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Abstract We study dynamical Borel-Cantelli properties for the left shift on the binary sym-
bolic space equipped with a stationary determinantal measure generated by a Toeplitz convo-
Iution kernel. For sequences of cylinder sets whose measures have a divergent sum, we give
sufficient conditions ensuring infinitely many visits almost surely. Under exponential decay of
the Fourier coefficients and a uniform nondegeneracy assumption, we also establish the strong
Borel-Cantelli property.
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1 Introduction

The classical Borel-Cantelli lemma plays an important role in probability theory and
its applications. The modern theory of dynamical systems uses a special version of
the Borel-Cantelli lemma (see for instance [4], [10]).
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Let (M, &, u, T) be a dynamical system with T— invariant probability measure
u. The classical Poincare’ recurrence theorem states that for any fixed subset A € §
with p(A) > 0 the equality

u({x € A| T"(x) € A for infinitely many n € N}) = u(A)

holds. We consider the sequence of nontrivial measurable subsets A,, and can still ask
for the u-measure of the limsup set:

{x e M| T"(x) € A, for infinitely many n € N} = limsupT " A,.

In the case Tu(T™"A,) = Zu(A,) < oo, the convergence case of the Borel-
Cantelli lemma implies that the — measure of the limsup set is zero. If Xu(A,,) = oo,
and T7"A, are independent, then for u— measure of the limsup set is one (see for
instance [11]). The last assertion has a limited value for deterministic dynamical
systems, since one rarely deals with purely independent sets. In the case, if Zu(A,) =
oo and the events T~" A,, are dependent, the situation is more complicated and more
interesting. A definition, found in [4], applies to this situation.

Definition 1 (see [4]). A sequence of measurable sets A, n € N, such that
Su(T™"Ay) = Zu(Ay) = o, (1)
is called a Borel-Cantelli (BC) sequence for T if
u(limsupT™"A,) = u(M).

The divergence case of the Borel-Cantelli lemma is not helpful for finding BC
sequences since this case of the lemma requires independent sets. To obtain a BC
sequence, we need impose some restrictions.

If, for a dynamical system, all sequences of subsets A,, that satisfy (1) and certain
additional conditions are BC, we obtain what is called a dynamical Borel-Cantelli
lemma.

The first example of such a lemma, in which only sequences of balls centered at a
fixed point and with weakly monotonically decreasing radii are allowed, was proved
by J. Kurzweil [10]. For a dynamical system with mixing property, the “abundance” of
BC sequences can be interpreted as an aspect of strong chaos and stochastic behavior
of the system. It is proved (see [4], [12], [7], [1]) that for a wide class of hyperbolic
or”fast” mixing systems, various sequences of sets have the BC property. The sets
which are to be considered in this kind of problems are usually decreasing sequences
of balls with the same center (see [10], [14], [6]) or cylinders. In [4] Chernov proved
the dynamical BC lemma for a Gibbs measures. In [7] Kim and Galatolo established
that the Borel-Cantelli property and the waiting time problem are in general strictly
connected.

Stationary determinantal processes provide a natural and important class of shift-
invariant probability measures on symbolic spaces. They arise in probability theory,
random matrix theory, mathematical physics, and the theory of point processes. In
contrast to Bernoulli or Markov measures, determinantal measures are characterized
by determinant formulae for finite-dimensional distributions and typically exhibit



A dynamical Borel-Cantelli lemma for stationary determinantal processes 3

negative dependence. In the stationary case on Z, such processes are generated by
convolution kernels

Ky(n,m) = f(n—m),
where f : S! — [0, 1] is a measurable function. The corresponding measure u f
is invariant under the shift, and therefore it naturally defines a measure-preserving
symbolic dynamical system.

A key tool in the present paper is the iy-mixing property of stationary determinantal
processes. Fan, Liao and Qiu obtained necessary and sufficient conditions for the y/-
mixing property in terms of the regularity of the generating function f and the decay
of its Fourier coefficients. This makes stationary determinantal processes suitable for
studying dynamical Borel-Cantelli type problems for cylinder targets.

