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Abstract This paper introduces a novel stochastic partial differential equation (SPDE) driven 
by space-only fractional Lévy noise 𝐿̇𝑑𝑥 with 𝑑 ∈ (0, 1/2), governed by a second-order elliptic 
operator with piecewise constant coefficients. We establish a new framework for analyzing 
diffusion in heterogeneous media, proving the existence, uniqueness, and equivalence of mild 
and weak solutions for the resulting non-Gaussian random field. A key original contribution is 
the explicit characterization of the covariance kernel in terms of transmission-reflection paths 
induced by the interface. We provide sharp estimates for the sample path regularity, proving that 
the solution is almost surely Hölder continuous of order 𝛾 < 𝑑 in space and 𝛽 < 2𝑑+1

4 in time. 
Our results demonstrate that the fractional order of the noise robustly dictates path regularity, 
which remains preserved despite the singular transmission conditions and the jump structure of 
the driving noise.
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1 Introduction

In recent decades, there has been a surge of interest in Stochastic Partial Differential 
Equations (SPDEs) due to their pivotal role in modeling various applied fields, ranging 
from geophysics and ecology to mathematical finance. For a comprehensive overview 
of the foundational theory and its broad applications, we refer the reader to [5, 11, 
22, 26] and the references therein. A significant portion of the existing literature has 
focused on SPDEs driven by space-time Gaussian noises across various operators, 
including standard Laplacians as well as more complex operators with variable or 
discontinuous coefficients (see, e.g., [9, 14, 15, 13, 23, 2, 25, 37, 31, 32, 35]). Alongside 
the Gaussian framework, numerous works have explored SPDEs driven by space-time 
Lévy noises, offering a broader framework for modeling phenomena characterized by 
jumps and heavy tails [16, 21, 27].

A particularly interesting class of operators involves those with discontinuous 
coefficients, which represent the mathematical counterpart to heat propagation and 
mass diffusion in heterogeneous media. We focus on the second-order elliptic operator 
in divergence form:

ℒ =
1 

2𝜌(𝑥)
𝑑

𝑑𝑥

(︃
𝜌(𝑥)𝑎(𝑥) 𝑑

𝑑𝑥

)︃
, (1)

where the diffusion coefficient 𝑎(𝑥) and the density function 𝜌(𝑥) are piecewise 
constant:

𝑎(𝑥) = 𝑎11{𝑥⩽0} + 𝑎21{0<𝑥} and 𝜌(𝑥) = 𝜌11{𝑥⩽0} + 𝜌21{0<𝑥}. (2)

The non-smoothness of these coefficients at the interface 𝑥 = 0 introduces signifi
cant analytical challenges, as the classical regularity of the Laplacian is replaced by 
flux continuity conditions and transmission-reflection phenomena. While the deter
ministic theory for such operators is well-established [24, 29, 30], their extension to 
the stochastic regime has primarily been limited to space-time white noise [33] or 
Gaussian fractional regimes [34--36].

However, increasing attention has been directed toward SPDEs driven by space
only noise, a framework particularly relevant for systems where the primary source of 
randomness is a fixed, highly irregular spatial environment [1, 3, 4, 10]. While Salem 
and Zili [18] recently investigated the heat equation driven by space-only fractional 
Lévy noise, their study was restricted to the standard Laplacian, leaving the case of 
operators with discontinuous coefficients, which necessitate complex transmission 
conditions, unexplored.

The current work bridges this gap by introducing a novel framework that couples 
the singular operator ℒ with space-only fractional Lévy noise 𝐿̇𝑑

𝑥 . Fractional Lévy 
processes generalize fractional Brownian motion by replacing the underlying Gaussian 
process with a general Lévy process; this preserves the second-order dependence 
structure inherent to fractional Brownian motion (fBm) while inherently introducing 
non-Gaussian features, such as heavy tails and jumps, that broaden the modeling 
scope beyond the Gaussian framework. Although Mishura, Ralchenko, and Zili [14] 
established a framework for ℒ under Gaussian space-time white noise, our approach 

https://www.ams.org/msc/msc2020.html?s=60G15
https://www.ams.org/msc/msc2020.html?s=60H05
https://www.ams.org/msc/msc2020.html?s=60G22
https://www.ams.org/msc/msc2020.html?s=26A33


Fractional Lévy-Driven SPDEs 3

uniquely accounts for both the non-homogeneous medium and the non-Gaussian 
jump structure of the noise, extending the study by [1] beyond the standard Laplacian. 
Specifically, we investigate the following novel SPDE:⎧⎨

⎩
(︃

𝜕𝑢

𝜕𝑡 
− ℒ𝑢

)︃
(𝑡, 𝑥) = 𝐿̇𝑑

𝑥 , 𝑡 > 0,

𝑢(0, 𝑥) = 0,
𝑥 ∈ ℝ. (3)

The primary contribution of this paper lies in providing a rigorous mathemat
ical framework for the SPDE (3). By utilizing the 𝐿2-isometry for Lévy integrals 
and the stochastic Fubini theorem, we establish the well-posedness of the solution, 
demonstrate the equivalence between mild and weak formulations, and provide an ex
plicit characterization of the covariance function. This reveals how the second-order 
structure is affected by the transmission conditions across the interface 𝑥 = 0.

Furthermore, we conduct a comprehensive study of the sample path regularity in 
both space and time. By employing a meticulous scaling analysis of the fractionalized 
Green’s profile, we prove that the spatial trajectories 𝑥 ↦→ 𝑢(𝑡, 𝑥) are almost surely 
Hölder continuous of order 𝛾 < 𝑑. Simultaneously, we demonstrate a significant 
temporal smoothing effect, proving that the temporal paths 𝑡 ↦→ 𝑢(𝑡, 𝑥) exhibit a 
higher regularity of order 𝛽 < 2𝑑+1

4 . These results show that the spatial regularity is 
robustly governed by the fractional parameter 𝑑, even in the presence of the singular 
interface and the jump structure of the noise.

The paper is organized as follows: Section 2 provides necessary preliminaries. In 
Section 3, we define the mild and weak solution concepts and prove their existence and 
equivalence. Section 4 focuses on the second-order structure and the pathwise Hölder 
regularity in space and time. Technical results regarding the scaling and properties of 
the fractional Green’s kernel are provided in the Appendix.

2 Preliminaries

Throughout this work, (Ω,ℱ , ℙ) denotes a complete probability space on which all 
stochastic processes are defined, with 𝔼 representing the corresponding expectation 
operator.

Let 𝐿 = {𝐿(𝑡), 𝑡 ⩾ 0} be a Lévy process in ℝ without a Brownian component, 
characterized by the Lévy-Khintchine triplet (𝛾, 0, 𝜈). Here, 𝛾 ∈ ℝ is the drift and 𝜈
is the Lévy measure satisfying 𝜈({0}) = 0, the standard integrability condition

∫
ℝ

(|𝑥 |2 ∧ 1)𝜈(𝑑𝑥) < ∞,

and the second-order moment condition:∫
|𝑥 |>1

𝑥2𝜈(𝑑𝑥) < ∞. (4)

Its distribution is uniquely determined by the Lévy-Khintchine formula:

𝔼[exp{𝑖𝑢𝐿(𝑡)}] = exp{𝑡𝜓(𝑢)}, 𝑢 ∈ ℝ, (5)
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where the characteristic exponent 𝜓(𝑢) is given by:

𝜓(𝑢) = 𝑖𝛾𝑢 +
∫
ℝ

(︁
𝑒𝑖𝑢𝑥 − 1 − 𝑖𝑢𝑥1{|𝑥 |⩽1}

)︁
𝜈(𝑑𝑥). (6)

Under the centering condition 𝔼[𝐿(1)] = 0, which is well-defined under (4), the drift 
and characteristic exponent simplify to:

𝛾 = −
∫
|𝑥 |>1

𝑥𝜈(𝑑𝑥) and 𝜓(𝑢) =
∫
ℝ

(︁
𝑒𝑖𝑢𝑥 − 1 − 𝑖𝑢𝑥

)︁
𝜈(𝑑𝑥). (7)

Consequently, 𝐿(𝑡) is a centered square-integrable martingale with variance:

Var(𝐿(𝑡)) = 𝑡 𝒞2
𝐿 , 𝑡 ⩾ 0; 𝒞2

𝐿 :=
∫
ℝ

𝑥2𝜈(𝑑𝑥) < ∞. (8)

Having characterized the one-sided process, we extend it to the entire real line. 
Following [12], we define the two-sided Lévy process 𝐿 = {𝐿(𝑡), 𝑡 ∈ ℝ} as:

𝐿(𝑡) := 𝐿1(𝑡)1{𝑡⩾0} − 𝐿2((−𝑡)−)1{𝑡<0}, (9)

where 𝐿1 and 𝐿2 are independent, identically distributed copies of the one-sided 
process defined above.

Crucially, under the centering and second-moment conditions (4)-(7), the two
sided process 𝐿 is a centered, square-integrable martingale with respect to its natural 
filtration.

While 𝐿 is uniquely determined by its characteristic exponent (7), its role as a 
spatial noise is best operationalized through its spectral representation. For any Borel 
set 𝐵 ∈ ℬ(ℝ), the Lévy–Itô decomposition allows us to represent the process as:

𝐿(𝐵) =
∫
𝐵

∫
ℝ\{0}

𝑤 𝜇(𝑑𝑦, 𝑑𝑤), (10)

where 𝜇(𝑑𝑦, 𝑑𝑤) = 𝜇(𝑑𝑦, 𝑑𝑤) − 𝑑𝑦𝜈(𝑑𝑤) is the compensated Poisson random mea
sure associated with the jumps of 𝐿, and 𝑑𝑦 denotes the Lebesgue measure on ℝ. 
This representation provides the explicit random measure structure necessary for the 
isometric framework and the analytical interchanges used throughout this work.
Remark 1. Consider a stochastic process 𝑈 = {𝑈 (𝑥); 𝑥 ∈ ℝ} defined by the integral:

𝑈 (𝑥) :=
∫
ℝ

𝑓 (𝑦, 𝑥)𝑑𝐿(𝑦), (11)

where 𝑓 (·, 𝑥) ∈ 𝐿2(ℝ) for each 𝑥 ∈ ℝ. According to [12] and [17], this integral exists 
as an 𝐿2(Ω, ℙ) limit of approximating step functions. The semimartingale structure of 
𝐿 guarantees that this integral is well-defined and satisfies the following 𝐿2-isometry:

𝔼
[︁
𝑈2(𝑥)

]︁
= 𝒞2

𝐿 ∥ 𝑓 (·, 𝑥)∥2
𝐿2 (ℝ) . (12)

Furthermore, the law of 𝑈 (𝑥) is infinitely divisible with characteristic function:

𝔼[exp(𝑖𝜃𝑈 (𝑥))] = exp
(︃∫

ℝ

𝜓(𝜃 𝑓 (𝑦, 𝑥))𝑑𝑦
)︃

, (13)

where 𝜓 is defined in (7).
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In this work, we specifically study the SPDE (3) driven by 𝐿̇𝑑 , the fractional Lévy 
noise, which is formally related to the process defined below.
Definition 2.1. For a fractional integration parameter 𝑑 ∈ (0, 1/2), the stochastic 
process 𝐿𝑑 = {𝐿𝑑 (𝑡), 𝑡 ∈ ℝ} given by the moving average representation

𝐿𝑑 (𝑡) :=
1 

Γ(𝑑 + 1)

∫
ℝ

[︁
(𝑡 − 𝑠)𝑑+ − (−𝑠)𝑑+

]︁
𝐿(𝑑𝑠), (14)

is called a fractional Lévy process (fLp), where 𝐿 is the two-sided driving Lévy process 
defined previously. Here, 𝑥+ = max(𝑥, 0) denotes the positive part of 𝑥.
Remark 2. The fractional Lévy process 𝐿𝑑 (𝑡) defined in (14) is a particular instance 
of the stochastic integral introduced in Remark 1. Specifically, the kernel

𝑓𝑡 (𝑠) =
1 

Γ(𝑑 + 1)
[︁
(𝑡 − 𝑠)𝑑+ − (−𝑠)𝑑+

]︁
, (15)

belongs to 𝐿2(ℝ) for each 𝑡 ∈ ℝ when 𝑑 ∈ (0, 1/2).
The following proposition summarizes essential properties of the fLp that will be 

used subsequently.
Proposition 2.2. Let 𝐿𝑑 = {𝐿𝑑 (𝑡), 𝑡 ∈ ℝ} be a fractional Lévy Process (fLp) with 
fractional integration parameter 𝑑 ∈

(︁
0, 1

2
)︁
, driven by the two-sided Lévy process 

𝐿 with finite variance (𝔼[𝐿(1)2] < ∞) and characteristic exponent 𝜓. Then, the 
following properties hold:

(i) 𝐿𝑑 is a centered process (𝔼[𝐿𝑑 (𝑡)] = 0) and possesses a continuous modification 
given by the improper Riemann integral:

𝐿𝑑 (𝑡) = 1 
Γ(𝑑)

∫
ℝ

[︁
(𝑡 − 𝑠)𝑑−1

+ − (−𝑠)𝑑−1
+

]︁
𝐿(𝑠) 𝑑𝑠, 𝑡 ∈ ℝ. (16)

Furthermore, 𝐿𝑑 is locally 𝛽-Hölder continuous for all 𝛽 < 𝑑.

(ii) The process 𝐿𝑑 is not Gaussian (unless 𝐿 is a Brownian motion), but the law of 
𝐿𝑑 (𝑡) is infinitely divisible for all 𝑡 ∈ ℝ (cf. [12]). 𝐿𝑑 is also not self-similar.

(iii) 𝐿𝑑 has stationary increments, and for 𝑠, 𝑡 ∈ ℝ, the covariance function is:

Cov(𝐿𝑑 (𝑡), 𝐿𝑑 (𝑠)) = 𝐾𝑑

2 

[︁
|𝑡 |2𝑑+1 + |𝑠 |2𝑑+1 − |𝑡 − 𝑠 |2𝑑+1]︁ , (17)

where 𝐾𝑑 =
𝔼[𝐿(1)2] 

Γ(2𝑑 + 2) sin(𝜋(𝑑 + 1
2 ))

.

(iv) If 𝐿 is symmetric, then 𝐿𝑑 is symmetric in distribution. The finite-dimensional 
distributions are given by:

𝔼

⎡
⎣exp

⎛
⎝𝑖

𝑛∑︂
𝑗=1 

𝑢 𝑗𝐿
𝑑 (𝑡 𝑗 )

⎞
⎠
⎤
⎦ = exp

⎧⎨
⎩
∫
ℝ

𝜓

⎛
⎝ 𝑛∑︂

𝑗=1 
𝑢 𝑗 𝑓𝑡 𝑗 (𝑠)

⎞
⎠ 𝑑𝑠

⎫⎬
⎭ , (18)

where 𝑓𝑡 𝑗 (𝑠) is defined in (15).
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(v) For all 𝛼 > 𝑑 + 1
2 , the process satisfies the almost sure growth condition:

lim 
|𝑦 |→∞

|𝐿𝑑 (𝑦) |
|𝑦 |𝛼 = 0, a.s. (19)

(vi) Let 𝐼𝑑− denote the right-sided Riemann-Liouville fractional integral operator 
defined for a measurable function 𝜑 by:

𝐼𝑑− (𝜑)(𝑦) =
1 

Γ(𝑑)

∫ +∞

𝑦
𝜑(𝑣)(𝑣 − 𝑦)𝑑−1𝑑𝑣. (20)

We denote by ℋ𝑑 the space of measurable functions 𝜑 : ℝ → ℝ such that 
𝐼𝑑− (𝜑) ∈ 𝐿2(ℝ). For any 𝜑 ∈ ℋ𝑑 , the following integral identity holds in 
𝐿2(Ω, ℙ): ∫

ℝ

𝜑(𝑦) 𝑑𝐿𝑑 (𝑦) =
∫
ℝ

𝐼𝑑− (𝜑)(𝑦) 𝑑𝐿(𝑦), (21)

and the process satisfies the 𝐿2-isometry:

𝔼

[︄(︃∫
ℝ

𝜑(𝑦)𝑑𝐿𝑑 (𝑦)
)︃2

]︄
= 𝔼[𝐿(1)2]

∫
ℝ

⃓⃓
𝐼𝑑− (𝜑)(𝑦)

⃓⃓2
𝑑𝑦. (22)

For detailed proofs of all the above assertions, we refer the reader to [12] and [7].

Remark 3. For every 𝑥, 𝑦 ∈ ℝ, the covariance of the fLp 𝐿𝑑 is directly proportional 
to that of a standard fractional Brownian motion (fBm). Specifically:

Cov(𝐿𝑑 (𝑥), 𝐿𝑑 (𝑦)) = 𝐾𝑑 · Cov(𝐵𝐻𝑑
𝑥 , 𝐵𝐻𝑑

𝑦 ), (23)

where 𝐾𝑑 is the constant defined in (17), and {𝐵𝐻𝑑
𝑡 , 𝑡 ∈ ℝ} is a two-sided fBm with 

Hurst parameter

𝐻𝑑 = 𝑑 + 1
2
∈ (1/2, 1). (24)

This relationship highlights that while 𝐿𝑑 may possess non-Gaussian distributions, 
its second-order dependence structure is proportional to that of a fractional Brownian 
motion.

Henceforth, when referring to the fLp 𝐿𝑑 , we will always consider its continuous 
modification given by (16).

