the tangent space at p and is denoted by 7, M.

Definition A.3 (Differential of a map). Let M, N be smooth manifolds, and let
F : M — N be a smooth map. For each p € M, define the map

dFy : TyM — Tp(p)N,
as the derivation at F(p) that acts on f € C*(N) as

dFp,(V)(f) =v(f o F).
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This is a linear operator and a derivation map at F(p), and we call dF, the differential
of F at p.

Definition A.4 (Metric). Let p, : T,M X T,M — R be symmetric and positive
definite for each p € M, such that p(u,v) = p(v,u) for every u,v € T,M and
p(u,u) > 0 for each non-zero u € T, M. Then we say that p is a metric on 7, M, and
this induces a positive definite symmetric matrix (o;;) € R*** given by

g 0 o
0ij(p) = pp (@ ﬁ) 1<ij<k (42)

Definition A.5 (Riemannian manifold). We say that (M, p) is a Riemannian manifold
if M is a smooth manifold and p is a metric.

Riemannian manifolds are abstractly defined in terms of their associated met-
ric, and in many cases it is simpler to study them from this intrinsic point of view.
In applications such as temporo-spatial modelling, it is sometimes possible to en-
vision the manifold under consideration, and potentially as a subspace in a larger
Euclidean space. In this case, the Riemannian metric is implicitly fixed via the choice
of parametrization, which we now elaborate on. An example is that of [23], where
the manifold is parametrized as a cylinder surface sitting in the ambient Euclidean
space R?. The ambient dimension is 3, but the cylinder surface is described by only
two coordinates and hence is a 2-manifold. In this extrinsic view, we consider M as
an embedded submanifold in R4, and in this case the Riemannian metric is inherited
from the way that M sits in R, i.e., the particular parametrization of M. The formal
definition of an embedded submanifold and a description of the induced metric is
given below.

Definition A.6 (Immersion and embedding). Let M, N be smooth manifolds, and
F : M — N asmooth map. We say that F is an immersion if its differential dF), is
injective at each point p. We say that F is an embedding, if F is an immersion and a
homeomorphism onto its image.

Definition A.7 (Embedded submanifold). Let M be a smooth manifold. An embedded
submanifold of M is a set A € M which is a manifold in the subspace topology,
endowed with a smooth structure with respect to which the inclusion map A — M is
an embedding.

If M is a smooth manifold embedded in a Riemannian manifold (N, p) with
embedding ¢, then the pullback p* = (*p is a Riemannian metric on M, and we say
that p* is the metric on M induced by «. When working with a Riemannian manifold
(M, p) embedded in some higher dimensional space, we shall always assume that p
is the metric induced by the embedding.

Acknowledgments

The author gratefully acknowledges Fred Espen Benth for his careful proofreading of
an earlier draft of the article. Additionally, the author wishes to thank Jan Pedersen
for helpful discussions.



Lévy bases on manifolds 49

Funding

Financial support has been granted by Center of Research in Energy: Economics
and Markets and The Danish Council of Independent Research under DFF grant
10.46540/5247-00005B.

References

(1]

(2]

(3]

(4]

(5]

(6]

(7]

(8]

(91

(10]

(11]

[12]

[13]

[14]

[15]

Adler, R.J., Monrad, D., Scissors, R.H., Wilson, R.: Representations, decompositions and
sample function continuity of random fields with independent increments. Stoch. Process.
Appl. 15(1), 3-30 (1983). MR0694534. https://doi.org/10.1016/0304-4149(83)90019-4
Adler, R.J., Taylor, J.: Random Fields and Geometry, 1st edn. Springer, New York, NY
(2007). MR2319516. https://doi.org/10.1007/978-0-387-48116-6

Aizenbud, A., Gourevitch, D.: Schwartz functions on Nash manifolds. International Math-
ematics Research Notices 2008 (2008), rnm155. MR2418286. https://doi.org/10.1093/
imrn/rnm155

Aizenbud, A., Gourevitch, D.: The de-Rham theorem and Shapiro lemma for Schwartz
functions on Nash manifolds. Isr. J. Math. 177(1), 155-188 (2010). MR2684417. https://
doi.org/10.1007/s11856-010-0042-9