The paper is organized as follows. Section 2 contains the necessary preliminaries
on Borel-Cantelli sequences, cylinder sets, stationary determinantal measures, and
Y-mixing, and also presents the main results of the paper. In Section 3, we prove the
uniform and conditional estimates for determinantal cylinder probabilities. Section 4
is devoted to the proof of the exponential cylinder mixing estimate and the main strong
dynamical Borel-Cantelli theorem.

2 Preliminaries and formulation of main results

2.1 Borel-Cantelli sequences and the Sprindzuk criterion

Let (M, &, u, T) be a dynamical system with 7— invariant probability measure u.
Let A,, ¢ M be a sequence of measurable sets. We set B,, := T~ "A,,. Define the
set lim sup B, as

limsup B,, := ﬁ O B,

N=1n=N
A classical Borel-Cantelli lemma in probability theory states:

Lemma 1 (Borel-Cantelli). (i) Suppose that Y, u(B;) < oo, then u(limsup B,,) =
0, i.e., almost every point x € M belongs to finitely many B,,.

(it) In the case, Y, u(B,) = oo and the events of the sequence {B,, n € N} are
pairwise independent, then u(limsup B,) = 1, i.e., almost every point x € M
belongs to infinitely many B,,.

The last lemma can be restated as follows:

Lemma 2. (i) Suppose that the sum of all u(A,) converges, then for almost every
point x € M, there are only finitely many values of n € N such that T"x € A,,.

(it) In the case, Y, u(By) = oo and the events of the sequence {B,, n € N} are
pairwise independent, then for almost every point x € M, there are infinitely
many values of n € N such that T"x € A,,.

Next we introduce several necessary definitions.
A sequence of subsets A,, ¢ M is called a Borel-Cantelli (BC) sequence if for ;1—
almost every x € M there are infinitely many values of n € N, such that, T7"x € A,,.
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Denote by y, (x) the indicator function of the set B,, := T~"A,,. For every N > 0
we define the following two sums:

N N
SN(x) = ) xn(0), Eni= ) p(Ap).
n=1 n=1

Definition 2. A sequence {A, C M, n € N} is said to be a strongly Borel-Cantelli
(sBC) sequence if for p-almost every x € M we have

i Sn(x) _
m =
N-oow Epn

1.

We define the quantities R,,,, which characterizes the dependence of two events
B, and B,;:

Ry := p(Bin N By) = p(Bin)p(Bn) = u(T™" A NT™"Ay) = p(Am) p(An).

A sufficient condition for a sequence {A,, } to be an sBC sequence, in terms of R,,,,,,
was first found by W. Schmidt, and the proof was later provided by Sprindzuk [13]
in the context of Diophantine approximations. This condition was recently adapted to
dynamical systems by D. Kleinbock and G. Margulis [9].

We suppose that the numbers R,,,, satifies the following condition:

N N
Z |Rmn| <C- Z /'l(An),

m=M n=M
for all N > M > 1. The last condition is called (SP)—

M=

I
<

n

o

for some constant C > 0 an
condition.

Theorem 1 ([13], Chapter I, Lemma 10). If the sequence {A,} satisfies (SP), then it
is an sBC sequence; moreover, for u-almost every x € X one has

Sy = Ex + O(EN 1og?/*** Ey). )

2.2 Cylinder sets and geometry of supports
We now introduce cylinder sets in symbolic spaces. An alphabet A is a finite set of

symbols; for example, A = {ay,az,...,ar}.
A cylinder C ¢ {0,1}% is obtained by fixing symbols on a finite interval L =
[m, k] c Z,i.e., for some w = {wy, ..., wr} € {0, 1}, we set
Cr(w)={xe{0,1}%: x;=w,,i € L}. (3)

Each cylinder is open and closed in {0, 1}%. We call m and k the left and right
endpoints of an interval L, respectively, and (m + k) /2 the center of L. Following [4],
we introduce the relevant geometry explicitly. If L = [m, k] C Z is a finite lattice
interval and D € Ny, its D-neighborhood is

Np(L) = [m-D,k+D] NZ.