3 Analysis of the existence and characterization of solutions

In this section, we rigorously examine the well-posedness of the stochastic partial 
differential equation (SPDE) defined in (3) by establishing two key solution concepts: 
the mild solution and the weak solution. The mild solution is constructed using the 
fundamental solution, or Green’s function, 𝐺 of the associated deterministic parabolic 
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equation 
𝜕𝑢

𝜕𝑡 
= ℒ𝑢. For the SPDE driven by the fractional Lévy noise 𝐿̇𝑑

𝑥 with zero 

initial condition, the mild solution is defined by:

𝑢(𝑡, 𝑥) =
∫ 𝑡

0

(︃∫
ℝ

𝐺 (𝑡 − 𝑠, 𝑥, 𝑦) 𝑑𝐿𝑑 (𝑦)
)︃

𝑑𝑠. (25)

Establishing the existence of this integral is contingent upon the properties of the 
fundamental solution 𝐺. Following the characterization of the mild solution, we will 
introduce the concept of the weak solution to establish a rigorous equivalence between 
the two solution frameworks. Let us first introduce and characterize the main tool used 
in our study, the fundamental solution 𝐺.

3.1 Fundamental solution and properties
One fundamental interest in our study is the explicit expression of the fundamental 
solution 𝐺 (𝑡, 𝑥, 𝑧) for the operator ℒ. This solution, which is central to the analysis of 
the SPDE, is given by the following proposition, as established in [24].
Proposition 3.1. There exists a unique fundamental solution 𝐺 (𝑡, 𝑥, 𝑧) for the deter
ministic operator (1). It is explicitly expressed as:

𝐺 (𝑡, 𝑥, 𝑧) =
1{𝑡>0}√︁
2𝜋𝑎(𝑧)𝑡

{︄
exp

(︃
− ( 𝑓 (𝑥) − 𝑓 (𝑧))2

2𝑡 

)︃

+ 𝛽 sign(𝑧) exp
(︃
− (| 𝑓 (𝑥) | + | 𝑓 (𝑧) |)2

2𝑡 

)︃}︄
,

(26)

where 𝑎(𝑧) is defined in (2), and the parameters are:

𝑓 (𝑧) = 𝑧 √︁
𝑎(𝑧)

and 𝛽 =
𝜌2
√
𝑎2 − 𝜌1

√
𝑎1

𝜌2
√
𝑎2 + 𝜌1

√
𝑎1

, (27)

with the sign function defined piecewise:

sign(𝑧) =
{︄
−1 if 𝑧 ∈ 𝒮1 = (−∞, 0]

1 if 𝑧 ∈ 𝒮2 = (0, +∞).

Remark 4. The fundamental solution 𝐺 (𝑡, 𝑥, 𝑦) associated with the operator ℒ satis
fies the following essential properties (see, e.g., [15] and the references therein):

1. For 𝑡 > 0 and 𝑥 ∈ ℝ \ {0}, 𝐺 is a solution to the homogeneous parabolic 
equation:

𝜕𝐺

𝜕𝑡 
(𝑡, 𝑥, 𝑦) = ℒ𝑥𝐺 (𝑡, 𝑥, 𝑦).

2. The fundamental solution 𝐺 respects the flux continuity condition across the 
interface 𝑥 = 0. That is, for 𝑡 > 0 and fixed 𝑦:

𝜌1𝑎1
𝜕𝐺 (𝑡, 0− , 𝑦)

𝜕𝑥 
= 𝜌2𝑎2

𝜕𝐺 (𝑡, 0+, 𝑦)
𝜕𝑥 

.
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Throughout the remainder of this work, we denote by 𝑝(𝑡, 𝑧) the fundamental 
solution to the standard heat equation (the heat kernel), defined for 𝑡 > 0 and 𝑧 ∈ ℝ

by:

𝑝(𝑡, 𝑧) = 1 
√

2𝜋𝑡
exp

(︃
− 𝑧2

2𝑡 

)︃
. (28)

Lemma 1. The fundamental solution 𝐺 associated with the operator ℒ admits the 
following representation for 𝑦 ≠ 0:

𝐺 (𝑡, 𝑥, 𝑦) = 1 √︁
𝑎(𝑦)

[𝑝(𝑡, 𝐴(𝑥, 𝑦)) + 𝛽 sign(𝑦)𝑝(𝑡, 𝐵(𝑥, 𝑦))] , (29)

where
𝐴(𝑥, 𝑦) = 𝑓 (𝑥) − 𝑓 (𝑦) 𝑎𝑛𝑑 𝐵(𝑥, 𝑦) = | 𝑓 (𝑥) | + | 𝑓 (𝑦) |. (30)

Consequently, the partial derivative of 𝐺 with respect to the spatial variable 𝑦 is given 
by:

𝜕𝐺 (𝑡, 𝑥, 𝑦)
𝜕𝑦 

=
1 

𝑎(𝑦)

[︃
−𝜕𝑝

𝜕𝑧 
(𝑡, 𝐴(𝑥, 𝑦)) + 𝛽

𝜕𝑝

𝜕𝑧 
(𝑡, 𝐵(𝑥, 𝑦))

]︃
. (31)

Proof. The representation (29) for 𝐺 (𝑡, 𝑥, 𝑦) follows directly from the expression (26); 
hence, we focus on proving the identity for its spatial derivative.

By symmetry, it suffices to prove the case 𝑦 < 0, where 𝑎(𝑦) = 𝑎1 and sign(𝑦) =
−1. In this region, 𝑓 (𝑦) = 𝑦/√𝑎1, which implies | 𝑓 (𝑦) | = −𝑦/√𝑎1. Consequently, the 
arguments 𝐴 and 𝐵 simplify to:

𝐴(𝑥, 𝑦) = 𝑓 (𝑥) − 𝑦
√
𝑎1

and 𝐵(𝑥, 𝑦) = | 𝑓 (𝑥) | − 𝑦
√
𝑎1

.

Both arguments share the same derivative with respect to 𝑦:

𝜕𝐴

𝜕𝑦 
=

𝜕𝐵

𝜕𝑦 
= − 1 

√
𝑎1

.

Differentiating the expression for 𝐺 (𝑡, 𝑥, 𝑦) using the chain rule yields:

𝜕𝐺

𝜕𝑦 
(𝑡, 𝑥, 𝑦) = 1 

√
𝑎1

[︃
𝜕𝑝

𝜕𝑧 
(𝑡, 𝐴) ·

(︃
− 1 
√
𝑎1

)︃
− 𝛽

𝜕𝑝

𝜕𝑧 
(𝑡, 𝐵) ·

(︃
− 1 
√
𝑎1

)︃]︃

=
1 
𝑎1

[︃
−𝜕𝑝

𝜕𝑧 
(𝑡, 𝐴) + 𝛽

𝜕𝑝

𝜕𝑧 
(𝑡, 𝐵)

]︃
.

Recalling that 𝑎1 = 𝑎(𝑦) for 𝑦 < 0, the identity is established. □

We now establish Gaussian upper bounds for 𝐺 to facilitate the subsequent analysis 
of the mild solution.
Lemma 2. The fundamental solution 𝐺 satisfies the following estimates:

1. For every 𝑥, 𝑣 ∈ ℝ and 𝜏 > 0:

|𝐺 (𝜏, 𝑥, 𝑣) | ≤ 𝐶1√
𝜏

exp
(︃
− | 𝑓 (𝑥) − 𝑓 (𝑣) |2

2𝜏 

)︃
, (32)

where 𝐶1 = 1+|𝛽 | √
2𝜋𝑎min

and 𝑎min = min(𝑎1, 𝑎2).
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2. For every 𝑥 ∈ ℝ and 𝜏 > 0, 𝐺 is bounded by a centered Gaussian kernel in 𝑣:

|𝐺 (𝜏, 𝑥, 𝑣) | ≤ 𝐶 (𝑥, 𝜏) exp
(︃
− 𝑣2

4𝑎max𝜏

)︃
, (33)

where 𝑎max = max(𝑎1, 𝑎2) and the prefactor is:

𝐶 (𝑥, 𝜏) = 𝐶1√
𝜏

exp
(︃
| 𝑓 (𝑥) |2

2𝜏 

)︃
.

Proof. 1. From Remark 4, we have:

|𝐺 (𝜏, 𝑥, 𝑣) | ≤ 1 
√
𝑎min

( |𝑝(𝜏, 𝐴(𝑥, 𝑣)) | + |𝛽 | |𝑝(𝜏, 𝐵(𝑥, 𝑣)) |) .

Since |𝐵(𝑥, 𝑣) | = | 𝑓 (𝑥) | + | 𝑓 (𝑣) | ≥ | 𝑓 (𝑥) − 𝑓 (𝑣) | = |𝐴(𝑥, 𝑣) |, it follows that 
𝑝(𝜏, 𝐵) ≤ 𝑝(𝜏, 𝐴). Thus:

|𝐺 (𝜏, 𝑥, 𝑣) | ≤ 1 + |𝛽 |
√
𝑎min

1 
√

2𝜋𝜏
exp

(︃
− | 𝑓 (𝑥) − 𝑓 (𝑣) |2

2𝜏 

)︃
,

which confirms (32).

2. Starting from (32), we use the inequality | 𝑓 (𝑥) − 𝑓 (𝑣) |2 ≥ 1
2 | 𝑓 (𝑣) |

2 − | 𝑓 (𝑥) |2
to shift the exponent:

exp
(︃
− | 𝑓 (𝑥) − 𝑓 (𝑣) |2

2𝜏 

)︃
≤ exp

(︃
| 𝑓 (𝑥) |2

2𝜏 

)︃
exp

(︃
− | 𝑓 (𝑣) |2

4𝜏 

)︃
.

Since | 𝑓 (𝑣) |2 = 𝑣2/𝑎(𝑣) and 𝑎(𝑣) ≤ 𝑎max, we have

exp(−| 𝑓 (𝑣) |2/4𝜏) ≤ exp(−𝑣2/4𝑎max𝜏).

Combining these estimates yields:

|𝐺 (𝜏, 𝑥, 𝑣) | ≤ 𝐶1√
𝜏

exp
(︃
| 𝑓 (𝑥) |2

2𝜏 

)︃
exp

(︃
− 𝑣2

4𝑎max𝜏

)︃
,

establishing (33).
□

3.2 𝐿2(Ω)-Existence of the mild solution and moment bound
The construction of the mild solution 𝑢(𝑡, 𝑥) defined in (25) relies on the theory of 
stochastic integration with respect to the fractional Lévy process 𝐿𝑑. By the fractional 
duality established in Proposition 2.2, the well-posedness of the stochastic integral is 
governed by the space-time integrability of the fractionalized kernel 𝐼𝑑−𝐺. Specifically, 
it requires that the 𝐿2(ℝ)-norm of the kernel be square-integrable over the time interval 
[0, 𝑡]. The following theorem establishes that the Riemann-Liouville fractional integral 
of the fundamental solution satisfies this requirement by exhibiting a precise temporal 
scaling for all 𝑑 ∈ (0, 1/2).
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Theorem 3.2. Let 𝜏 > 0 and 𝑑 ∈ (0, 1/2). For any fixed 𝑥 ∈ ℝ, the right-sided 
Riemann-Liouville fractional integral of the fundamental solution 𝐼𝑑− (𝐺 (𝜏, 𝑥, ·)), as 
defined in Proposition 2.2-(vi), is well-defined in 𝐿2(ℝ) and satisfies the following 
temporal scaling bound:

∥𝐼𝑑− (𝐺 (𝜏, 𝑥, ·))∥𝐿2 (ℝ) ⩽ 𝐶 𝜏
2𝑑−1

4 , (34)

where 𝐶 is a positive constant independent of 𝜏.

Proof. By invoking the Gaussian upper bound established in Lemma 2-(1) and sub
stituting it into the definition of the right-sided Riemann-Liouville fractional integral, 
we obtain:

|𝐼𝑑− (𝐺 (𝜏, 𝑥, ·)) (𝑦) | ⩽ 1 
Γ(𝑑)

∫ ∞

𝑦
|𝐺 (𝜏, 𝑥, 𝑣) | (𝑣 − 𝑦)𝑑−1 𝑑𝑣

⩽
𝐶1𝑎

𝑑−1
2 

min

Γ(𝑑)
√
𝜏

∫ ∞

𝑦
exp

(︃
− ( 𝑓 (𝑥) − 𝑓 (𝑣))2

2𝜏 

)︃
( 𝑓 (𝑣) − 𝑓 (𝑦))𝑑−1 𝑑𝑣.

Applying the change of variables 𝑤 = 𝑓 (𝑣)− 𝑓 (𝑦)√
𝜏

yields:

|𝐼𝑑− (𝐺 (𝜏, 𝑥, ·)) (𝑦) | ⩽
𝐶1𝑎

𝑑−1
2 

min
√
𝑎max

Γ(𝑑) 𝜏
𝑑−1

2 
∫ ∞

0
exp

⎛
⎝−

( 𝑓 (𝑥 )− 𝑓 (𝑦)√
𝜏

− 𝑤)2

2 

⎞
⎠𝑤𝑑−1 𝑑𝑤

= 𝐶2𝜏
𝑑−1

2 Ψ𝑑

(︃
𝑓 (𝑥) − 𝑓 (𝑦)

√
𝜏

)︃
,

where 𝐶2 =
𝐶1𝑎

𝑑−1
2 

min
√
𝑎max

Γ(𝑑) and Ψ𝑑 (𝑧) =
∫ ∞

0
exp

(︃
− (𝑧 − 𝑤)2

2 

)︃
𝑤𝑑−1𝑑𝑤.

To establish the 𝐿2-integrability and temporal scaling, we analyze the asymptotic 
behavior of Ψ𝑑 (𝑧) as |𝑧 | → ∞.

Case 1: 𝑧 → −∞ (The 𝑦 → +∞ regime). Note that 𝑧 = −|𝑧 |. The exponent in the 
integral expands as −(|𝑧 | + 𝑤)2/2 = −|𝑧 |2/2 − 𝑤 |𝑧 | − 𝑤2/2. Thus,

Ψ𝑑 (−|𝑧 |) ⩽ 𝑒−
|𝑧 |2

2 
∫ ∞

0
𝑒−𝑤 |𝑧 |𝑤𝑑−1𝑑𝑤 = Γ(𝑑) |𝑧 |−𝑑𝑒−

|𝑧 |2
2 .

The dominant Gaussian decay 𝑂 (|𝑧 |−𝑑𝑒−|𝑧 |2/2) ensures that Ψ𝑑 (𝑧) is square-integrable 
as 𝑦 → +∞.

Case 2: 𝑧 → +∞ (The 𝑦 → −∞ regime). For large 𝑧, the Gaussian kernel peaks at 
𝑤 = 𝑧, far from the power-law singularity at the origin. We decompose the integral 
into two regions:

• If 𝑤 ∈ [0, 𝑧/2], then (𝑧 − 𝑤)2 ⩾ 𝑧2/4. Thus,

Ψ𝑑,1(𝑧) =
∫ 𝑧/2

0
exp

(︃
− (𝑧 − 𝑤)2

2 

)︃
𝑤𝑑−1 𝑑𝑤 ⩽ 𝑒−𝑧

2/8
∫ 𝑧/2

0
𝑤𝑑−1 𝑑𝑤

=
(𝑧/2)𝑑

𝑑
𝑒−𝑧

2/8.
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• If 𝑤 ∈ [𝑧/2,∞), we substitute 𝑤 = 𝑧 + 𝜉:

Ψ𝑑,2(𝑧) =
∫ ∞

−𝑧/2
𝑒−

𝜉2
2 (𝑧 + 𝜉)𝑑−1𝑑𝜉 = 𝑧𝑑−1

∫ ∞

−𝑧/2
𝑒−

𝜉2
2 
(︃

1 + 𝜉

𝑧 

)︃𝑑−1
𝑑𝜉.

By the Dominated Convergence Theorem, as 𝑧 → ∞, the integral converges to ∫ ∞

−∞
𝑒−𝜉

2/2𝑑𝜉 =
√

2𝜋.

Combining these, we find Ψ𝑑 (𝑧) ∼
√

2𝜋𝑧𝑑−1 as 𝑧 → +∞. Since 𝑑 < 1/2, Ψ2
𝑑 (𝑧) ∼

2𝜋𝑧2𝑑−2 is integrable at infinity because 2𝑑 − 2 < −1.
Utilizing these bounds with the spatial change of variables 𝑧 = ( 𝑓 (𝑥) − 𝑓 (𝑦))/

√
𝜏, 

we obtain:

∥𝐼𝑑−𝐺 (𝜏, 𝑥, ·)∥2
𝐿2 ⩽

∫
ℝ

(︂
𝐶2𝜏

𝑑−1
2 Ψ𝑑 (𝑧)

)︂2 √
𝑎max

√
𝜏𝑑𝑧 = 𝐶3𝜏

𝑑−1/2,

where 𝐶3 = 𝐶2
2
√
𝑎max

∫
ℝ

Ψ2
𝑑 (𝑧)𝑑𝑧.