Barndorff-Nielsen, O.: Lévy bases and extended subordination. Technical Report Thiele
research report, Thiele Centre, Institut for Matematiske Fag, Aarhus Universitet (2010)
Barndorff-Nielsen, O.E.: Stationary infinitely divisible processes. Braz. J. Probab. Stat.
25(3), 294-322 (2011). MR2832888. https://doi.org/10.1214/11-BIJPS140
Barndorff-Nielsen, O.E., Pedersen, J.: Meta-times and extended subordination. Theory
Probab. Appl. 56(2), 319-327 (2012). MR3136481. https://doi.org/10.4213/tvp4384
Barndorff-Nielsen, O.E., Benth, F.E., Veraart, A.E.D.: In: Di Nunno, G., @ksendal, B.
(eds.) Ambit Processes and Stochastic Partial Differential Equations, pp. 35-74. Springer,
Berlin, Heidelberg (2011). MR2752540. https://doi.org/10.1007/978-3-642-18412-3_2
Barndorff-Nielsen, O.E., Benth, F.E., Veraart, A.E.D.: Recent advances in ambit stochas-
tics with a view towards tempo-spatial stochastic volatility/intermittency. Banach Cent.
Publ. 104, 25-60 (2015) MR3363978. https://doi.org/10.4064/bc104-0-2
Barndorff-Nielsen, O.E., Benth, F.E., Veraart, A.E.D.: Ambit Stochastics, 1st 2018
edn. Probability Theory and Stochastic Modelling, vol. 88. Springer, Cham (2018).
MR3839270. https://doi.org/10.1007/978-3-319-94129-5

Barndorff-Nielsen, O.E., Lunde, A., Shephard, N., Veraart, A.E.D.: Integer-valued trawl
processes: A class of stationary infinitely divisible processes. Scand. J. Stat. 41(3), 693-724
(2014). MR3249424. https://doi.org/10.1111/sj0s.12056

Bennedsen, M., Lunde, A., Shephard, N., Veraart, A.E.D.: Inference and forecasting
for continuous-time integer-valued trawl processes. J. Econom. 236(2), 105476 (2023).
MR4614574. https://doi.org/10.1016/j.jeconom.2023.105476

Benth, FE., Simonsen, I.C.: Metatimes, random measures and cylindrical random vari-
ables. Mod. Stoch. Theory Appl. 8(3), 349-371 (2021). MR4312785. https://doi.org/10.
15559/21-VMSTA178

Bichteler, K., Jacod, J.: Random measures and stochastic integration. In: Kallianpur, G.
(ed.) Theory and Application of Random Fields, pp. 1-18. Springer, Berlin, Heidelberg
(1983). MR0799929. https://doi.org/10.1007/BFb0044678

Bogachev, V.I.: Measure Theory, 1st 2007 edn. Measure Theory, vol. 1. Springer, Berlin,
Heidelberg (2007) MR2267655. https://doi.org/10.1007/978-3-540-34514-5


http://www.ams.org/mathscinet-getitem?mr=0694534
https://doi.org/10.1016/0304-4149(83)90019-4
http://www.ams.org/mathscinet-getitem?mr=2319516
https://doi.org/10.1007/978-0-387-48116-6
http://www.ams.org/mathscinet-getitem?mr=2418286
https://doi.org/10.1093/imrn/rnm155
https://doi.org/10.1093/imrn/rnm155
http://www.ams.org/mathscinet-getitem?mr=2684417
https://doi.org/10.1007/s11856-010-0042-9
https://doi.org/10.1007/s11856-010-0042-9
http://www.ams.org/mathscinet-getitem?mr=2832888
https://doi.org/10.1214/11-BJPS140
http://www.ams.org/mathscinet-getitem?mr=3136481
https://doi.org/10.4213/tvp4384
http://www.ams.org/mathscinet-getitem?mr=2752540
https://doi.org/10.1007/978-3-642-18412-3_2
http://www.ams.org/mathscinet-getitem?mr=3363978
https://doi.org/10.4064/bc104-0-2
http://www.ams.org/mathscinet-getitem?mr=3839270
https://doi.org/10.1007/978-3-319-94129-5
http://www.ams.org/mathscinet-getitem?mr=3249424
https://doi.org/10.1111/sjos.12056
http://www.ams.org/mathscinet-getitem?mr=4614574
https://doi.org/10.1016/j.jeconom.2023.105476
http://www.ams.org/mathscinet-getitem?mr=4312785
https://doi.org/10.15559/21-VMSTA178
https://doi.org/10.15559/21-VMSTA178
http://www.ams.org/mathscinet-getitem?mr=0799929
https://doi.org/10.1007/BFb0044678
http://www.ams.org/mathscinet-getitem?mr=2267655
https://doi.org/10.1007/978-3-540-34514-5

50

[16]

(17]