We say that an interval L, lies in the D-neighborhood of L if L, € Np(Ly).
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Definition 3 (see [4]). Two lattice intervals L and L, are called D-nested if either
L, C ND(Lz) or L, C ND(Ll).

Definition 4 (see [4]). For two lattice intervals L{ = [m, k] and L, = [m3, k»], not
necessarily disjoint, the asymmetric distance from L to L, is

(5(L1,L2) = min{D eNg: Ly C ND(Ll)}.

Equivalently,
6(Ly, Ly) = max{k, — k1, my —my, O}.

2.3 Stationary determinantal measures

Let S' = [0, 1) be the unit circle and let f : S — [0, 1] be a Borel function with
Fourier coefficients

f(k) = /0 F(t)e ™ dr. 4)

Define the convolution kernel

K¢(n,m) = f(n-m), n,m € 7Z.

Then K induces a stationary determinantal measure y s on {0, 1}2 via

/Jf({x € {07 I}Z |xn1 ==Xy = 1}) = det(f(”l _nj))lSi,jSk' (5)

The process is shift invariant under o (x), = x41.
Suppose that a function f is given in the form (4). The n X n Toeplitz matrix
generated by f is defined by 7,,(f) = ( fli-j )) . Equivalently, 7,,(f) has the

explicit form

I<i,j<n

f0)  f(-1)  f(=2) - f(=(n-1))

F() O f=1) - f(=(n-2)
T.(f)=| F@ f() fO) - f(=(n-3)

fn=1) f(n-2) f(n-3) - £(0)

We denote by 1 € R” the vector whose all components are equal to 1.
Forav = (vy,...,v,) € C", we denote by D, (v) the diagonal matrix associated
with v, defined by

vi 0 0 0
0 v, 0 0
Dn(v) i=diagv)=| 0 0 s 0
0 0 0 Vi
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Corollary 1 (see [5]). Let f : S' — [0, 1] be an integrable function. For everyn > 1,

define the Toeplitz matrix T, (f) = (f(i—j))]sl. < Lete = (g1,...,&,) € {0,1}",

and Cle] = {x €e{0,13%2: x1=¢1,...,x, = an} be a cylinder.
Then the determinantal measure iy of Cle] can be written as

ur(Cle) = det(Dy(2e = 1) - To(f) + Du(1 - &) ). ©)

Lete = (&), € {0, 1}V andlet T,,(f) = (f(l.—j))lsi,jsn be the Toeplitz matrix
generated by f. Then

17 (Cle]) = det(Dy(26 = D Tu(f) + Da(1 = &) ) = det 4, (Cle]),

where A, (C|[eg]) is the n X n matrix

Qer-DfO0)+(1—g1) - (2e1 — 1) f(1 —n)
(262 - 1) f(1) (262 — 1) f(2—n)

A.(Clg]) =
Qen—1Df(n—=1) - Qea—DFO0)+(1-&)

2.4 The y-mixing coefficient

Let (£,,),cz be the coordinate process on Q = {0, 1}%, that s, &, (x) = x,,. For integers
n < m, define

f;ln = V(fi’h §n+1» oe. ,fm),

the sigma-algebra generated by the coordinate maps &, . . . , &,. Similarly, set

.7:1100 = V(...,fn_l,fn), ]'_,:'oo = V(fn,fnﬂ,...).