Taking the square root yields ∥𝐼𝑑−𝐺 (𝜏, 𝑥, ·)∥𝐿2 ⩽ 𝐶𝜏
2𝑑−1

4 . □

Building upon the integrability properties established in Theorem 3.2, we now 
prove the existence and second-moment boundedness of the mild solution.
Corollary 3.3. The mild solution 𝑢 = {𝑢(𝑡, 𝑥)}𝑡≥0,𝑥∈ℝ defined by (25) is well-defined 
in 𝐿2(Ω, ℙ) for all 𝑡 > 0 and 𝑥 ∈ ℝ. Furthermore, its second moment satisfies the 
following growth estimate:

𝔼[𝑢(𝑡, 𝑥)2] ≤ 𝐶
𝑡𝑑+3/2

𝑑 + 1/2
, (35)

where 𝐶 is a positive constant depending on the system parameters and the variance 
of the driving Lévy process 𝜎2

𝐿 = 𝔼[𝐿(1)2].

Proof. By definition, the mild solution is given by:

𝑢(𝑡, 𝑥) =
∫ 𝑡

0
𝐼 (𝑡 − 𝑠, 𝑥) 𝑑𝑠, where 𝐼 (𝜏, 𝑥) =

∫
ℝ

𝐺 (𝜏, 𝑥, 𝑦) 𝑑𝐿𝑑 (𝑦).

By the 𝐿2-isometry for fractional Lévy integrals established in Proposition 2.2-(vi), 
the second moment of the inner spatial integral is given by:

𝔼[𝐼 (𝜏, 𝑥)2] = 𝜎2
𝐿 ∥𝐼

𝑑
− (𝐺 (𝜏, 𝑥, ·))∥2

𝐿2 (ℝ) . (36)

Theorem 3.2 ensures that 𝐼𝑑− (𝐺 (𝜏, 𝑥, ·)) ∈ 𝐿2(ℝ) for all 𝜏 > 0, confirming that 𝐼 (𝜏, 𝑥)
is a well-defined 𝐿2(Ω, ℙ) process. By applying the Cauchy-Schwarz inequality to 
u(t,x) and successively employing (36) and (34), it follows that:

𝔼[𝑢(𝑡, 𝑥)2] ≤ 𝑡

∫ 𝑡

0
𝔼[𝐼 (𝑠, 𝑥)2] 𝑑𝑠 = 𝜎2

𝐿𝑡

∫ 𝑡

0
∥𝐼𝑑− (𝐺 (𝑠, 𝑥, ·))∥2

𝐿2 (ℝ) 𝑑𝑠

≤ 𝜎2
𝐿𝑡

∫ 𝑡

0
𝐶2𝑠𝑑−1/2𝑑𝑠 =

𝜎2
𝐿𝐶

2

𝑑 + 1/2
𝑡𝑑+3/2.

(37)

This completes the proof of Corollary 3.3. □



12 S. Lamine et al.

Building upon the existence results, we establish the fundamental scaling proper
ties of the kernel using the following operator definitions.
Definition 3.4. Let 𝜑(𝑧) := 1 √

2𝜋
𝑒−𝑧

2/2 for 𝑧 ∈ ℝ. We define the integral operators 
𝐾± : ℝ → ℝ and, for a fixed parameter 𝐿 > 0, the truncated operator 𝐾 (𝐿)

− : ℝ → ℝ

as follows:

𝐾− (𝜂) :=
1 

Γ(𝑑)

∫ ∞

0
𝜑(𝜂 − 𝑤)𝑤𝑑−1 𝑑𝑤, 𝐾+(𝜂) :=

1 
Γ(𝑑)

∫ ∞

0
𝜑(𝜂 + 𝑤)𝑤𝑑−1 𝑑𝑤,

(38)

𝐾 (𝐿)
− (𝜂) :=

1 
Γ(𝑑)

∫ 𝐿

0
𝜑(𝜂 − 𝑤)𝑤𝑑−1 𝑑𝑤. (39)

Lemma 3. Let 𝑦 ∈ ℝ. The fractional integral (𝐼𝑑−𝐺)(𝜏, 𝑥, ·) (𝑦) satisfies the following 
scaling identities:

1. If 𝑦 > 0:

(𝐼𝑑−𝐺)(𝜏, 𝑥, ·) (𝑦) = 𝑎
𝑑−1

2 
2 𝜏

𝑑−1
2 

[︃
𝐾−

(︃
𝐴(𝑥, 𝑦)
√
𝜏

)︃
+ 𝛽𝐾+

(︃
𝐵(𝑥, 𝑦)
√
𝜏

)︃]︃
. (40)

2. If 𝑦 < 0:

(𝐼𝑑−𝐺)(𝜏, 𝑥, ·) (𝑦) = 𝑎
𝑑−1

2 
1 𝜏

𝑑−1
2 

[︃
𝐾 (𝐿)
−

(︃
𝐴(𝑥, 𝑦)
√
𝜏

)︃
− 𝛽𝐾 (𝐿)

−

(︃
𝐵(𝑥, 𝑦)
√
𝜏

)︃]︃

+ 𝑎
𝑑−1

2 
2 𝜏

𝑑−1
2 

[︄
1 

Γ(𝑑)

∫ ∞

𝜆
𝜑(𝛼 − 𝑤) 𝑤𝑑−1 𝑑𝑤

+ 𝛽 
1 

Γ(𝑑)

∫ ∞

𝜆
𝜑(𝜇 + 𝑤) 𝑤𝑑−1 𝑑𝑤

]︄
.

(41)

where 𝐿 := −𝑦 √
𝑎1

√
𝜏

> 0, 𝜆 := −𝑦 √
𝑎2

√
𝜏

> 0, 𝛼 := 𝑓 (𝑥 )−𝑦/√𝑎2√
𝜏

, and 𝜇 :=
| 𝑓 (𝑥 ) |+𝑦/√𝑎2√

𝜏
.

Proof. We utilize the Green kernel representation (29) and distinguish two cases 
based on the initial position 𝑦.
Case 1: 𝑦 > 0. Since 𝑣 ≥ 𝑦 > 0, the medium is homogeneous with 𝑎(𝑣) = 𝑎2, 
sign(𝑣) = 1, and 𝑓 (𝑣) = 𝑣/√𝑎2. Applying the change of variables 𝑣 = 𝑦 + √

𝑎2𝜏𝑤
(𝑤 ∈ [0,∞)), we have:

• 𝑣 − 𝑦 =
√
𝑎2𝜏𝑤 and 𝑑𝑣 =

√
𝑎2𝜏 𝑑𝑤.

• 𝐴(𝑥, 𝑣) = 𝐴(𝑥, 𝑦) −
√
𝜏𝑤 and 𝐵(𝑥, 𝑣) = 𝐵(𝑥, 𝑦) +

√
𝜏𝑤.

Substituting these relations into the integral and utilizing the Gaussian density 𝑝(𝜏, 𝜉) =
1 √
𝜏
𝜑(𝜉/

√
𝜏) allows us to factor out the scaling constant 𝑎

𝑑−1
2 

2 𝜏
𝑑−1

2 , yielding (40).
Case 2: 𝑦 < 0. The integration interval [𝑦,∞) crosses the interface at 𝑣 = 0. We 

partition the domain into 𝐽1 =
∫ 0

𝑦
(. . . ) 𝑑𝑣 and 𝐽2 =

∫ ∞

0
(. . . ) 𝑑𝑣.
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• For 𝐽1: In this region, 𝑎(𝑣) = 𝑎1, sign(𝑣) = −1, and | 𝑓 (𝑣) | = | 𝑓 (𝑦) | −
√
𝜏𝑤. Us

ing 𝑣 = 𝑦 +
√
𝑎1𝜏𝑤, the upper limit 𝑣 = 0 corresponds to 𝑤 = 𝐿 = −𝑦/(

√
𝑎1𝜏). 

This results in the truncated operator 𝐾 (𝐿)
− applied to the shifted spatial argu

ments.

• For 𝐽2: In this region, 𝑎(𝑣) = 𝑎2, sign(𝑣) = 1, and 𝑓 (𝑣) = 𝑦/
√
𝑎2 +

√
𝜏𝑤. Using 

𝑣 = 𝑦 +
√
𝑎2𝜏𝑤, the lower limit 𝑣 = 0 corresponds to 𝑤 = 𝜆 = −𝑦/(

√
𝑎2𝜏). The 

spatial parameters 𝛼 and 𝜇 emerge naturally as the image of the transmission 
across the interface 𝑣 = 0.

Summing 𝐽1 and 𝐽2 completes the proof of the piecewise representation (41). □

Corollary 3.5. For every 𝜏 > 0 and 𝑥 ∈ ℝ, there exists a constant 𝐶 > 0 such that 
the temporal derivative of the fractionalized kernel satisfies:

∥𝜕𝜏 (𝐼𝑑−𝐺)(𝜏, 𝑥, ·)∥𝐿2 (ℝ) ≤ 𝐶𝜏
2𝑑−5

4 , (42)

Proof. The regularity estimate follows from differentiating the piecewise representa
tion obtained in Lemma 3. Let Ψ±(𝜂) := |𝒦±(𝜂) |+|𝜂𝒦′

±(𝜂) |. As 𝜑 ∈ 𝒮 (ℝ), asymptotic 
analysis ensures Ψ± ∈ 𝐿2(ℝ) for 𝑑 < 1/2.
1. Case 𝑦 > 0: Applying the chain rule to (40), note that 𝜕𝜏 (𝜉/

√
𝜏) = − 1 

2𝜏
(𝜉/

√
𝜏). 

The time derivative scales as 𝜏
𝑑−3

2 :

|𝜕𝜏 (𝐼𝑑−𝐺) | ≤ 𝐶𝜏
𝑑−3

2 
[︃
Ψ−

(︃
𝐴
√
𝜏

)︃
+ 𝛽Ψ+

(︃
𝐵
√
𝜏

)︃]︃
.

Squaring and integrating over (0,∞) with the change of variables 𝑧 = 𝑦/(√𝑎2𝜏)
yields:

∥𝜕𝜏 (𝐼𝑑−𝐺)∥2
𝐿2 (0,∞) ≤ 𝐶𝜏𝑑−3 ·

√
𝜏

∫ ∞

0
|Ψ|2𝑑𝑧 = 𝐶𝜏𝑑−5/2.

2. Case 𝑦 < 0: We partition the fractional integral (𝐼𝑑−𝐺) = 𝐽1 + 𝐽2 over the intervals 

(𝑦, 0) and (0,∞), respectively. Define the normalized spatial argument 𝜂 :=
𝐴(𝑥, 𝑦)
√
𝜏

, 

which satisfies the scaling relation 𝜕𝜏𝜂 = − 1 
2𝜏

𝜂. Applying Leibniz’s rule to the 

truncated operator 𝐾 (𝐿)
− (𝜂) with 𝐿(𝜏) = −𝑦 

√
𝑎1𝜏

and noting 𝜕𝜏𝐿 = − 1 
2𝜏 𝐿, we obtain:

𝜕𝜏𝐾
(𝐿)
− (𝜂) = 1 

Γ(𝑑)

∫ 𝐿

0
𝜑′ (𝜂 − 𝑤)𝜕𝜏𝜂 𝑤𝑑−1𝑑𝑤 + 1 

Γ(𝑑) 𝜑(𝜂 − 𝐿)𝐿𝑑−1𝜕𝜏𝐿.

Substituting the relations 𝜕𝜏𝜂 = − 1 
2𝜏

𝜂 and 𝜕𝜏𝐿 = − 1 
2𝜏

𝐿, the second term simplifies 

to the boundary residual ℛ1(𝑧1) =
𝑧𝑑1

2Γ(𝑑) 𝜑(𝜂 − 𝐿), where 𝑧1 = −𝑦 √
𝑎1𝜏

. A symmetric 

application of Leibniz’s rule to 𝐽2 yields the residual

ℛ2 (𝑧2) =
𝑧𝑑2

2Γ(𝑑) [𝜑(𝛼 − 𝑧2) + 𝛽𝜑(𝜇 + 𝑧2)],
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with 𝑧2 = −𝑦 √
𝑎2𝜏

. Since the residuals ℛ𝑖 ∈ 𝐿2(0,∞) exhibit Gaussian decay, the 
temporal derivative is bounded by:

|𝜕𝜏 (𝐼𝑑−𝐺) | ≤ 𝐶𝜏
𝑑−3

2 
[︃
Ψ−

(︃
𝐴(𝑥, 𝑦)
√
𝜏

)︃
+ |𝛽 |Ψ−

(︃
𝐵(𝑥, 𝑦)
√
𝜏

)︃
+ Ψ− (𝛼)

+ |𝛽 |Ψ+ (𝜇) +ℛ1 (𝑧1) +ℛ2 (𝑧2)
]︃
.

Integrating over (−∞, 0) via the substitution 𝑧 = −𝑦/(√𝑎𝑖𝜏), the residuals ℛ𝑖 and the 
kernel derivatives contribute uniformly to the bound:

∥𝜕𝜏 (𝐼𝑑−𝐺)∥𝐿2 (−∞,0) ≤ 𝐶𝜏
2𝑑−5

4 .

This completes the proof. □

3.3 Alternative representation and pathwise equivalence

To facilitate the pathwise analysis of the mild solution, we establish an alternative 
representation of the stochastic integral that avoids the direct use of Young integration 
theory in favor of a Lebesgue integral formulation.

Lemma 4. For all 𝑥 ∈ ℝ, 𝑡 > 0, and 𝑖 ∈ {1, 2}, the Young integral
∫ +∞

0
𝑝

(︃
𝑡 − 𝑠, 𝑥 ± 𝑦

√
𝑎𝑖

)︃
𝑑𝐿𝑑 (𝑦)

exists almost surely for 0 ⩽ 𝑠 < 𝑡, and its value is given by:

•
1 

√
𝑎𝑖

∫ +∞

0
𝐿𝑑 (𝑦) 𝜕𝑝

𝜕𝑧 

(︃
𝑡 − 𝑠, 𝑥 − 𝑦

√
𝑎𝑖

)︃
𝑑𝑦, if the inner sign is minus;

• − 1 
√
𝑎𝑖

∫ +∞

0
𝐿𝑑 (𝑦) 𝜕𝑝

𝜕𝑧 

(︃
𝑡 − 𝑠, 𝑥 + 𝑦

√
𝑎𝑖

)︃
𝑑𝑦, if the inner sign is plus.

Furthermore, for each path 𝜔 of 𝐿𝑑 , there exists a positive constant 𝐶𝑥,𝑡 ,𝜔 such that:
⃓⃓⃓
⃓
∫ +∞

0
𝐿𝑑 (𝑦, 𝜔) 𝜕𝑝

𝜕𝑧 

(︃
𝑡 − 𝑠, 𝑥 ± 𝑦

√
𝑎𝑖

)︃
𝑑𝑦

⃓⃓⃓
⃓ ⩽ 𝐶𝑥,𝑡 ,𝜔 (𝑡 − 𝑠)−1/2. (43)

Proof. We prove the result for the case of the negative inner sign; the case for the 
positive sign follows by symmetry. For a fixed time horizon 0 ⩽ 𝑠 < 𝑡 and 𝑥 ∈ ℝ, 
consider the integral over an arbitrary compact interval [𝑎, 𝑏] ⊂ (0, +∞). Let

𝑓 (𝑦) = 𝑝

(︃
𝑡 − 𝑠, 𝑥 − 𝑦

√
𝑎𝑖

)︃
.

Since 𝑡 − 𝑠 > 0, the heat kernel 𝑓 is continuously differentiable on [𝑎, 𝑏], which 
implies it is 1-Hölder continuous. Given that the sample paths of 𝐿𝑑 possess 𝛽-Hölder 
regularity for any 𝛽 < 𝑑, and 𝑑 > 0, the Young condition (1 + 𝛽 > 1) is satisfied. 
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Consequently, by Young’s Integrability Theorem [28], the integral is well-defined 
pathwise and satisfies the following integration by parts formula:

∫ 𝑏

𝑎
𝑓 (𝑦)𝑑𝐿𝑑 (𝑦) = 𝑓 (𝑏)𝐿𝑑 (𝑏) − 𝑓 (𝑎)𝐿𝑑 (𝑎) −

∫ 𝑏

𝑎
𝐿𝑑 (𝑦)𝑑𝑓 (𝑦). (44)

Substituting the differential 𝑑𝑓 (𝑦) = 𝑓 ′ (𝑦)𝑑𝑦 = − 1 
√
𝑎𝑖

𝜕𝑝

𝜕𝑧 

(︃
𝑡 − 𝑠, 𝑥 − 𝑦

√
𝑎𝑖

)︃
𝑑𝑦 in

to (44), we obtain the almost sure identity:

∫ 𝑏

𝑎
𝑝

(︃
𝑡 − 𝑠, 𝑥 − 𝑦

√
𝑎𝑖

)︃
𝑑𝐿𝑑 (𝑦)

= 𝑝

(︃
𝑡 − 𝑠, 𝑥 − 𝑏 

√
𝑎𝑖

)︃
𝐿𝑑 (𝑏) − 𝑝

(︃
𝑡 − 𝑠, 𝑥 − 𝑎 

√
𝑎𝑖

)︃
𝐿𝑑 (𝑎)

+ 1 
√
𝑎𝑖

∫ 𝑏

𝑎
𝐿𝑑 (𝑦) 𝜕𝑝

𝜕𝑧 

(︃
𝑡 − 𝑠, 𝑥 − 𝑦

√
𝑎𝑖

)︃
𝑑𝑦.