(18]

[19]

[20]

[21]

(22]

(23]

[24]

[25]

(26]

[27]

(28]

(29]

(30]

(31]

(32]

T. K. Kloster

Chong, C., Kliippelberg, C.: Integrability conditions for space—time stochastic integrals:
Theory and applications. Bernoulli 21(4), 2190-2216 (2015). MR3378464. https://doi.
org/10.3150/14-BEJ640

Dalang, R.: Extending the martingale measure stochastic integral with applications to
spatially homogeneous S.P.D.E.’s. Electronic Journal of Probability 4 (1999), 1-29.
MR1684157. https://doi.org/10.1214/EJP.v4-43

Elliott, C.M., Hairer, M., Scott, M.R.: Stochastic partial differential equations on evolving
surfaces and evolving Riemannian manifolds. Preprint (2012). https://arxiv.org/abs/1208.
5958v1

Galimberti, L., Karlsen, K.H.: Well-posedness of stochastic continuity equations on Rie-
mannian manifolds. Chin. Ann. Math., Ser. B 45(1), 81-122 (2024). MR4702611. https://
doi.org/10.1007/s11401-024-0005-9

Gyongy, L.: Stochastic partial differential equations on manifolds 1. Potential Anal. 2(2),
101-113 (1993). MR 1246744. https://doi.org/10.1007/BF01049295

Gyongy, L.: Stochastic partial differential equations on manifolds 2. Nonlinear filtering. Po-
tential Anal. 6(1), 39-56 (1997). MR 1436821. https://doi.org/10.1023/A:1017954105866

Holden, H., @ksendal, B., Ubge, J., Zhang, T.: Stochastic Partial Differential Equations:
a Modeling, White Noise Functional Approach, 2nd ed. Universitext. Springer, New York
(2010). MR2571742. https://doi.org/10.1007/978-0-387-89488-1

Kloster, T.K.: An ambit field framework for the full panel of day-ahead electricity prices.
Preprint (2025). https://arxiv.org/abs/2509.17236

Last, G., Penrose, M.D.: Poisson process Fock space representation, chaos expansion
and covariance inequalities. Probab. Theory Relat. Fields 150(3-4), 663-690 (2011)
MR2824870. https://doi.org/10.1007/s00440-010-0288-5

Lee, J.M.: Introduction to Smooth Manifolds. Graduate Texts in Mathematics, vol. 218.
Springer, New York (2003). MR1930091. https://doi.org/10.1007/978-0-387-21752-9

Lee, J.M.: Introduction to Riemannian Manifolds, 2nd edn. Graduate Texts in Mathemat-
ics, vol. 176. Springer, Cham (2019). MR3887684. https://doi.org/10.1007/978-3-319-
91755-9

Leonte, D., Veraart, A.E.D.: Simulation methods and error analysis for trawl processes
and ambit fields. Math. Comput. Simul. 215, 518-542 (2024). MR4637264. https://doi.
org/10.1016/j.matcom.2023.07.018

Pakkanen, M.S., Passeggeri, R., Sauri, O., Veraart, A.E.D.: Limit theorems for trawl
processes. Electron. J. Probab. 26, 1-36 (2021). MR4312853. https://doi.org/10.1214/21-
ejp652

Pedersen, J.: The Lévy-Ito decomposition of an independently scattered random mea-
sure. Technical Report Research report; No. 2, January 2003, MaPhySto, Department of
Mathematical Sciences, University of Aarhus, Aarhus (2003)

Peszat, S., Zabczyk, J.: Stochastic Partial Differential Equations with Lévy Noise: An
Evolution Equation Approach, 1st edn. Encyclopedia of Mathematics and Its Applications,
vol. 113. Cambridge University Press, New York (2007). MR2356959. https://doi.org/10.
1017/CB0O9780511721373

Petersen, P.: Riemannian Geometry, 3rd edn. Graduate Texts in Mathematics, vol. 171.
Springer, Cham (2016) MR3469435. https://doi.org/10.1007/978-3-319-26654-1