Then, for each £ > 1, the y—mixing coefficient of uy is defined by

ur(ANB)
Yup () = sup — -
il AeFl, BeF}> 'uf(A):uf(B)
uy(A)py(B)>0

We say that u ¢ is y—mixing if
fim vy, 0 =0
Theorem 2 (Fan-Liao—Qiu, 2022 see [5]). Let f : S' — [0, 1] be an integrable

function which is not identically O or 1. Then for every integer £ > 1, the y—mixing
coefficient of the stationary determinantal process uy satisfies

RGES R (— >l |f(n>|2) . (M)

n=C+1
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In particular, if uy is y—mixing, then f € H'2(T).
Conversely, if there exists a constant T > 0 such that

fe Hl/Z(T) and T<f(t)<1—-71 forallteT, (8)

then 1y is y—mixing and its y—function satisfies the upper bound

Vay (0) < %( 2 |n||f(n)|2>exp<1+% 2 Inllf(n)|2>. ©)

n=0+1 n=0+1

2.5 Main results

Lemma 3. Let A € M,, and let A1, ..., A, denote the eigenvalues of A counted with
their (algebraic) multiplicities (see [8, Definition 1.2.5]). Then

n

det(1+A4) = [ (1 +).

i=1

Theorem 3. Let A be a Hermitian matrix of order n, and let B be a principal submatrix
of A of ordern — 1. If

A1 2224, and M1 > Ho > > Uy
are the eigenvalues of A and B, respectively, then
Ai 2 i 2 i, i=1,...,n—-1.
Lemma 4 (see [3, page 75]). Let A be an n X n Hermitian matrix with eigenvalues
AL 2222 A,,

and let B be a k X k principal submatrix of A with eigenvalues

Then, for each s = 1,...,k, one has
An-k+s < Hs < As.

We formulate the main results of our work. The first result gives a uniform ex-
ponential estimate for cylinder probabilities. It shows that, under the non-degeneracy
condition 7 < f < 1 — 7, the measure of every n-cylinder decays exponentially in n.
This estimate will be used repeatedly to control the size of cylinder targets.

Theorem 4. Let f : S' — [0, 1] be an integrable Borel function, and let u 7 be
the associated stationary determinantal probability measure on {0, 1}~. Assume that
there exists a constant T € (0, 1/2) such that

T<f<l-71 almost everywhere on S' with respect to the Lebesgue measure.
For every cylinder Cle] := Cley,€2,...,€4], e € {0, 1}", the following bounds
hold:

™ < pp(Clel) < 1-1)"
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The next result is a conditional version of the previous cylinder estimate. It says that
fixing additional coordinates decreases the measure at an exponential rate depending
only on the number of newly fixed coordinates. This is the determinantal analogue of
the finite-energy property for Gibbs measures.

Theorem 5. Let f : S' — [0, 1] be an integrable Borel function. Assume that there
exists a constant T € (0, 1/2) such that

T<f<l-71 almost everywhere on S'.

Let y = ¢ be the stationary determinantal probability measure associated with f.
Then for any pair of cylinders Ci(w) C C(w) supported on finite intervals Ly D L,
one has
cILi-IL] o #r(Ci() < (1=7)l-iel
py(C(w))

We now state the main dynamical Borel-Cantelli result. The geometric assump-
tion on the supports is the D-nested condition, while the probabilistic input is the
quantitative mixing of the stationary determinantal measure. Together they imply the
Sprindzuk condition and hence the strong Borel-Cantelli property.
Theorem 6. Let f : S' — [0, 1] be a Borel function, and let ({0, 1}*, B, Hr, o)
be the dynamical system generated by the stationary determinantal point process

associated with f, where uy is the o-invariant determinantal probability measure
induced by the convolution kernel

Ky(n,m)=f(n-m),  nméeZ,

and o is the shift map.
Assume that there exist constants C,a > 0 and T € (0, 1/2) such that

|F(n)| < Ce=" (n e 2), T<f(t)<1-71 foraeteT.

Suppose that there exists a fixed constant D € Ny such that the cylinders Cr, (w),
n > 1, are supported on finite intervals

L,=[m"™, k™ cz
and every pair Ly, L, is D-nested in the sense of Definition 3. Then,
1. the sequence of cylinders {Cy,, (w)}n>1 satisfies (SP);

2.0 % llf(CLn (w)) =00, {Cr, (w)}nx1 is an sBC sequence.