Next, we extend this to the improper integral by evaluating the boundary 
terms. At the origin, the almost sure continuity of 𝐿𝑑 and 𝐿𝑑 (0) = 0 imply that 
lim 
𝑎→0+

𝑓 (𝑎)𝐿𝑑 (𝑎) = 0.
For the limit as 𝑏 → +∞, we invoke the asymptotic growth property of the 

fractional Lévy process (see Proposition 2.2). Specifically, for almost every 𝜔 ∈ Ω, 
there exists a path-dependent constant 𝐶𝜔 > 0 such that the realization 𝐿𝑑 (·, 𝜔)
satisfies:

|𝐿𝑑 (𝑦, 𝜔) | ⩽ 𝐶𝜔 |𝑦 |𝛼 for all |𝑦 | ⩾ 1, (45)

where 𝛼 ∈ (𝑑, 𝑑 + 1). Since the heat kernel 𝑝(𝑡 − 𝑠, ·) and its derivatives exhibit 
exponential decay as |𝑦 | → ∞, the product 𝑝(𝑡 − 𝑠, 𝑥 − 𝑏/√𝑎𝑖)𝐿𝑑 (𝑏, 𝜔) vanishes as 
𝑏 → ∞.

Finally, we establish the absolute integrability and the singularity bound (43). We 
recall the scaling property of the heat kernel derivative:

⃓⃓⃓
⃓𝜕𝑝

𝜕𝑧 
(𝜏, 𝑧)

⃓⃓⃓
⃓ = 𝜏−1

⃓⃓⃓
⃓Ψ

(︃
𝑧 
√
𝜏

)︃⃓⃓⃓
⃓ , where Ψ(𝑢) = 𝑢 

√
2𝜋

𝑒−𝑢
2/2.

• Near the origin (𝑦 ∈ [0, 𝑐]): Since 𝐿𝑑 is continuous, |𝐿𝑑 (𝑦, 𝜔) | is bounded 
by 𝑀𝜔 on [0, 𝑐]. Setting 𝜏 = 𝑡 − 𝑠 and using the change of variables 𝑧 =
(𝑥 − 𝑦/√𝑎𝑖)/

√
𝜏, we have 𝑑𝑦 = −√𝑎𝑖𝜏𝑑𝑧. Then:

∫ 𝑐

0
|𝐿𝑑 (𝑦, 𝜔) |

⃓⃓⃓
⃓𝜕𝑝

𝜕𝑧 

⃓⃓⃓
⃓ 𝑑𝑦 ⩽ 𝑀𝜔

√
𝑎𝑖𝜏

∫ +∞

−∞
𝜏−1 |Ψ(𝑧) | 𝑑𝑧

= 𝑀𝜔
√
𝑎𝑖 (𝑡 − 𝑠)−1/2

∫
ℝ

|Ψ(𝑧) | 𝑑𝑧.

As Ψ ∈ 𝐿1(ℝ), this portion is 𝑂 ((𝑡 − 𝑠)−1/2).
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• Near infinity (𝑦 ∈ [𝑐, +∞)): For 𝑦 ≥ 𝑐, we utilize the growth bound |𝐿𝑑 (𝑦, 𝜔) | ⩽
𝐶𝜔𝑦𝛼 for some 𝛼 > 𝑑 + 1/2. Let 𝐼∞ denote the tail integral. Using the scaling 
identity for |𝜕𝑧 𝑝 | with 𝜏 = 𝑡 − 𝑠, we have:

𝐼∞ ⩽
𝐶𝜔√
𝑎𝑖𝜏

∫ +∞

𝑐
𝑦𝛼

⃓⃓⃓
⃓Ψ

(︃
𝑥 − 𝑦/√𝑎𝑖√

𝜏

)︃⃓⃓⃓
⃓ 𝑑𝑦.

By the change of variables 𝑧 = 𝑦/√𝑎𝑖−𝑥√
𝜏

, we get:

𝐼∞ ⩽ 𝐶𝜔𝜏−1/2𝑎𝛼/2
𝑖

∫ +∞

𝑧𝑐

|𝑥 + 𝑧
√
𝜏 |𝛼 |Ψ(𝑧) | 𝑑𝑧,

where 𝑧𝑐 = (𝑐/√𝑎𝑖 − 𝑥)/
√
𝜏. Applying the inequality

(𝑥 + 𝑦)𝛼 ⩽ max(1, 2𝛼−1)(𝑥𝛼 + 𝑦𝛼),

which holds for any 𝑥, 𝑦 ≥ 0 and 𝛼 > 0, we obtain:

𝐼∞ ⩽ 𝐶′
𝜔,𝛼𝜏

−1/2
∫ +∞

𝑧𝑐

(︂
|𝑥 |𝛼 + |𝑧 |𝛼𝜏𝛼/2

)︂
|Ψ(𝑧) | 𝑑𝑧,

where 𝐶′
𝜔,𝛼 = 𝐶𝜔𝑎𝛼/2

𝑖 max(1, 2𝛼−1).

Since Ψ(𝑧) is a Schwartz function, its moments 
∫
ℝ

|𝑧 |𝑘 |Ψ(𝑧) | 𝑑𝑧 are finite for 

all 𝑘 ⩾ 0. Noting that 𝑧𝑐 → ∞ as 𝜏 → 0+ (for 𝑐 chosen sufficiently large such 
that 𝑐/√𝑎𝑖 > 𝑥), and that 𝜏 is bounded by the time horizon 𝑇 , the integral 
remains uniformly bounded by a constant 𝐷𝛼 (𝑥, 𝑇, 𝜔). Thus, we obtain the 
sharp estimate:

𝐼∞ ⩽ 𝐷𝛼 (𝑥, 𝑇, 𝜔)(𝑡 − 𝑠)−1/2.

The combination of these local and asymptotic estimates confirms that the integral 
converges absolutely and is dominated by the (𝑡 − 𝑠)−1/2 singularity. □

Building on the pathwise equivalence established in Lemma 4, the following 
theorem provides a global representation of the mild solution for any 𝑡 > 0. This result 
simplifies the study of the solution by expressing it as a standard Lebesgue integral of 
the localized process 𝐿𝑑.
Theorem 3.6. For any 𝑡 > 0 and 𝑥 ∈ ℝ, the mild solution 𝑢 := {𝑢(𝑡, 𝑥)}𝑡≥0,𝑥∈ℝ
defined by (25) is almost surely equivalent to the integrated-by-parts form:

𝑢(𝑡, 𝑥) = −
∫ 𝑡

0

(︃∫ +∞

−∞
𝐿𝑑 (𝑦) 𝜕𝐺 (𝑡 − 𝑠, 𝑥, 𝑦)

𝜕𝑦 
𝑑𝑦

)︃
𝑑𝑠. (46)

Proof. The proof relies on applying the pathwise results established in Lemma 4 to 
the specific structure of the Green’s function.

Step 1: For fixed 𝑥 ∈ ℝ and 0 ⩽ 𝑠 < 𝑡, the inner integral of the mild solution is the 

Young integral 
∫
ℝ

𝐺 (𝑡 − 𝑠, 𝑥, 𝑦) 𝑑𝐿𝑑 (𝑦), which exists almost surely. Using the explicit 
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representation of 𝐺 from (29), we decompose this integral over the intervals (−∞, 0)
and (0, +∞).

On each interval, 𝐺 (𝑡 − 𝑠, 𝑥, 𝑦) is a linear combination of terms of the form 
𝑝(𝑡−𝑠, 𝑥′±𝑦/

√
𝑎𝑖). By applying the integration by parts result established in Lemma 4

to each component, we immediately obtain the almost sure identity:
∫ +∞

−∞
𝐺 (𝑡 − 𝑠, 𝑥, 𝑦)𝑑𝐿𝑑 (𝑦) = −

∫ +∞

−∞
𝐿𝑑 (𝑦) 𝜕𝐺 (𝑡 − 𝑠, 𝑥, 𝑦)

𝜕𝑦 
𝑑𝑦.

Substituting this identity into the definition (25) yields the representation (46).

Step 2: To ensure that (46) defines a valid pathwise solution, we examine the absolute 
integrability of the resulting Lebesgue form. By summing the individual bounds 
provided by Equation (43) in Lemma 4 for each component of the Green’s function, 
there exists a positive path-dependent constant 𝐶𝑥,𝑡 ,𝜔 such that for all 0 ≤ 𝑠 < 𝑡:

⃓⃓⃓
⃓
∫ +∞

−∞
𝐿𝑑 (𝑦, 𝜔) 𝜕𝐺 (𝑡 − 𝑠, 𝑥, 𝑦)

𝜕𝑦 
𝑑𝑦

⃓⃓⃓
⃓ ⩽ 𝐶𝑥,𝑡 ,𝜔 (𝑡 − 𝑠)−1/2.

The time integrability of this bound over the interval [0, 𝑡] follows immediately:
∫ 𝑡

0

⃓⃓⃓
⃓
∫ +∞

−∞
𝐿𝑑 (𝑦) 𝜕𝐺 (𝑡 − 𝑠, 𝑥, 𝑦)

𝜕𝑦 
𝑑𝑦

⃓⃓⃓
⃓ 𝑑𝑠 ⩽ 𝐶𝑥,𝑡 ,𝜔

∫ 𝑡

0
(𝑡 − 𝑠)−1/2𝑑𝑠 = 2𝐶𝑥,𝑡 ,𝜔

√
𝑡 < ∞.

This absolute convergence confirms the almost sure equivalence between the mild 
solution and its integrated-by-parts form, concluding the proof. □

3.4 Weak solution
Let us suppose formally for the moment that Equation (3) admits a classical solution 
𝑢 : Ω × [0,∞) ×ℝ → ℝ that is a function belonging to 𝐶2([0,∞) ×ℝ) and satisfying 
Equation (3) on a set Ω′ ∈ Ω of probability 1.

Let 𝑇 > 0. be fixed. For a test function 𝜑 ∈ 𝐶∞
𝑐 ([0, 𝑇] × ℝ), we multiply the 

equation by 𝜑(𝑠, 𝑥) and 𝜌(𝑥) and integrate over [0, 𝑇] × ℝ. This gives us:
∫
[0,𝑇 ]×ℝ

𝜕𝑢(𝑠, 𝑥)
𝜕𝑠 

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠
⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞

𝐼

−
∫
[0,𝑇 ]×ℝ

ℒ𝑢(𝑠, 𝑥)𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠
⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞

𝐽

=
∫
[0,𝑇 ]×ℝ

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝐿𝑑 (𝑥)𝑑𝑠.

We use integration by parts with respect to the time variable 𝑠.

𝐼 =
∫
[0,𝑇 ]×ℝ

𝜕𝑢(𝑠, 𝑥)
𝜕𝑠 

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠 =
∫
ℝ

(︃∫ 𝑇

0

𝜕𝑢(𝑠, 𝑥)
𝜕𝑠 

𝜑(𝑠, 𝑥) 𝑑𝑠
)︃

𝜌(𝑥) 𝑑𝑥.

Applying the integration by parts formula for the inner integral, we get
∫ 𝑇

0

𝜕𝑢(𝑠, 𝑥)
𝜕𝑠 

𝜑(𝑠, 𝑥) 𝑑𝑠 = [𝑢(𝑠, 𝑥)𝜑(𝑠, 𝑥)]𝑠=𝑇𝑠=0 −
∫ 𝑇

0
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
𝑑𝑠
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= 𝑢(𝑇, 𝑥)𝜑(𝑇, 𝑥) − 𝑢(0, 𝑥)𝜑(0, 𝑥) −
∫ 𝑇

0
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
𝑑𝑠.

Since 𝜑 ∈ 𝐶∞
𝑐 ([0, 𝑇] × ℝ), we have 𝜑(0, 𝑥) = 0 and 𝜑(𝑇, 𝑥) = 0. Also, the initial 

condition is 𝑢(0, 𝑥) = 0. This simplifies the expression to:
∫ 𝑇

0

𝜕𝑢(𝑠, 𝑥)
𝜕𝑠 

𝜑(𝑠, 𝑥) 𝑑𝑠 = −
∫ 𝑇

0
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
𝑑𝑠.

Substituting this back into the expression for 𝐼, we get:

𝐼 = −
∫
ℝ

(︃∫ 𝑇

0
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
𝑑𝑠

)︃
𝜌(𝑥)𝑑𝑥 = −

∫
[0,𝑇 ]×ℝ

𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)
𝜕𝑠 

𝜌(𝑥)𝑑𝑥𝑑𝑠.

As for 𝐽 =
∫
[0,𝑇 ]×ℝ

ℒ𝑢(𝑠, 𝑥)𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥𝑑𝑠, substituting the definition of ℒ, we 

have:
𝐽 =

1
2

∫
[0,𝑇 ]×ℝ

𝜕

𝜕𝑥

(︃
𝜌(𝑥)𝑎(𝑥) 𝜕𝑢(𝑠, 𝑥)

𝜕𝑥 

)︃
𝜑(𝑠, 𝑥) 𝑑𝑥 𝑑𝑠.

Applying the definition of the distributional derivative we get:

𝐽 = −1
2

∫ 𝑇

0

∫
ℝ

𝜌(𝑥)𝑎(𝑥) 𝜕𝑢(𝑠, 𝑥)
𝜕𝑥 

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥 𝑑𝑠.

Now, to handle the discontinuity of the coefficients 𝑎(𝑥) and 𝜌(𝑥) at 𝑥 = 0, we split 
the spatial integral into two parts: one over (−∞, 0) and one over (0, +∞).

𝐽 = −1
2

∫ 𝑇

0

∫
ℝ★

𝜌(𝑥)𝑎(𝑥) 𝜕𝑢(𝑠, 𝑥)
𝜕𝑥 

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥 𝑑𝑠

= −1
2

(︄∫ 𝑇

0

∫ +∞

0
𝜌2𝑎2

𝜕𝑢(𝑠, 𝑥)
𝜕𝑥 

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥 𝑑𝑠

+
∫ 𝑇

0

∫ 0

−∞
𝜌1𝑎1

𝜕𝑢(𝑠, 𝑥)
𝜕𝑥 

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥 𝑑𝑠

)︄
.

We, now, perform a second integration by parts on each of these two integrals. For the 
integral over (0, +∞):

∫
(0,+∞)

𝜌2𝑎2
𝜕𝑢(𝑠, 𝑥)

𝜕𝑥 
𝜕𝜑(𝑠, 𝑥)

𝜕𝑥 
𝑑𝑥

= 𝜌2𝑎2

(︃[︃
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑥 

]︃𝑥→+∞

𝑥=0+
−
∫
(0,+∞)

𝑢(𝑠, 𝑥) 𝜕2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥

)︃

= 𝜌2𝑎2

(︃
0 − 𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
−
∫
(0,+∞)

𝑢(𝑠, 𝑥) 𝜕2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥

)︃

= −𝜌2𝑎2𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)
𝜕𝑥 

−
∫
(0,+∞)

𝑢(𝑠, 𝑥)𝜌2𝑎2
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥.
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For the integral over (−∞, 0):∫
(−∞,0)

𝜌1𝑎1
𝜕𝑢(𝑠, 𝑥)

𝜕𝑥 
𝜕𝜑(𝑠, 𝑥)

𝜕𝑥 
𝑑𝑥

= 𝜌1𝑎1

(︄[︃
𝑢(𝑠, 𝑥) 𝜕𝜑(𝑠, 𝑥)

𝜕𝑥 

]︃𝑥=0−

𝑥→−∞
−
∫
(−∞,0)

𝑢(𝑠, 𝑥) 𝜕2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥

)︄

= 𝜌1𝑎1

(︃
𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
− 0 −

∫
(−∞,0)

𝑢(𝑠, 𝑥) 𝜕2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥

)︃

= 𝜌1𝑎1𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)
𝜕𝑥 

−
∫
(−∞,0)

𝑢(𝑠, 𝑥)𝜌1𝑎1
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥.

Substituting these two results back into the expression for 𝐽 and combining the terms:

𝐽 = −1
2

∫ 𝑇

0

(︃
−𝜌2𝑎2𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
−
∫
(0,+∞)

𝑢(𝑠, 𝑥)𝜌2𝑎2
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥

)︃
𝑑𝑠

− 1
2

∫ 𝑇

0

(︃
𝜌1𝑎1𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
−
∫
(−∞,0)

𝑢(𝑠, 𝑥)𝜌1𝑎1
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥

)︃
𝑑𝑠

=
1
2

∫ 𝑇

0
(𝜌2𝑎2 − 𝜌1𝑎1)𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠

+ 1
2

∫ 𝑇

0
𝑑𝑠

(︃∫
(−∞,0)

𝑢(𝑠, 𝑥)𝜌1𝑎1
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥 +

∫
(0,+∞)

𝑢(𝑠, 𝑥)𝜌2𝑎2
𝜕2𝜑(𝑠, 𝑥)

𝜕2𝑥 
𝑑𝑥

)︃

=
1
2

∫ 𝑇

0
(𝜌2𝑎2 − 𝜌1𝑎1)𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠

+ 1
2

∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥)𝜌(𝑥)𝑎(𝑥) 𝜕
2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥𝑑𝑠.

By the definition of the operator ℒ, we can write the last integral as:

1
2

∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥)𝜌(𝑥)𝑎(𝑥) 𝜕
2𝜑(𝑠, 𝑥)
𝜕2𝑥 

𝑑𝑥𝑑𝑠 =
∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥)ℒ𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥𝑑𝑠.

Thus, the final expression for 𝐽 is:

𝐽 =
1
2

∫ 𝑇

0
(𝜌2𝑎2 − 𝜌1𝑎1)𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠 +

∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥)ℒ𝜑(𝑠, 𝑥) 𝜌(𝑥) 𝑑𝑥𝑑𝑠.