Rajput, B.S., Rosinski, J.: Spectral representations of infinitely divisible processes.
Probab. Theory Relat. Fields 82(3), 451487 (1989). MR1001524. https://doi.org/10.
1007/BF00339998


http://www.ams.org/mathscinet-getitem?mr=3378464
https://doi.org/10.3150/14-BEJ640
https://doi.org/10.3150/14-BEJ640
http://www.ams.org/mathscinet-getitem?mr=1684157
https://doi.org/10.1214/EJP.v4-43
https://arxiv.org/abs/1208.5958v1
https://arxiv.org/abs/1208.5958v1
http://www.ams.org/mathscinet-getitem?mr=4702611
https://doi.org/10.1007/s11401-024-0005-9
https://doi.org/10.1007/s11401-024-0005-9
http://www.ams.org/mathscinet-getitem?mr=1246744
https://doi.org/10.1007/BF01049295
http://www.ams.org/mathscinet-getitem?mr=1436821
https://doi.org/10.1023/A:1017954105866
http://www.ams.org/mathscinet-getitem?mr=2571742
https://doi.org/10.1007/978-0-387-89488-1
https://arxiv.org/abs/2509.17236
http://www.ams.org/mathscinet-getitem?mr=2824870
https://doi.org/10.1007/s00440-010-0288-5
http://www.ams.org/mathscinet-getitem?mr=1930091
https://doi.org/10.1007/978-0-387-21752-9
http://www.ams.org/mathscinet-getitem?mr=3887684
https://doi.org/10.1007/978-3-319-91755-9
https://doi.org/10.1007/978-3-319-91755-9
http://www.ams.org/mathscinet-getitem?mr=4637264
https://doi.org/10.1016/j.matcom.2023.07.018
https://doi.org/10.1016/j.matcom.2023.07.018
http://www.ams.org/mathscinet-getitem?mr=4312853
https://doi.org/10.1214/21-ejp652
https://doi.org/10.1214/21-ejp652
http://www.ams.org/mathscinet-getitem?mr=2356959
https://doi.org/10.1017/CBO9780511721373
https://doi.org/10.1017/CBO9780511721373
http://www.ams.org/mathscinet-getitem?mr=3469435
https://doi.org/10.1007/978-3-319-26654-1
http://www.ams.org/mathscinet-getitem?mr=1001524
https://doi.org/10.1007/BF00339998
https://doi.org/10.1007/BF00339998

Lévy bases on manifolds 51

(33]

(34]

(35]

[36]

(37]

Sato, K.-i.: Lévy Processes and Infinitely Divisible Distributions, Revised edn. Cambridge
Studies in Advanced Mathematics, vol. 68. Cambridge University Press, Cambridge (2013)
MR3185174

Shephard, N., Yang, J.J.: Continuous time analysis of fleeting discrete price moves.
J. Am. Stat. Assoc. 112(519), 1090-1106 (2017). MR3735362. https://doi.org/10.1080/
01621459.2016.1192544

Topping, P.: Lectures on the Ricci Flow. London Mathematical Society Lecture
Note Series. Cambridge University Press (2006) MR2265040. https://doi.org/10.1017/
CB09780511721465

Urbanik, K., Woyczynksi, W.A.: A random integral and Orlicz spaces. Bull. Acad. Pol.
Sci., Sér. Sci. Math. Astron. Phys. 15, 161-169 (1967) MR0215329

Walsh, J.B.: An introduction to stochastic partial differential equations. In: Hennequin,
PL. (ed.) Ecole d’Eté de Probabilités de Saint Flour XIV - 1984, pp. 265-439. Springer,
Berlin, Heidelberg (1986). MR0876085. https://doi.org/10.1007/BFb0074920


http://www.ams.org/mathscinet-getitem?mr=3185174
http://www.ams.org/mathscinet-getitem?mr=3735362
https://doi.org/10.1080/01621459.2016.1192544
https://doi.org/10.1080/01621459.2016.1192544
http://www.ams.org/mathscinet-getitem?mr=2265040
https://doi.org/10.1017/CBO9780511721465
https://doi.org/10.1017/CBO9780511721465
http://www.ams.org/mathscinet-getitem?mr=0215329
http://www.ams.org/mathscinet-getitem?mr=0876085
https://doi.org/10.1007/BFb0074920

	Introduction
	Lévy bases and their properties
	Lévy bases
	Stationarity and homogeneity
	Stochastic integrals
	Subordination of Lévy bases

	Lévy bases on Riemannian manifolds
	The choice of intensity measure
	Lévy bases on curves
	Lévy bases on manifolds

	Lévy bases and stochastic integration on stochastically evolving manifolds
	Extended subordination by random Riemannian measures
	Stochastically evolving manifolds and extended subordination

	Trawl processes on manifolds
	Trawl functions for M-trawl processes

	Lévy noise on manifolds
	Lévy noise in Hilbert space
	From white noise to Lévy noise

	Basic geometric concepts
	Riemannian manifolds and embeddings