3 Proof of Theorems 4 and 5

In this section we prove the cylinder estimates stated in the previous section. The
first estimate gives a uniform exponential upper and lower bound for the measure of
every finite cylinder. The second estimate is a finite-energy type bound, controlling the
change of measure when a cylinder is refined by fixing additional coordinates. These
estimates will be used in the proof of the Sprindzuk condition for D-nested cylinder
targets.
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3.1 Uniform bounds for cylinder probabilities

We first prove the uniform cylinder estimate. The key point is that the Shirai—Takahashi
formula allows us to express each cylinder probability as a finite Toeplitz determinant.
The non-degeneracy condition 7 < f < 1 — 7 then gives a uniform bound on the
corresponding finite-dimensional operator.

Proof. Fix n > 1 and a binary word
e=(e1,...,&,) €40, 1}".
Consider the corresponding cylinder set
Cle] ={x e {0, 1} :x1=¢€1,...,%, = €n}.

By shift-invariance of the measure i, it suffices to consider cylinders supported on
the index set {1,...,n}.
Let

T.(f) = (f(i - j))lsi,jsn

be the Toeplitz matrix generated by f. For a vector v € C", denote by D, (v) the
diagonal matrix with diagonal entries vy, ..., v,.
Using the determinantal representation of cylinder measures, we have

ur(Clel) = def( Du(28 = D T,(f) + Dal1 =) ). (10)

where1=(1,...,1) e R".
We first rewrite the matrix in (10) into a more convenient form. Set

n:=2e-1€e{-1,1}", g:=2f-1

Then the following identity holds:

Da(2e = D Tu(f) + Da(1=8) = 3 (I + Da() Tu(3) ) an

1

2

where [,, denotes the n X n identity matrix.
Indeed, since

1) = 5 (@) + 1),

and .
1—€i=§(1—m), i=1,...,n,

we obtain
1
Dn(l_s)z E(In_Dn(n))’ Dn(28—1)=Dn(TI)~
Substituting these expressions into the left-hand side of (11), we compute
1 1
D,(2e =) T,(f) +Dy(1-¢) = Du(n) - E(Tn(g) + ]n) + E(In - Dn(n))

=2 (Pa T + 1),
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which proves (11).
Combining (10) and (11), we obtain

ur(Clel) = det(27 (1 + Dy () Ta(g)) ) =27 det(ly + 4),  (12)
where
A= Dup(n) Tu(g).

We now estimate det(/,, + A). Since D,,(n) is diagonal with entries +1, we have

IDn (Il = 1.

Therefore,
Al = IDn(m) To ()l = 1T ()]l (13)

The matrix 7,,(g) is a finite compression of the bi-infinite Toeplitz operator 7(g)
acting on £2(Z), hence

1T (DI < IT ().

Moreover, T(g) is unitarily equivalent to the multiplication operator by g on L?(T)
(see, for example, [2], p. 179, Corollary 7.8), which yields

1T = 118 leo-

Using the assumption 7 < f < 1 — 7 almost everywhere, we obtain

lgllo = l12f = 1]l < 1 =27 < 1.

Consequently,
Al <1-27 < 1. 14

Let 21 (A),...,1,(A) denote the eigenvalues of A. Since the spectral radius satis-
fies p(A) < ||A]l, it follows from (14) that

[A;(A)| <1 =21, i=1,...,n.

The eigenvalues of 7, + A are 1 + ;(A), and hence

n

det(I, + A) = [_] (1+2:(4)).

i=1
By the triangle inequality,

T- (A < T+ 4(A) < T+ |4(A)], @

1,...,n.
Combining these inequalities, we obtain
2" < | det(I, + A)| < 2" (1 —1)".

By (12), we have
™ <ur(Cle]) < 1-1)".

This completes the proof of Theorem 4. O
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3.2 Conditional cylinder estimates

We next prove a conditional version of the previous estimate. This result shows that
the measure of a cylinder decreases exponentially when additional coordinates are
fixed. Such a bound is needed later when two shifted cylinders overlap, since their
intersection is again a cylinder supported on the union of the two intervals.