Combining the results for terms 𝐼 and 𝐽, we get the weak formulation of the 
SPDE (3):

−
∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥)
[︃
𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
+ ℒ𝜑(𝑠, 𝑥)

]︃
𝜌(𝑥) 𝑑𝑥 𝑑𝑠

=
∫
[0,𝑇 ]×ℝ

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝐿𝑑 (𝑥)𝑑𝑠

+ 1
2

∫ 𝑇

0
(𝜌(0+)𝑎(0+) − 𝜌(0−)𝑎(0−))𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠 a.s.
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Here, 𝜌(0+) = 𝜌2 and 𝑎(0+) = 𝑎2, while 𝜌(0−) = 𝜌1 and 𝑎(0−) = 𝑎1.
This leads to the formal definition of a weak solution for the SPDE (3):

Definition 3.7. A stochastic process 𝑢 := {𝑢(𝑡, 𝑥)}{𝑡≥0,𝑥∈ℝ} is a weak solution to 
SPDE (3) if 𝑢 ∈ 𝐿1

𝐿𝑜𝑐 (ℝ+ ×ℝ, 𝑑𝑥 𝑑𝑡), and for all 𝑇 > 0 and every 𝜑 ∈ 𝐶∞
𝑐 ([0, 𝑇] ×ℝ), 

the process 𝑢 satisfies the following equation almost surely:

−
∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥) 
[︃
𝜕𝜑(𝑠, 𝑥)

𝜕𝑠 
+ ℒ𝜑(𝑠, 𝑥)

]︃
𝜌(𝑥) 𝑑𝑥 𝑑𝑠

=
∫
[0,𝑇 ]×ℝ

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝐿𝑑 (𝑥)𝑑𝑠

+ 1
2

∫ 𝑇

0
(𝜌(0+)𝑎(0+) − 𝜌(0−)𝑎(0−))𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠.

(47)

3.5 Equivalence between mild and weak solutions

The following theorem confirms that the well-posedness of the mild solution 𝑢 guar
antees it satisfies the weak formulation derived in the previous section.
Theorem 3.8. The mild solution 𝑢 := {𝑢(𝑡, 𝑥)}{𝑡≥0,𝑥∈ℝ} defined by Equation (25) is 
an almost surely well-defined weak solution in the sense of formulation given in (47).

Proof. Let 𝑢 be the mild solution, 𝑇 > 0 and 𝜑 ∈ 𝐶∞
𝑐 ([0, 𝑇] × ℝ) be a test function. 

Introduce the notation 𝐻 (𝜑) := −𝜕𝜑

𝜕𝑠 
− ℒ𝜑. The Left-Hand Side (LHS) of the weak 

formulation is:

𝐿𝐻𝑆 =
∫
[0,𝑇 ]×ℝ★

𝑢(𝑠, 𝑥) 𝐻 (𝜑)(𝑠, 𝑥) 𝜌(𝑥) 𝑑𝑥 𝑑𝑠

=
∫
[0,𝑇 ]×ℝ★

(︃∫ 𝑠

0

∫
ℝ

𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) 𝑑𝐿𝑑 (𝑦)𝑑𝑟
)︃

𝐻 (𝜑)(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠.

(48)
We break the proof down into two steps.
Step 1: We first justify the almost sure Fubini interchange property for the integral 

𝐿𝐻𝑆:

𝐿𝐻𝑆
a.s.
= 

∫
[0,𝑇 ]

∫
ℝ

[︃∫ 𝑇

𝑟

∫
ℝ★

𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝐻 (𝜑)(𝑠, 𝑥)𝜌(𝑥)𝑑𝑠𝑑𝑥
]︃
𝑑𝐿𝑑 (𝑦)𝑑𝑟. (49)

Let ℋ(𝑠, 𝑥) = 𝐻 (𝜑)(𝑠, 𝑥)𝜌(𝑥). The inner stochastic integral of the mild solution is 
converted into a deterministic Lebesgue integral using the Integration by Parts Identity 
(46):

𝐿𝐻𝑆 = −
∫
[0,𝑇 ]×ℝ∗

(︃∫ 𝑠

0

∫
ℝ

𝐿𝑑 (𝑦) 𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑦 

𝑑𝑦𝑑𝑟

)︃
ℋ(𝑠, 𝑥)𝑑𝑥𝑑𝑠.

The resulting expression is a deterministic Lebesgue integral. The required abso
lute integrability condition for the deterministic Fubini theorem holds because:

1. The test function term ℋ(𝑠, 𝑥) is bounded on the compact support of 𝜑.
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2. The derivative 
𝜕𝐺

𝜕𝑦 
decays exponentially as |𝑦 | → ∞.

3. The fractional Lévy process path 𝐿𝑑 (𝑦) has sub-polynomial growth at infinity 
(|𝐿𝑑 (𝑦) | ⩽ 𝐶𝜔 |𝑦 |𝛼).

Since the exponential decay of 
𝜕𝐺

𝜕𝑦 
dominates the growth of 𝐿𝑑 (𝑦), the overall inte

grand is absolutely integrable. Therefore,

𝐿𝐻𝑆
a.s.
= −

∫ 𝑇

0

(︃∫
ℝ

𝐿𝑑 (𝑦)
[︃∫ 𝑇

𝑟

∫
ℝ★

𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑦 

ℋ(𝑠, 𝑥)𝑑𝑥𝑑𝑠
]︃
𝑑𝑦

)︃
𝑑𝑟.

Now, we aim to convert the inner deterministic integral back into a stochastic 
integral. For fixed 𝑟 ∈ [0, 𝑇], let K𝑟 ,𝑇 (𝑦) be the inner deterministic function defined 
by:

K𝑟 ,𝑇 (𝑦) =
∫ 𝑇

𝑟

∫
ℝ★

𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)ℋ(𝑠, 𝑥)𝑑𝑥𝑑𝑠.

Because of the smoothness of 𝐺 on ℝ★ and 𝜑, K𝑟 ,𝑇 is derivable and for any 𝑦 ≠ 0:

𝜕K𝑟 ,𝑇 (𝑦)
𝜕𝑦 

=
∫ 𝑇

𝑟

∫
ℝ★

𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑦 

ℋ(𝑠, 𝑥)𝑑𝑥𝑑𝑠.

Substituting this back into the expression for 𝐿𝐻𝑆:

𝐿𝐻𝑆
a.s.
= 

∫ 𝑇

0

(︃
−
∫
ℝ

𝐿𝑑 (𝑦)
𝜕K𝑟 ,𝑇 (𝑦)

𝜕𝑦 
𝑑𝑦

)︃
𝑑𝑟 =

∫ 𝑇

0

(︃
−
∫
ℝ

𝐿𝑑 (𝑦)
𝜕K𝑟 ,𝑇 (𝑦)

𝜕𝑦 
𝑑𝑦

)︃
𝑑𝑟.

To validate the almost sure conversion back to the stochastic integral, we observe 
that K𝑟 ,𝑇 inherits the regularity and asymptotic properties of the fundamental solution 
𝐺. Specifically, the smoothness of 𝐺 and 𝜑 ensures K𝑟 ,𝑇 ∈ 𝐶1(ℝ★), while the 
exponential decay of the heat kernel ensures that |𝐿𝑑 (𝑦)K𝑟 ,𝑇 (𝑦) | → 0 as |𝑦 | → ∞
almost surely. Consequently, the boundary terms in the integration by parts formula 
vanish, allowing us to apply the pathwise identity:

−
∫
ℝ

𝐿𝑑 (𝑦)
𝜕K𝑟 ,𝑇 (𝑦)

𝜕𝑦 
𝑑𝑦

a.s.
= 

∫
ℝ

K𝑟 ,𝑇 (𝑦) 𝑑𝐿𝑑 (𝑦). (50)

Substituting this back into the expression for 𝐿𝐻𝑆 yields:

𝐿𝐻𝑆
a.s.
= 

∫ 𝑇

0

(︃∫
ℝ

K𝑟 ,𝑇 (𝑦) 𝑑𝐿𝑑 (𝑦)
)︃

𝑑𝑟

=
∫
[0,𝑇 ]

∫
ℝ

[︃∫ 𝑇

𝑟

∫
ℝ★

𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) ℋ(𝑠, 𝑥) 𝑑𝑠 𝑑𝑥
]︃
𝑑𝐿𝑑 (𝑦) 𝑑𝑟,

which establishes the identity (49) and completes Step 1.

Step 2: The inner deterministic integral from the Fubini interchange (49) is denoted 
𝐷 (𝜑, 𝑟, 𝑦):

𝐷 (𝜑, 𝑟, 𝑦) =
∫ 𝑇

𝑟

∫
ℝ★

𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝐻 (𝜑)(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑠 𝑑𝑥.
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Substituting 𝐻 (𝜑) = − 𝜕𝜑
𝜕𝑠 − ℒ𝜑, we decompose 𝐷 into two main components:

𝐷 (𝜑, 𝑟, 𝑦) =
∫ 𝑇

𝑟

∫
ℝ★

−𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) 𝜕𝜑

𝜕𝑠 
𝜌(𝑥) 𝑑𝑥 𝑑𝑠

⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
Term 1 

+
∫ 𝑇

𝑟

∫
ℝ★

−𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)(ℒ𝜑) 𝜌(𝑥) 𝑑𝑥 𝑑𝑠
⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞

Term 2 

.

Analysis of Term 1: We first integrate by parts with respect to the time variable 
𝑠. Given the boundary condition 𝜑(𝑇, 𝑥) = 0 and the fact that the Green’s function 
satisfies lim 

𝑠→𝑟+
𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) = 𝛿(𝑥 − 𝑦), we obtain:

∫ 𝑇

𝑟
−𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) 𝜕𝜑

𝜕𝑠 
𝑑𝑠 = [−𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝜑(𝑠, 𝑥)]𝑠=𝑇𝑠=𝑟

+
∫ 𝑇

𝑟
𝜑(𝑠, 𝑥) 𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)

𝜕𝑠 
𝑑𝑠.

Integrating over space with the weight 𝜌(𝑥) and applying the Dirac property at the 
lower bound 𝑠 = 𝑟 , Term 1 becomes:

Term 1 = 𝜑(𝑟, 𝑦)𝜌(𝑦) +
∫ 𝑇

𝑟

∫
ℝ★

𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑠 

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠.

Analysis of Term 2: For a fixed 𝑠 ∈ [𝑟, 𝑇], we consider the inner spatial integral 
𝐼𝑠 defined over the partitioned domain ℝ★ = (−∞, 0) ∪ (0,∞):

𝐼𝑠 =
∫
ℝ★

−𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)(ℒ𝜑)(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥. (51)

Recalling the definition of the operator ℒ𝜑 = 1 
2𝜌

𝜕
𝜕𝑥

(︂
𝜌𝑎 𝜕𝜑

𝜕𝑥 

)︂
, and noting that the 

product 𝜌(𝑥)𝑎(𝑥) assumes the constant values 𝜌1𝑎1 on (−∞, 0) and 𝜌2𝑎2 on (0,∞), 
we perform the first integration by parts:

𝐼𝑠 = −1
2

∫ +∞

0
𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) 𝜕

𝜕𝑥

(︃
𝜌2𝑎2

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

)︃
𝑑𝑥

− 1
2

∫ 0

−∞
𝐺 (𝑠 − 𝑟, 𝑥, 𝑦) 𝜕

𝜕𝑥

(︃
𝜌1𝑎1

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

)︃
𝑑𝑥

= −1
2

[︃
𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝜌2𝑎2

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

]︃𝑥→+∞

𝑥=0+
− 1

2

[︃
𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝜌1𝑎1

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

]︃𝑥=0−

𝑥→−∞

+ 1
2

∫
ℝ★

𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑥 

𝜌(𝑥)𝑎(𝑥) 𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥.

Since 𝜑 has compact support in ℝ, the terms at 𝑥 → ±∞ vanish. Evaluating the 
boundary terms at the interface 𝑥 = 0, we obtain:

𝐼𝑠 =
1
2
𝐺 (𝑠 − 𝑟, 0, 𝑦)(𝜌2𝑎2 − 𝜌1𝑎1)

𝜕𝜑(𝑠, 0)
𝜕𝑥 
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+1
2

∫
ℝ★

𝜌(𝑥)𝑎(𝑥) 𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑥 

𝜕𝜑(𝑠, 𝑥)
𝜕𝑥 

𝑑𝑥

⏞⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏟⏟⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⎯⏞
𝑅𝑠

.

Performing a second integration by parts on 𝑅𝑠 over the partitioned intervals 
(−∞, 0) and (0,∞), we obtain:

𝑅𝑠 =

[︃
𝜑(𝑠, 𝑥) 𝜌2𝑎2

2 
𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)

𝜕𝑥 

]︃𝑥→+∞

𝑥=0+
+ 1

2

[︃
𝜑(𝑠, 𝑥)𝜌1𝑎1

𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)
𝜕𝑥 

]︃𝑥=0−

𝑥→−∞

−
∫
ℝ★

𝜑(𝑠, 𝑥)
[︃

1
2

𝜕

𝜕𝑥

(︃
𝜌(𝑥)𝑎(𝑥) 𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)

𝜕𝑥 

)︃]︃
𝑑𝑥

= −1
2
𝜑(𝑠, 0)

(︃
𝜌2𝑎2

𝜕𝐺 (𝑠 − 𝑟, 0+, 𝑦)
𝜕𝑥 

− 𝜌1𝑎1
𝜕𝐺 (𝑠 − 𝑟, 0− , 𝑦)

𝜕𝑥 

)︃

−
∫
ℝ★

𝜑(𝑠, 𝑥)ℒ𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝜌(𝑥) 𝑑𝑥.

By substituting the expressions for 𝐼𝑠 and 𝑅𝑠 into the space-time integral, we 
obtain the final form for Term 2:

Term 2 = −
∫ 𝑇

𝑟

∫
ℝ★

𝜑(𝑠, 𝑥)ℒ𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)𝜌(𝑥) 𝑑𝑥 𝑑𝑠

− 1
2
(𝜌2𝑎2 − 𝜌1𝑎1)

∫ 𝑇

𝑟
𝐺 (𝑠 − 𝑟, 0, 𝑦) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠

− 1
2

∫ 𝑇

𝑟
𝜑(𝑠, 0)

(︃
𝜌2𝑎2

𝜕𝐺 (𝑠 − 𝑟, 0+, 𝑦)
𝜕𝑥 

− 𝜌1𝑎1
𝜕𝐺 (𝑠 − 𝑟, 0− , 𝑦)

𝜕𝑥 

)︃
𝑑𝑠.

By the construction of the fundamental solution 𝐺, it satisfies the governing 
equation 𝜕𝑠𝐺 = ℒ𝐺 on ℝ★ × (𝑟, 𝑇], which implies:∫ 𝑇

𝑟

∫
ℝ★

(︃
𝜕𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)

𝜕𝑠 
− ℒ𝐺 (𝑠 − 𝑟, 𝑥, 𝑦)

)︃
𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝑥 𝑑𝑠 = 0.

Furthermore, by construction, the fundamental solution 𝐺 honors the transmission 
condition across the interface 𝑥 = 0:

𝜌1𝑎1
𝜕𝐺 (𝑠 − 𝑟, 0− , 𝑦)

𝜕𝑥 
= 𝜌2𝑎2

𝜕𝐺 (𝑠 − 𝑟, 0+, 𝑦)
𝜕𝑥 

. (52)

This property ensures that the boundary integral involving 𝜑(𝑠, 0) in the expansion 
of 𝑅𝑠 vanishes identically. To simplify the final expression for the kernel 𝐷 (𝜑, 𝑟, 𝑦), 
we define the jump constant [𝜌𝑎]0 := 𝜌2𝑎2−𝜌1𝑎1. Consequently, the kernel simplifies 
to:

𝐷 (𝜑, 𝑟, 𝑦) = 𝜑(𝑟, 𝑦)𝜌(𝑦) − 1
2
[𝜌𝑎]0

∫ 𝑇

𝑟
𝐺 (𝑠 − 𝑟, 0, 𝑦) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠. (53)

Substituting the simplified expression for 𝐷 (𝜑, 𝑟, 𝑦) back into the 𝐿𝐻𝑆 of (48) and 
interchanging the order of integration via the almost sure Fubini theorem established 
in Step 1, we obtain:

𝐿𝐻𝑆
a.s.
= 

∫ 𝑇

0

[︃∫
ℝ

𝜑(𝑟, 𝑦)𝜌(𝑦) 𝑑𝐿𝑑 (𝑦)
]︃

𝑑𝑟
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+ 1
2
[𝜌𝑎]0

∫ 𝑇

0

𝜕𝜑(𝑠, 0)
𝜕𝑥 

[︃∫ 𝑠

0

∫
ℝ

𝐺 (𝑠 − 𝑟, 0, 𝑦) 𝑑𝐿𝑑 (𝑦) 𝑑𝑟
]︃
𝑑𝑠

a.s.
= 

∫
[0,𝑇 ]×ℝ

𝜑(𝑠, 𝑥)𝜌(𝑥) 𝑑𝐿𝑑 (𝑥) 𝑑𝑠 + 1
2
[𝜌𝑎]0

∫ 𝑇

0
𝑢(𝑠, 0) 𝜕𝜑(𝑠, 0)

𝜕𝑥 
𝑑𝑠.

In the final equality, we identify the expression within the brackets as the mild 
solution evaluated at the interface, 𝑢(𝑠, 0), and relabel the integration variables (𝑟, 𝑦)
as (𝑠, 𝑥) to match the standard weak notation. This identity exactly matches the Right
Hand Side of the weak formulation (47), which completes the proof. □

We now establish the converse result to demonstrate the full equivalence between 
the weak and mild solution concepts for Equation (3).
Theorem 3.9. Every weak solution of the SPDE (3) is almost surely equivalent to the 
mild solution.

Proof. Having established in Theorem 3.8 that every mild solution satisfies the weak 
formulation, uniqueness reduces to proving the triviality of the difference 𝑤 := 𝑢1−𝑢2
in 𝐿1

loc (ℝ+ × ℝ) almost surely. Linearity of the weak formulation ensures 𝑤 satisfies 
the homogeneous adjoint system:
∫ 𝑇

0

∫
ℝ★

𝑤(𝑠, 𝑥) [−𝜕𝑠𝜑 − ℒ𝜑] 𝜌(𝑥) 𝑑𝑥 𝑑𝑠 = 1
2
(𝜌2𝑎2−𝜌1𝑎1)

∫ 𝑇

0
𝑤(𝑠, 0)𝜕𝑥𝜑(𝑠, 0) 𝑑𝑠,

(54)
for all 𝜑 ∈ 𝐶∞

𝑐 ([0, 𝑇] ×ℝ). To establish 𝑤 = 0 a.e., fix 𝜓 ∈ 𝐶∞
𝑐

(︁
(0, 𝑇) × (0, +∞)

)︁
and 

let 𝜑 be the unique solution to the dual backward problem

𝜕𝑡𝜑 + 1
2
𝑎2𝜕

2
𝑥𝑥𝜑 = 𝜓.

To eliminate the interface term, define 𝜑̃ := 𝜑𝜒, where 𝜒 ∈ 𝐶∞
𝑐

(︁
(0, 𝑇) × (0,∞)

)︁
is a cutoff function such that 𝜒 ≡ 1 on supp 𝜓. We apply Friedrichs’ space-time 
mollification 𝜑𝜀 := 𝜑̃ ∗ 𝜌𝜀 . For 0 < 𝜀 < dist(supp 𝜒, 𝜕 ((0, 𝑇) × (0, +∞))), the 
support of 𝜑𝜀 is strictly separated from 𝑥 = 0, enforcing vanishing boundary conditions 
𝜑𝜀 (𝑠, 0) = 0 and 𝜕𝑥𝜑𝜀 (𝑠, 0) = 0.

Substituting 𝜑𝜀 into (54), the transmission term vanishes. By the uniform con
vergence of 𝜑𝜀 and its derivatives to 𝜑̃ and the 𝐿2-integrability of 𝑤, the Dominated 
Convergence Theorem as 𝜀 ↓ 0 yields:

∫ 𝑇

0

∫ +∞

0
𝑤(𝑠, 𝑥)

[︃
−𝜕𝑠 𝜑̃(𝑠, 𝑥) −

1
2
𝑎2𝜕

2
𝑥𝑥 𝜑̃(𝑠, 𝑥)

]︃
𝜌2 𝑑𝑥 𝑑𝑠 = 0 a.s.

Since 𝜑̃ = 𝜑 on supp 𝜓 and 𝜑 satisfies the dual PDE, the bracketed term reduces to 
−𝜓(𝑠, 𝑥). Thus, the orthogonality condition becomes:

∫
(0,𝑇 )×(0,+∞)

𝑤(𝑠, 𝑥) 𝜓(𝑠, 𝑥) 𝑑𝜆2(𝑠, 𝑥) = 0 a.s. (55)

Exploiting the topological separability of 𝐶∞
𝑐

(︁
(0, 𝑇) × (0, +∞)

)︁
, this holds for all 

𝜓 outside a null set 𝑁+ ⊂ Ω. By Theorem 1.2.5 in [8] (which asserts that if 𝑓 , 𝑔
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are locally integrable on an open domain 𝑋 satisfying 
∫
𝑋

𝑓 𝜙 𝑑𝑥 =
∫
𝑋
𝑔𝜙 𝑑𝑥 for all 

𝜙 ∈ 𝐶∞
𝑐 (𝑋), then 𝑓 = 𝑔 almost everywhere), it follows that 𝑤 = 0 𝜆2-a.e. on the 

positive half-line (0, 𝑇) × (0, +∞).
A symmetric argument on the negative domain (−∞, 0) yields 𝑤 = 0 𝜆2-a.e. for 

𝜔 ∉ 𝑁− . Since the interface Γ0 = (0, 𝑇) × {0} has Lebesgue measure zero, defining 
𝑁 = 𝑁+ ∪ 𝑁− ensures 𝑤 = 0 𝜆2-a.e. on (0, 𝑇) × ℝ for all 𝜔 ∉ 𝑁 . This establishes 
pathwise uniqueness, completing the proof. □

Remark 5. For the purposes of the regularity analysis presented in the following 
sections, and by utilizing (21) and (25), we can express the mild solution as:

𝑢(𝑡, 𝑥) =
∫ 𝑡

0

∫
ℝ

(𝐼𝑑−𝐺)(𝑡 − 𝑟, 𝑥, 𝑦)𝑑𝐿(𝑦) 𝑑𝑟 =
∫ 𝑡

0

(︃∫
ℝ

(𝐼𝑑−𝐺)(𝜏, 𝑥, 𝑦)𝑑𝐿(𝑦)
)︃

𝑑𝜏.

(56)

4 Solution properties

Beyond well-posedness, a fundamental characterization of the mild solution lies in its 
second-order structure. The following results provide explicit kernels for the covari
ance, which serve as a bridge between the fractional noise geometry and the spatial 
regularity established in the sequel.
Lemma 5. For any 𝑡 > 0 and 𝑥, 𝑧 ∈ ℝ, the covariance of the mild solution 𝑢(𝑡, 𝑥) is 
given in terms of the heat kernel derivatives by:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = − 𝐾𝑑

2 

∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝜕𝐺 (𝑡 − 𝑠1, 𝑥, 𝑦1)
𝜕𝑦1

𝜕𝐺 (𝑡 − 𝑠2, 𝑧, 𝑦2)
𝜕𝑦2

× |𝑦1 − 𝑦2 |2𝑑+1 𝑑𝑦1 𝑑𝑦2 𝑑𝑠1 𝑑𝑠2,

(57)

where 𝐾𝑑 is the constant associated with the covariance of 𝐿𝑑 as defined in (17). 
Equivalently, this covariance admits the following Riesz kernel representation:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = 𝛼𝑑

∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝐺 (𝑡 − 𝑠1, 𝑥, 𝑦1)𝐺 (𝑡 − 𝑠2, 𝑧, 𝑦2)

× |𝑦1 − 𝑦2 |2𝑑−1 𝑑𝑦1 𝑑𝑦2 𝑑𝑠1 𝑑𝑠2,

(58)

where the constant 𝛼𝑑 is defined as 𝛼𝑑 = 𝑑 (2𝑑 + 1)𝐾𝑑 .

Proof. From Theorem 3.6, the mild solution 𝑢(𝑡, 𝑥) admits the almost sure represen
tation:

𝑢(𝑡, 𝑥) = −
∫ 𝑡

0

∫
ℝ

𝐿𝑑 (𝑦1)
𝜕𝐺 (𝑡 − 𝑠1, 𝑥, 𝑦1)

𝜕𝑦1
𝑑𝑦1𝑑𝑠1.

Consequently, the product of the solution at two points (𝑥, 𝑧) is:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] =
∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝜕𝐺1
𝜕𝑦1

𝜕𝐺2
𝜕𝑦2

𝔼[𝐿𝑑 (𝑦1)𝐿𝑑 (𝑦2)]𝑑𝑦1𝑑𝑦2𝑑𝑠1𝑑𝑠2, (59)

where 𝐺1 = 𝐺 (𝑡 − 𝑠1, 𝑥, 𝑦1) and 𝐺2 = 𝐺 (𝑡 − 𝑠2, 𝑧, 𝑦2).



26 S. Lamine et al.

To justify the application of Fubini’s theorem, we verify the absolute integrabil
ity of the integrand. By the Cauchy-Schwarz inequality and the variance structure 
established in Proposition 2.2, we have:

𝔼
[︁
|𝐿𝑑 (𝑦1)𝐿𝑑 (𝑦2) |

]︁
⩽

√︁
𝐾𝑑 |𝑦1 |2𝑑+1 · 𝐾𝑑 |𝑦2 |2𝑑+1 = 𝐾𝑑 |𝑦1 |𝐻𝑑 |𝑦2 |𝐻𝑑 ,

where 𝐻𝑑 = 𝑑 + 1/2. Substituting this into (59) allows us to decouple the integrals. 
Using the standard Gaussian upper bound for the heat kernel derivative, the spatial 
integral ℐ𝑠 :=

∫
ℝ
|𝑦 |𝐻𝑑 |𝜕𝑦𝐺 |𝑑𝑦 satisfies:

ℐ𝑠 ⩽ 𝒞1 (𝑥)(𝑡 − 𝑠)−1/2 + 𝒞2 (𝑡 − 𝑠)−1/2+𝐻𝑑/2.

As 𝑠 → 𝑡, the singularity is of order (𝑡 − 𝑠)−1/2, which is integrable over [0, 𝑡]. 
This confirms the absolute integrability required to invoke Fubini’s theorem.

By substituting the explicit covariance of 𝐿𝑑 from Proposition 2.2 into (59), we 
obtain:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = 𝐾𝑑

2 

∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝜕𝐺1
𝜕𝑦1

𝜕𝐺2
𝜕𝑦2

×
(︂
|𝑦1 |2𝑑+1 + |𝑦2 |2𝑑+1 − |𝑦1 − 𝑦2 |2𝑑+1

)︂
𝑑𝑦1 𝑑𝑦2 𝑑𝑠1 𝑑𝑠2.

(60)

We split the above into three components, 𝐼1, 𝐼2, and 𝐼3. For 𝐼1, associated with 
|𝑦1 |2𝑑+1, the separability of the integrand yields:

𝐼1 =
𝐾𝑑

2 

(︃∫ 𝑡

0

∫
ℝ

|𝑦1 |2𝑑+1 𝜕𝐺1
𝜕𝑦1

𝑑𝑦1𝑑𝑠1

)︃(︃∫ 𝑡

0

∫
ℝ

𝜕𝐺2
𝜕𝑦2

𝑑𝑦2𝑑𝑠2

)︃
.

By the Fundamental Theorem of Calculus, the second factor vanishes because ∫
ℝ
𝜕𝑦2𝐺2 𝑑𝑦2 = 0. By symmetry, 𝐼2 = 0. Thus, the covariance reduces to the derivative 

form (57):

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = 𝐼3 = −𝐾𝑑

2 

∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝜕𝐺1
𝜕𝑦1

𝜕𝐺2
𝜕𝑦2

|𝑦1 − 𝑦2 |2𝑑+1 𝑑𝑦1𝑑𝑦2𝑑𝑠1𝑑𝑠2.

To derive the Riesz form (58), we decompose the spatial domain into 𝐷+ = {𝑦1 >
𝑦2} and 𝐷− = {𝑦1 < 𝑦2}. On 𝐷+, the kernel is classically differentiable. Applying 
integration by parts with respect to 𝑦1:

∫ ∞

𝑦2

𝜕𝑦1𝐺1(𝑦1 − 𝑦2)2𝑑+1𝑑𝑦1 =
[︁
𝐺1(𝑦1 − 𝑦2)2𝑑+1]︁𝑦1=∞

𝑦1=𝑦2

− (2𝑑 + 1)
∫ ∞

𝑦2

𝐺1(𝑦1 − 𝑦2)2𝑑𝑑𝑦1.

The boundary term at the diagonal vanishes since 2𝑑 + 1 > 0, and the term at 
infinity vanishes by Gaussian decay. A symmetric argument for 𝐷− and a subsequent 
integration by parts with respect to 𝑦2 utilizes the identity:

𝜕2

𝜕𝑦1𝜕𝑦2
|𝑦1 − 𝑦2 |2𝑑+1 = −(2𝑑 + 1)(2𝑑) |𝑦1 − 𝑦2 |2𝑑−1,
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which holds pointwise in 𝐷+ ∪ 𝐷− . Since the diagonal 𝑦1 = 𝑦2 is a null set, and 
accounting for the negative signs from the IPP formula and the original expression, 
we arrive at the representation:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = 𝛼𝑑

∫ 𝑡

0

∫ 𝑡

0

∬
ℝ2

𝐺1𝐺2 |𝑦1 − 𝑦2 |2𝑑−1 𝑑𝑦1𝑑𝑦2𝑑𝑠1𝑑𝑠2.

The integral is finite as the Riesz kernel |𝑦1 − 𝑦2 |2𝑑−1 is locally integrable for 𝑑 > 0
(since 2𝑑 − 1 > −1), and the global convergence is ensured by the exponential spatial 
decay and temporal integrability of the heat kernels. □

Remark 6. It is instructive to compare our covariance structure with the results ob
tained in [18] for the standard Laplacian. In a homogeneous medium, where 𝑎1 = 𝑎2
and 𝜌1 = 𝜌2, the transmission parameter 𝛽 defined in (27) vanishes identically. In this 
limit, the fundamental solution 𝐺 (𝑡, 𝑥, 𝑦) collapses to the standard Gaussian heat ker

nel 𝑝(𝑎1𝑡, 𝑥 − 𝑦) = 1 
√

2𝜋𝑎1𝑡
exp

(︃
− (𝑥 − 𝑦)2

2𝑎1𝑡 

)︃
. Consequently, the representation (58)

reduces to the classical covariance of the heat equation driven by space-only fractional 
noise on the real line. The structural novelty of (58) thus resides in the interplay 
between the spatial correlation of the fractional Lévy noise and the interface-induced 
reflections. The parameters 𝑎𝑖 and 𝜌𝑖 effectively ``refract'' the noise correlation as it 
propagates across the origin, a phenomenon analytically captured by the skew-diffusion 
terms in our Green’s function profile.

In addition to the general representations established above, the specific geometry 
of the Green’s function allows for a more explicit characterization of the covariance 
kernel. By performing the temporal integration analytically, the covariance is reduced 
from a complex space-time iterated integral to a standard double spatial representation 
involving effective diffusion paths. Based on this analytical reduction, we obtain the 
following result.
Corollary 4.1. For any fixed 𝑡 > 0 and 𝑥, 𝑧 ∈ ℝ, the covariance 𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)]
admits the following spatial representation:

𝔼[𝑢(𝑡, 𝑥)𝑢(𝑡, 𝑧)] = −𝐾𝑑

2 

∬
ℝ2

ℎ(𝑡, 𝑥, 𝑦1)ℎ(𝑡, 𝑧, 𝑦2) |𝑦1 − 𝑦2 |2𝑑+1 𝑑𝑦1𝑑𝑦2, (61)

where for all (𝑥, 𝑦) ∈ ℝ2, the kernel ℎ is defined by:

ℎ(𝑡, 𝑥, 𝑦) = 1 
𝑎(𝑦)

[︃
sign( 𝑓 (𝑥) − 𝑓 (𝑦)) erfc

(︃
| 𝑓 (𝑥) − 𝑓 (𝑦) |

√
2𝑡

)︃

−𝛽sign(| 𝑓 (𝑥) | + | 𝑓 (𝑦) |) erfc
(︃
| 𝑓 (𝑥) | + | 𝑓 (𝑦) |

√
2𝑡

)︃]︃
.

Proof. By Lemma 5, the covariance is expressed through the spatial derivatives of 
the Green’s function. Applying Fubini’s theorem to decouple the temporal and spatial 
integrals, we obtain (61) with:

ℎ(𝑡, 𝑥, 𝑦) =
∫ 𝑡

0

𝜕𝐺 (𝑠, 𝑥, 𝑦)
𝜕𝑦 

𝑑𝑠.
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According to Lemma 1, for 𝑦 ≠ 0, the partial derivative of 𝐺 is given by:

𝜕𝐺 (𝑠, 𝑥, 𝑦)
𝜕𝑦 

=
1 

𝑎(𝑦)

[︃
−𝜕𝑝

𝜕𝑧 
(𝑠, 𝐴(𝑥, 𝑦)) + 𝛽

𝜕𝑝

𝜕𝑧 
(𝑠, 𝐵(𝑥, 𝑦))

]︃
, (62)

where 𝐴 and 𝐵 are defined in (30). To evaluate the time integral, we utilize the 
following identity for the derivative of the standard heat kernel 𝑝(𝑠, 𝑧), which holds 
for all 𝑧 ∈ ℝ and 𝑠 > 0:

∫ 𝑡

0

𝜕𝑝

𝜕𝑧 
(𝑠, 𝑧)𝑑𝑠 = −sign(𝑧) erfc

(︃
|𝑧 | 
√

2𝑡

)︃
. (63)

We now integrate each term of (62) over 𝑠 ∈ [0, 𝑡]:

• First term: Substituting 𝑧 = 𝐴(𝑥, 𝑦) into the identity (63) yields:
∫ 𝑡

0
−𝜕𝑝

𝜕𝑧 
(𝑠, 𝐴)𝑑𝑠 = −

[︃
−sign(𝐴) erfc

(︃
|𝐴| 
√

2𝑡

)︃]︃

= sign( 𝑓 (𝑥) − 𝑓 (𝑦)) erfc
(︃
| 𝑓 (𝑥) − 𝑓 (𝑦) |

√
2𝑡

)︃
.

• Second term: Substituting 𝑧 = 𝐵(𝑥, 𝑦) into the identity (63) yields:
∫ 𝑡

0
𝛽
𝜕𝑝

𝜕𝑧 
(𝑠, 𝐵)𝑑𝑠 = 𝛽

[︃
−sign(𝐵) erfc

(︃
|𝐵| 
√

2𝑡

)︃]︃

= −𝛽sign(| 𝑓 (𝑥) | + | 𝑓 (𝑦) |) erfc
(︃
| 𝑓 (𝑥) | + | 𝑓 (𝑦) |

√
2𝑡

)︃
.

Combining these two components results in the expression for ℎ(𝑡, 𝑥, 𝑦) provided in 
the statement. Note that while the derivative 𝜕𝑦𝐺 is formally defined for 𝑦 ≠ 0, the 
resulting kernel ℎ is well-defined and continuous across the interface for all (𝑥, 𝑦) ∈ ℝ2, 
confirming the validity of the representation. □

Remark 7. The explicit representation in Corollary 4.1 constitutes a significant analyt
ical refinement over the general covariance structure established in preceding results. 
By performing the temporal integration analytically, the covariance is reduced from 
a complex space-time iterated integral to a standard double spatial integral involving 
the closed-form kernel ℎ(𝑡, 𝑥, 𝑦). This characterization is particularly beneficial as it 
provides an explicit mapping of how the transmission parameter 𝛽 and the diffusion 
coefficients 𝑎(𝑦) locally distort the fractional noise correlation. While previous rep
resentations define the covariance implicitly through the fundamental solution, this 
result isolates the structural influence of the interface into a single, computable spatial 
profile defined by the complementary error function.

4.1 Spatial sample path regularity
In this section, we establish the Hölder continuity of the spatial sample paths of the 
mild solution. The regularity is determined by the competition between the roughness 
of the Lévy noise and the smoothing effect of the fractionalized heat kernel.
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Theorem 4.2. Let 𝑢(𝑡, 𝑥) be the mild solution to the fractional SPDE (3). For any 
fixed 𝑡 ∈ (0, 𝑇]: The stochastic process 𝑥 ↦→ 𝑢(𝑡, 𝑥) possesses a modification which is 
almost surely locally Hölder continuous on any compact set 𝐾 ⊂ ℝ with exponent 𝛾
for all:

𝛾 < 𝑑. (64)

Proof. The proof proceeds by establishing a sharp 𝐿2(Ω) estimate for the spatial 
increments of the mild solution, followed by the application of the Kolmogorov
Chentsov continuity criterion.
Step 1: Applying the 𝐿2-isometry established in (12) to the stochastic integral repre
sentation (56), we evaluate the second moment of the spatial increment as:

𝔼|Δ𝑥,𝑧𝑢(𝑡) |2 = 𝒞2
𝐿

∫
ℝ

⃓⃓⃓
⃓
∫ 𝑡

0
𝑔(𝜏, 𝑥, 𝑧, 𝑦) 𝑑𝜏

⃓⃓⃓
⃓
2
𝑑𝑦, (65)

where 𝒞2
𝐿 is the variance constant defined in (8). To decouple the temporal and spatial 

dependencies, we apply Minkowski’s integral inequality, which yields:(︄∫
ℝ

⃓⃓⃓
⃓
∫ 𝑡

0
𝑔(𝜏, 𝑥, 𝑧, 𝑦) 𝑑𝜏

⃓⃓⃓
⃓
2
𝑑𝑦

)︄1/2

⩽

∫ 𝑡

0

(︃∫
ℝ

|𝑔(𝜏, 𝑥, 𝑧, 𝑦) |2 𝑑𝑦

)︃1/2
𝑑𝜏

=
∫ 𝑡

0
∥𝑔(𝜏, 𝑥, 𝑧, ·)∥𝐿2 (ℝ) 𝑑𝜏.

(66)

By squaring (66) and applying the Cauchy-Schwarz inequality to the resulting temporal 
integral over [0, 𝑡], we conclude:

𝔼|Δ𝑥,𝑧𝑢(𝑡) |2 ⩽ 𝒞2
𝐿 · 𝑡

∫ 𝑡

0
∥𝑔(𝜏, 𝑥, 𝑧, ·)∥2

𝐿2 (ℝ) 𝑑𝜏. (67)

Step 2: We decompose the kernel difference as 𝑔(𝜏, 𝑥, 𝑧, 𝑦) = 𝑔main + Δ𝑥,𝑧ℛ;

𝑔main =
𝜏 (𝑑−1)/2√︁

𝑎(𝑦)

[︃
Δ𝑥,𝑧𝐾−

(︃
𝑓 (𝑦)
√
𝜏

)︃
+ 𝛽 sign(𝑦)Δ𝑥,𝑧𝐾+

(︃
| 𝑓 (𝑦) |
√
𝜏

)︃]︃
, (68)

where the kernel differences are defined as:

Δ𝑥,𝑧𝐾− :=
∫ ∞

0

[︃
𝜑

(︃
𝑓 (𝑦) − 𝑓 (𝑥)

√
𝜏

− 𝑤

)︃
− 𝜑

(︃
𝑓 (𝑦) − 𝑓 (𝑧)

√
𝜏

− 𝑤

)︃]︃
𝑤𝑑−1

Γ(𝑑) 𝑑𝑤,

Δ𝑥,𝑧𝐾+ :=
∫ ∞

0

[︃
𝜑

(︃
| 𝑓 (𝑦) | − | 𝑓 (𝑥) |

√
𝜏

+ 𝑤

)︃
− 𝜑

(︃
| 𝑓 (𝑦) | − | 𝑓 (𝑧) |

√
𝜏

+ 𝑤

)︃]︃
𝑤𝑑−1

Γ(𝑑) 𝑑𝑤,

and

Δ𝑥,𝑧ℛ :=

{︄
0 if 𝑦 > 0
ℛ(𝑥, 𝑦, 𝜏) −ℛ(𝑧, 𝑦, 𝜏) if 𝑦 < 0,

(69)

with

ℛ(𝑥, 𝑦, 𝜏) =
𝑧𝑑1,𝑥

2Γ(𝑑) 𝜑
(︃

𝐴(𝑥, 𝑦)
√
𝜏

− 𝑧1,𝑥

)︃
+

𝑧𝑑2,𝑥
2Γ(𝑑)

[︁
𝜑(𝛼𝑥 − 𝑧2,𝑥) + 𝛽𝜑(𝜇𝑥 + 𝑧2,𝑥)

]︁
.
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Here, 𝑧𝑖,𝑥 = −𝑦/√𝑎𝑖𝜏, 𝛼𝑥 = ( 𝑓 (𝑥) − 𝑦/√𝑎2)/
√
𝜏, and 𝜇𝑥 = (| 𝑓 (𝑥) | + 𝑦/√𝑎2)/

√
𝜏. 

These expressions are derived directly from Lemma 3 by applying the Fundamental 
Theorem of Calculus to the truncated integrals: the difference (𝐼𝑑−𝐺)(𝑥) − (𝐼𝑑−𝐺)(𝑧)
isolates the bulk behavior (𝑔main) from the boundary contributions evaluated at the 
interface-dependent limits 𝐿(𝜏) = −𝑦/√𝑎1𝜏 and 𝜆(𝜏) = −𝑦/√𝑎2𝜏.

Applying the inequality (𝑎 + 𝑏)2 ⩽ 2𝑎2 + 2𝑏2, we obtain

∥𝑔main∥2
𝐿2 (ℝ) ⩽ 𝐶𝜏𝑑−1𝛿𝐽 (𝜃),

with

𝐽 (𝜃) :=
√
𝜃∥(𝐾− + 𝛽 sign(𝑦)𝐾+)(· + 𝜃−1/2) − (𝐾− + 𝛽 sign(𝑦)𝐾+)(·)∥2

𝐿2 , (70)

where 𝛿 = | 𝑓 (𝑥) − 𝑓 (𝑧) | and 𝜃 = 𝜏/𝛿2.
To bound the residual increment Δ𝑥,𝑧ℛ, we perform the change of variables 

𝜉 = −𝑦/
√
𝜏, which maps the integration domain (−∞, 0) to (0,∞).

Linearizing the increment Δ𝑥,𝑧𝜑 via the Mean Value Theorem introduces the 
spatial scaling factor 𝛿/

√
𝜏. The residual bound is then:

∫ 0

−∞
|Δ𝑥,𝑧ℛ|2𝑑𝑦 =

√
𝜏

∫ ∞

0
|Δ𝑥,𝑧ℛ|2𝑑𝜉 ⩽ 𝐶

√
𝜏

(︃
𝛿
√
𝜏

)︃2 ∫ ∞

0
𝜉2𝑑 |𝜑′ (. . . ) |2𝑑𝜉.

Given that 𝜉2𝑑 |𝜑′ |2 is integrable, the integral yields a constant. Substituting 𝛿/
√
𝜏 =

𝜃−1/2, we obtain: ∫ 0

−∞
|Δ𝑥,𝑧ℛ|2𝑑𝑦 ⩽ 𝐶𝛿𝐽 (𝜃).

Combining the main kernel scaling and residual bounds, ∥𝑔∥2
𝐿2 (ℝ) ⩽ 𝐶′𝜏𝑑−1𝛿𝐽 (𝜃)

holds for all 𝑦, where 𝐶′ = 12√𝑎max/𝑎min. Substituting this into the isometry (67) and 
setting 𝜏 = 𝛿2𝜃 yields:

𝔼|Δ𝑥,𝑧𝑢(𝑡) |2 ⩽ 𝛿2𝑑+1 𝐶
′𝒞2

𝐿𝑡
√
𝑎max

𝑎min

∫ 𝑡/𝛿2

0
𝜃𝑑−1𝐽 (𝜃) 𝑑𝜃. (71)

Step 3: We evaluate the integral ℐ (𝛿) =
∫ 𝑡/𝛿2

0
𝜃𝑑−1𝐽 (𝜃) 𝑑𝜃 by analyzing the asymp

totic behavior of the integrand across two distinct regimes. Throughout this step, we 
denote

𝒦 := 𝐾− + 𝛽 sign(𝑦)𝐾+.

1. The Small-Scale Regime (𝜃 → 0): Applying Properties 1 and 3 of Lemma 6 to the 
composite kernel 𝒦, we have

∥𝒦(· + ℎ) −𝒦(·)∥2
𝐿2 ⩽ 2∥𝒦∥2

𝐿2 .

This implies:

𝐽 (𝜃) =
√
𝜃∥𝒦(· + 𝜃−1/2) −𝒦(·)∥2

𝐿2 ⩽ 2∥𝒦∥2
𝐿2

√
𝜃. (72)
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Consequently, near the origin, the integrand satisfies 𝜃𝑑−1𝐽 (𝜃) ⩽ 𝐶𝜃𝑑−1/2. Since 

𝑑 > 0, the exponent 𝑑 − 1/2 > −1, which ensures that the integral 
∫ 1

0
𝜃𝑑−1𝐽 (𝜃)𝑑𝜃

converges to a finite constant 𝒞1 independent of 𝛿.

2. The Large-Scale Regime (𝜃 → ∞): For large 𝜃, the spatial shift ℎ = 𝜃−1/2 vanishes. 
Invoking Property 4 of Lemma 6 for 𝒦, we get:

𝐽 (𝜃) ⩽
√
𝜃
(︂
∥𝒦′ ∥2

𝐿2 (𝜃−1/2)2
)︂
= ∥𝒦′ ∥2

𝐿2𝜃
−1/2. (73)

The integrand for the tail behavior is thus bounded by 𝜃𝑑−1 · 𝜃−1/2 = 𝜃𝑑−3/2. For 
𝑑 < 1/2, we have 𝑑−3/2 < −1, which guarantees the convergence of the tail integral:

∫ 𝑡/𝛿2

1
𝜃𝑑−1𝐽 (𝜃)𝑑𝜃 ⩽ ∥𝒦′ ∥2

𝐿2

∫ ∞

1
𝜃𝑑−3/2𝑑𝜃 =

∥𝒦′ ∥2
𝐿2

1/2 − 𝑑
< ∞.

Combining these results, the integral ℐ (𝛿) remains bounded by a constant 𝐶̃ that 
is independent of 𝛿 as 𝛿 → 0. Substituting this into (71), we conclude:

𝔼|Δ𝑥,𝑧𝑢(𝑡) |2 ⩽ 𝐶 (𝑡)𝛿2𝑑+1ℐ (𝛿) ⩽ 𝐶̃ (𝑡)𝛿2𝑑+1. (74)

Step 4: From (74), we have:

𝔼|Δ𝑥,𝑧𝑢(𝑡) |2 ⩽ 𝐶̃ (𝑡) | 𝑓 (𝑥) − 𝑓 (𝑧) |2𝑑+1. (75)

Note that the mapping 𝑓 is globally Lipschitz continuous with

| 𝑓 (𝑥) − 𝑓 (𝑧) | ⩽ 𝑎−1/2
min |𝑥 − 𝑧 |.

Substituting this Lipschitz bound into (75) yields the final moment estimate in the 
Euclidean metric:

𝔼|𝑢(𝑡, 𝑥) − 𝑢(𝑡, 𝑧) |2 ⩽ 𝐶∗(𝑡) |𝑥 − 𝑧 |2𝑑+1, (76)

where 𝐶∗(𝑡) = 𝐶̃ (𝑡)𝑎−(𝑑+1/2)
min .

Applying the Kolmogorov-Chentsov theorem, there exists a modification of the 
process 𝑥 ↦→ 𝑢(𝑡, 𝑥) that is almost surely Hölder continuous with exponent 𝛾 for any 
𝛾 < 𝑑. □

Remarks 4.3. Theorem 4.2 prompts three main structural and physical observations 
regarding the fine-scale behavior of the mild solution:

1. It is noteworthy that the presence of the interface at 𝑥 = 0 and the discontinuity 
of the diffusion coefficient 𝑎(𝑥) do not degrade the Hölder regularity of the 
solution. The smoothing effect of the generalized fractional operator (𝐼𝑑−𝐺)
remains robust across the entire domain, ensuring that the sample path continuity 
is precisely governed by the fractional order of the driving noise.
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2. From an analytical and physical viewpoint, the fact that the spatial exponent 𝛾
remains completely independent of the transmission parameter 𝛽 reflects a fun
damental separation of scales. Hölder continuity is an intrinsically microscopic, 
high-frequency property that characterises the infinitesimal fluctuations of the 
random field. Conversely, the parameter 𝛽 governs a macroscopic transmission 
condition, maintaining the global massflux balance and regulating how diffu
sion paths refract or reflect across the origin. As the spatial increment scale 
shrinks (|𝑥 − 𝑧 | → 0), the localized regularizing mechanism of the fractional
ized heat kernel dominates the path dynamics entirely. The boundary reflections 
induced by 𝛽 merely alter the directional amplitude and the localized variance 
profile of the noise propagation, acting as a bounded residual factor that leaves 
the intrinsic fractal dimension of the sample paths unaffected.

3. While Theorem 4.2 guarantees that the sample paths remain Hölder continuous 
everywhere up to order 𝑑 (including at the interface), a distinct and challeng
ing question arises regarding the mathematical proof of sharpness exactly at 
𝑥0 = 0. At this transmission boundary, the localization technique deployed in 
the proof of Theorem 4.2 no longer applies because the boundary residual incre
ment Δ𝑥,𝑧ℛ does not vanish; rather, the direct singular kernel and the reflected 
components interact non-trivially, balanced by the transmission coefficient 𝛽. 
Investigating whether the exponent 𝑑 remains strictly optimal at 𝑥0 = 0 or if 
the interface induces a fine-scale smoothing effect constitutes a perspective for 
future research.
Regarding the general case, the exponent 𝛾 < 𝑑 represents the sharpest upper 
bound derivable from our current stochastic integral representation. Establish
ing its strict optimality remains a delicate open question. Specifically, estab
lishing a rigorous pathwise lower bound would require two main analytical 
steps: first, deriving a sharp local lower estimate for the incremental variance 
of the form 𝔼|𝑢(𝑡, 𝑥) − 𝑢(𝑡, 𝑧) |2 ≥ 𝐶 (𝑥0) |𝑥 − 𝑧 |2𝑑+1 on compact subdomains 
𝐾 (𝑥0) ⊂ ℝ∗ centered at a fixed spatial reference point 𝑥0 ≠ 0 away from the 
interface 𝑥0 = 0 by showing that the direct singular kernel strictly dominates 
boundary reflection perturbations; and second, applying sample-path transfer 
mechanisms—such as demonstrating the divergence of the fractional Sobolev 
norm 𝔼[[𝑢(𝑡, ·)]2

𝑊𝑑+1/2,2 (𝐾 (𝑥0 ) )
] = +∞ or utilizing anti-concentration bounds 

for non-Gaussian noise—to convert this second-moment behavior into almost 
sure sample-path non-regularity. Such fine-scale pathwise lower estimates are 
beyond the scope of this work.

4.2 Temporal sample path regularity

In this section, we establish the Hölder continuity of the mild solution with respect to 
the temporal variable.

Theorem 4.4. Let 𝑢(𝑡, 𝑥) be the mild solution to (3) driven by the fractional Lévy 
noise 𝐿𝑑 with 𝑑 ∈ (0, 1/2). For any fixed 𝑥 ∈ ℝ and 𝑇 > 0: The process 𝑡 ↦→ 𝑢(𝑡, 𝑥)
admits a modification which is almost surely locally Hölder continuous on [0, 𝑇] with 

exponent 𝛽 for all: 𝛽 <
2𝑑 + 1

4 
.
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Proof. Fix 𝑥 ∈ ℝ and let 0 ⩽ 𝑠 < 𝑡 ⩽ 𝑇 . We define the temporal increment Δ𝑠,𝑡𝑢(𝑥) :=
𝑢(𝑡, 𝑥) − 𝑢(𝑠, 𝑥). Using the representation in Remark 5, we decompose the increment 
as:

Δ𝑠,𝑡𝑢(𝑥) =
∫ 𝑡

𝑠

(︃∫
ℝ

(𝐼𝑑−𝐺)(𝑡 − 𝑟, 𝑥, 𝑦) 𝑑𝐿(𝑦)
)︃

𝑑𝑟

+
∫ 𝑠

0

(︃∫
ℝ

[︁
(𝐼𝑑−𝐺)(𝑡 − 𝑟, 𝑥, 𝑦) − (𝐼𝑑−𝐺)(𝑠 − 𝑟, 𝑥, 𝑦)

]︁
𝑑𝐿(𝑦)

)︃
𝑑𝑟

:= 𝒯𝐴(𝑠, 𝑡) + 𝒯𝐵 (𝑠, 𝑡).

By the triangle inequality in 𝐿2(Ω), we estimate each term independently.

Step 1: Estimation of 𝒯𝐴. Proceeding as in the spatial regularity analysis, we apply 
the Stochastic Fubini Theorem and the Itô isometry for Lévy martingales. Utilizing 
Minkowski’s integral inequality, we have:

∥𝒯𝐴(𝑠, 𝑡)∥𝐿2 (Ω) ⩽ 𝒞𝐿
∫ 𝑡

𝑠
∥(𝐼𝑑−𝐺)(𝑡 − 𝑟, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝑟.

By invoking the 𝐿2(ℝ) temporal scaling bound established in Theorem 3.2, the integral 
becomes:

∥𝒯𝐴(𝑠, 𝑡)∥𝐿2 (Ω) ⩽ 𝐶

∫ 𝑡−𝑠

0
𝜎

2𝑑−1
4 𝑑𝜎 = 𝐶 (𝑡 − 𝑠)

2𝑑+3
4 .

Step 2: Estimation of 𝒯𝐵. Let 𝛿 = 𝑡 − 𝑠 > 0. Following the same procedure as in Step 
1, we utilize the linearity of the stochastic integral and the isometry property to write:

∥𝒯𝐵 (𝑠, 𝑡)∥𝐿2 (Ω) ⩽ 𝒞𝐿
∫ 𝑠

0
∥(𝐼𝑑−𝐺)(𝑡 − 𝑟, 𝑥, ·) − (𝐼𝑑−𝐺)(𝑠 − 𝑟, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝑟.

By performing the change of variables 𝜃 = 𝑠 − 𝑟 , we obtain:

∥𝒯𝐵 (𝑠, 𝑡)∥𝐿2 (Ω) ⩽ 𝒞𝐿
∫ 𝑠

0
∥(𝐼𝑑−𝐺)(𝜃 + 𝛿, 𝑥, ·) − (𝐼𝑑−𝐺)(𝜃, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝜃

= 𝒞𝐿 (𝐽1 + 𝐽2) ;

𝐽1 =
∫ 𝛿

0
∥(𝐼𝑑−𝐺)(𝜃 + 𝛿, 𝑥, ·) − (𝐼𝑑−𝐺)(𝜃, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝜃, 𝐽2

=
∫ 𝑠

𝛿
∥(𝐼𝑑−𝐺)(𝜃 + 𝛿, 𝑥, ·) − (𝐼𝑑−𝐺)(𝜃, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝜃.

Using the triangle inequality and the 𝐿2-scaling bound from Theorem 3.2:

𝐽1 ⩽ 𝐶

∫ 𝛿

0

(︂
(𝜃 + 𝛿)

2𝑑−1
4 + 𝜃

2𝑑−1
4 

)︂
𝑑𝜃 ⩽ 𝐶

∫ 2𝛿

0
𝜏

2𝑑−1
4 𝑑𝜏 = 𝐶𝛿

2𝑑+3
4 .

By applying the Mean Value Theorem and using Corollary 3.5, we obtain:

𝐽2 = 𝒞𝐿
∫ 𝑠

𝛿
∥(𝐼𝑑−𝐺)(𝜃 + 𝛿, 𝑥, ·) − (𝐼𝑑−𝐺)(𝜃, 𝑥, ·)∥𝐿2 (ℝ) 𝑑𝜃
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⩽ 𝒞𝐿
∫ 𝑠

𝛿

(︄∫ 𝜃+𝛿

𝜃

⃦⃦⃦
⃦ 𝜕

𝜕𝜙
(𝐼𝑑−𝐺)(𝜙, 𝑥, ·)

⃦⃦⃦
⃦
𝐿2 (ℝ)

𝑑𝜙

)︄
𝑑𝜃

⩽ 𝐶

∫ 𝑠

𝛿

(︃∫ 𝜃+𝛿

𝜃
𝜙

2𝑑−5
4 𝑑𝜙

)︃
𝑑𝜃.

Since the function 𝜙 ↦→ 𝜙
2𝑑−5

4 is decreasing for 𝜙 > 0, the inner integral is bounded 
by 𝛿𝜃

2𝑑−5
4 . Consequently:

𝐽2 ⩽ 𝐶𝛿

∫ 𝑠

𝛿
𝜃

2𝑑−5
4 𝑑𝜃 ⩽ 𝐶𝛿

[︂
𝜃

2𝑑−1
4 

]︂𝑠
𝛿
⩽ 𝐶𝛿 · 𝛿

2𝑑−1
4 = 𝐶𝛿

2𝑑+3
4 .

Combining the estimates for 𝐽1 and 𝐽2, we conclude that

∥𝒯𝐵 (𝑠, 𝑡)∥𝐿2 (Ω) ⩽ 𝐶 |𝑡 − 𝑠 |
2𝑑+3

4 .

Step 3: Conclusion. Combining the estimates for 𝒯𝐴 and 𝒯𝐵, we establish the 𝐿2(Ω)
moment bound:

𝔼|𝑢(𝑡, 𝑥) − 𝑢(𝑠, 𝑥) |2 ⩽ 𝐶 |𝑡 − 𝑠 |
2𝑑+3

2 .

By the Kolmogorov-Chentsov continuity criterion, the sample paths are almost surely 

Hölder continuous with exponent 𝛽 <
2𝑑+3

2 −1
2 = 2𝑑+1

4 . □

Remark 8. Theorem 4.4 raises critical considerations regarding the boundary behav
ior and the sharpness of the temporal Hölder exponent 𝛽:

1. When the observation point lies exactly on the transmission interface (𝑥0 = 0), 
the geometric configuration alters the asymptotic balance. Specifically, the re
flected component of the kernel no longer exhibits the exponential damping 
effect that prevails in the bulk of the domain. Consequently, the reflected 
term cannot be treated as a higher-order non-singular perturbation of order 
𝒪

(︁
|𝑡 − 𝑠 |2

)︁
. Instead, the direct and reflected kernel components merge at the 

same asymptotic scale. This constructive interaction modifies the structural con
stant 𝐶 (𝑠) through the transmission coefficient 𝛽, highlighting the complex role 
of the interface matching conditions on local sample path dynamics.

2. Regarding the optimality of the exponent 𝛽 < (2𝑑 + 1)/4, this bound represents 
the sharpest upper limit derivable from our current stochastic integral represen
tation. Establishing strict pathwise optimality remains a delicate open question. 
A rigorous lower bound proof would necessitate a precise variance estimate 
that accounts for the intricate interplay between the direct and reflected ker
nel components under the interface matching conditions described in item (i). 
Such an analysis is beyond the scope of this work and constitutes an interesting 
perspective for future investigation.

4.3 Illustrative example: truncated symmetric 𝛼-stable fractional noise
To illustrate the concrete applicability of our abstract framework, we consider the case 
where the driving fractional Lévy noise 𝐿𝑑 is constructed from a truncated symmetric 
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𝛼-stable process 𝐿(𝑡) = 𝑍𝛼,𝑅 (𝑡) on ℝ, with stability index 𝛼 ∈ (1, 2) and a fixed 
maximum jump size 𝑅 > 0.

This localized jump process perfectly satisfies every structural hypothesis formu
lated in our main framework:

1. The process 𝑍𝛼,𝑅 possesses no Brownian component and its Lévy measure 
𝜈𝑅 (𝑑𝑥) is obtained by restricting the standard symmetric 𝛼-stable measure to 
the compact domain [−𝑅, 𝑅]:

𝜈𝑅 (𝑑𝑥) = 𝐴𝛼 |𝑥 |− (1+𝛼)1{|𝑥 |⩽𝑅} 𝑑𝑥, where 𝐴𝛼 =
Γ(𝛼 + 1) sin

(︁
𝜋𝛼
2 
)︁

𝜋
. (77)

Here, 𝐴𝛼 is the standard density normalization constant for the Lévy measure 
of a symmetric 𝛼-stable process (see Sato [20, Example 14.7]). We note that 𝐴𝛼

is directly related to the tail-asymptotic constant 𝐶𝛼 = 1−𝛼 
Γ(2−𝛼) cos(𝜋𝛼/2) given in 

Samorodnitsky and Taqqu [19, Property 1.2.15] via the identity 𝐴𝛼 = 𝛼
2 𝐶𝛼.

Because 𝜈𝑅 supported on a compact set, the outer second-moment condition (4)
is holds trivially: ∫

|𝑥 |>1
𝑥2𝜈𝑅 (𝑑𝑥) =

∫
1< |𝑥 |⩽𝑅

𝑥2𝜈𝑅 (𝑑𝑥) < ∞. (78)

2. Due to the strict spatial symmetry of the truncated measure 𝜈𝑅 (𝑑𝑥) around 
the origin, the integrated drift component satisfies 𝛾 = −

∫
|𝑥 |>1 𝑥𝜈𝑅 (𝑑𝑥) = 0. 

Consequently, the centering condition 𝔼[𝐿(1)] = 0 holds, and the characteristic 
exponent 𝜓(𝑢) defined in (7) simplifies directly to the real-valued form:

𝜓(𝑢) =
∫ 𝑅

−𝑅
(cos(𝑢𝑥) − 1) 𝜈𝑅 (𝑑𝑥). (79)

3. The micro-structural variance constant 𝒞2
𝐿 required by the noise 𝐿2-isometry (8)

is strictly finite. Since 𝛼 < 2, direct integration yields the explicit value:

𝒞2
𝐿 =

∫
ℝ

𝑥2𝜈𝑅 (𝑑𝑥) = 2𝐴𝛼

∫ 𝑅

0
𝑥1−𝛼 𝑑𝑥 =

2𝐴𝛼𝑅
2−𝛼

2 − 𝛼 
< +∞. (80)

This explicit expression for 𝒞2
𝐿 can be directly substituted into the variance upper 

bounds of Theorems 4.2 and 4.4, thereby providing a fully explicit parameterization 
of the Hölder regularity constants for non-Gaussian jump models.

5 Appendix

Lemma 6. Let 𝑑 ∈ (0, 1/2). Let 𝒦 : ℝ → ℝ be the kernel defined by the right
sided Riemann-Liouville fractional integral of the standard Gaussian density 𝜙0(𝑥) =
(2𝜋)−1/2𝑒−𝑥

2/2:

𝒦(𝜂) :=
1 

Γ(𝑑)

∫ ∞

𝜂
𝜙0 (𝜁)(𝜁 − 𝜂)𝑑−1𝑑𝜁 . (81)

The following properties hold and uniquely justify the spatial regularity of the mild 
solution:
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1. 𝒦 ∈ 𝐿2(ℝ) ∩ 𝐿∞(ℝ). It is non-negative, symmetric (𝒦(𝜂) = 𝒦(−𝜂)), and 
unimodal.

2. The function 𝜙(ℎ) := ∥𝒦(· + ℎ) − 𝒦(·)∥2
𝐿2 (ℝ) is strictly non-decreasing for 

ℎ ∈ [0,∞).

3. For all ℎ ∈ ℝ, 𝜙(ℎ) ⩽ 2∥𝒦∥2
𝐿2 .

4. 𝒦 is globally Lipschitz continuous with 𝒦′ ∈ 𝐿2(ℝ), satisfying

𝜙(ℎ) ⩽ ℎ2∥𝒦′ ∥2
𝐿2 .

Proof. 1. By the substitution 𝑢 = 𝜁 − 𝜂, we can write the kernel as a convolution 

𝒦 = 𝜙0 ∗ 𝜌𝑑 , where 𝜌𝑑 (𝑢) =
1 

Γ(𝑑) 𝑢
𝑑−11{𝑢>0} denotes the weighted power-law 

kernel.
As the convolution of a symmetric unimodal Gaussian density and a decreasing 

power-law kernel, 𝒦 inherits non-negativity and unimodality. Since 𝜙0 ∈ 𝐿1(ℝ) ∩
𝐿∞(ℝ) and 𝜌𝑑 is locally integrable with power-law decay at the origin and infinity, 
Young’s inequality for convolutions ensures 𝒦 ∈ 𝐿2(ℝ) ∩ 𝐿∞(ℝ). Symmetry follows 
from the properties of the Riemann-Liouville integral of the Gaussian.

2. Expanding the square, we obtain:

𝜙(ℎ) =
∫
ℝ

𝒦(𝜉 + ℎ)2𝑑𝜉 +
∫
ℝ

𝒦(𝜉)2𝑑𝜉 − 2
∫
ℝ

𝒦(𝜉 + ℎ)𝒦(𝜉)𝑑𝜉 = 2∥𝒦∥2
𝐿2 − 2𝑅𝒦(ℎ),

(82)
where 𝑅𝒦(ℎ) =

∫
ℝ

𝒦(𝜉+ℎ)𝒦(𝜉)𝑑𝜉 is the autocorrelation of 𝒦. We now invoke Theo
rem 1.6 in [6], which establishes that the class of symmetric unimodal distributions is 
closed under convolution. Since 𝒦 is symmetric and unimodal, its convolution with its 
reflection is also symmetric and unimodal about the origin. Consequently, 𝑅𝒦 attains 
its maximum at ℎ = 0 and is non-increasing for ℎ > 0. It follows from (82) that 𝜙(ℎ)
is non-decreasing for ℎ ∈ [0,∞).

3. Since the kernel 𝒦 is non-negative (as the convolution of the Gaussian 𝜙0 and 
the power-law kernel 𝜌𝑑), its autocorrelation 𝑅𝒦(ℎ) is non-negative for all ℎ ∈ ℝ. 
Applying thisto (82), we immediately obtain the third assertion.

4. The derivative is given by the convolution 𝒦′ = 𝜙′
0 ∗𝜌𝑑 . Since 𝜙′

0(𝜁) = −𝜁𝜙0 (𝜁)
is a smooth, rapidly decreasing function and 𝜌𝑑 (𝑢) = 1 

Γ(𝑑) 𝑢
𝑑−11{𝑢>0} is locally 

integrable for 𝑑 > 0, the convolution is well-defined and locally bounded. To justify 
the square-integrability over ℝ, we first examine the behavior for 𝜂 > 0 using the 
substitution 𝑢 = 𝜁 − 𝜂:

|𝒦′ (𝜂) | = 1 
√

2𝜋Γ(𝑑)

⃓⃓⃓
⃓
∫ ∞

0
(𝜂 + 𝑢)𝑒−

(𝜂+𝑢)2
2 𝑢𝑑−1 𝑑𝑢

⃓⃓⃓
⃓

⩽
𝑒−𝜂

2/2
√

2𝜋Γ(𝑑)

∫ ∞

0
(𝜂 + 𝑢)𝑒−𝑢2/2𝑢𝑑−1 𝑑𝑢.
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Splitting the integral into two components yields:

|𝒦′ (𝜂) | ⩽ 𝑒−𝜂
2/2

√
2𝜋Γ(𝑑)

[︃
𝜂

∫ ∞

0
𝑒−𝑢

2/2𝑢𝑑−1𝑑𝑢 +
∫ ∞

0
𝑒−𝑢

2/2𝑢𝑑𝑑𝑢

]︃
.

Since 𝑑 ∈ (0, 1/2), both integrals in the brackets converge to finite constants, implying 
the bound

|𝒦′ (𝜂) | ⩽ 𝐶 (1 + |𝜂 |)𝑒−𝜂2/2.

This exponential decay ensures that 𝒦′ is square-integrable on (0,∞). By the sym
metry of 𝒦, its derivative 𝒦′ is anti-symmetric, meaning |𝒦′ (𝜂) |2 is symmetric; thus, 
square-integrability extends to the negative axis. Combined with its local boundedness 
near the origin, we conclude 𝒦′ ∈ 𝐿2(ℝ).

Finally, by the Fundamental Theorem of Calculus, the Cauchy-Schwarz inequality, 
and the translation invariance of the 𝐿2 norm, we obtain:

𝜙(ℎ) =
∫
ℝ

⃓⃓⃓
⃓
∫ ℎ

0
𝒦′ (𝜉 + 𝑠)𝑑𝑠

⃓⃓⃓
⃓
2

𝑑𝜉 ⩽ ℎ

∫
ℝ

∫ ℎ

0
|𝒦′ (𝜉 + 𝑠) |2𝑑𝑠 𝑑𝜉

= ℎ

∫ ℎ

0

(︃∫
ℝ

|𝒦′ (𝜉 + 𝑠) |2𝑑𝜉
)︃

𝑑𝑠

= ℎ

∫ ℎ

0
∥𝒦′ ∥2

𝐿2𝑑𝑠 = ℎ2∥𝒦′ ∥2
𝐿2 .

This concludes the proof. □
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