Proof. Let
A=¢g1---&, €{0,1}"

We present the proof in the two pure cases, namely when the defining word consists
only of ones or only of zeros. In these cases the matrices M and M,, are Hermitian
positive definite, and the proof follows directly from the Cauchy interlacing theorem.

Define

My :=D,,2e —= ) T,,,(f) + D;u(1 — ),

where T,,,(f) is the m X m Toeplitz matrix generated by f. By the Shirai-Takahashi
formula for stationary determinantal processes,

uy([A]) = det(My).
Let A; be an extension of A:

1 1
A = (si ),...,sfnik) = (sll,...,sil) (&1,..-,&m) (8'{,...,822),
—_— T —
A A Ay
where ki + ko = k. Set
A:=Dy,(2¢' =1), B:=D,(2e-1), C:=D;,(2e -1),

and
E =Dy (1-¢'), E:=D,(1-¢), E,:=D,(1-¢").

Then the matrix My, has the block form

ATy +E AT, ATy,
My, = BT,,; BT +E BT, ,
CT, CT, CT,+E,
with
BT + E = Mj.
Consequently,

py([A1]) = det(My,),

and therefore
/’lf(Cl) _ det(MAl)

1y (€) " det(Mp)”

By Theorem 4,
T < det(Ma,) < (1-1)"K,

Moreover, N N
r<a™ <M -1 (15)
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Since M is a principal submatrix of M, and both matrices are Hermitian, the Cauchy
interlacing theorem (Lemma 4) yields

(A1) (AN) (A1) - _
A0 <A, S/lHk‘, i=1,...,m.

Using the product representation of determinants,

m+k (A1) k
/lf(Cl) _ Hi;l— ’11' l n/l(m) > 7k
up(©) T ™ T LS

\%

Similarly,

ur(Cy) < ﬁ A8 < (1= )k,
ur(C) — .

Since k = |A{] — |A|, we obtain

i=m+1

pinilian ¢ A2
uyr(C)

It remains to consider the mixed case, when both symbols 0 and 1 occur in the
word &. In this case the matrix

Mp = DA(2e = 1)TA(f) + DA(1 - &)
is not Hermitian in general. Put
SA = DA(28 - 1).

Then
Hp == S\Mp =TA(f) —DA(1-¢)

is Hermitian. Similarly,
HA] = S/\1 MA| = TA] (f) - D/\] (1 - ‘91)

is Hermitian. Since Cy, (1) C Ca (&), the matrix H is a principal submatrix of Hy,.
Hence the Cauchy interlacing theorem applies. Moreover,

det Mp = det Sy det Hp, det]W/\l = detS,\l detHAl.

Thus the signs coming from the zero symbols are completely accounted for by det Sy
and det S, . Therefore, applying the same eigenvalue-ratio argument as above together
with the Cauchy interlacing theorem, we obtain

nl-ial o Hr(Cai(e1)) EENTHEON
T < 1 (Ca () <(1-1) .

This completes the proof of Theorem 5. O
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4 Mixing estimates and proof of Main Theorem 6

In this section we prove the main dynamical Borel-Cantelli result. The proof has
two steps. First, using the quantitative /-mixing estimate for stationary determinantal
processes, we derive an exponential correlation bound for separated cylinder events.
Second, this bound is combined with the geometric D-nested condition on the supports
to verify the Schmidt—Sprindzuk condition.

Theorem 7 (Exponential cylinder mixing bound). Let f : S! — [0, 1] satisfy the
following assumptions:

(A1) there exist constants C,a > 0 such that

|f(n)] < Ce@l"l (n €7);

(A2) there exists T € (0,1/2) such that

T<f()<1l-71 (tesh.

Then there exist constants ¢3 > 0 and 6 € (0,1) (depending only on a, C, )
such that for any cylinder sets C; and C, whose supports are separated by a gap
d :=n; —ny €N, one has

lr (G0 Co) = pp(Cpp(C)| < 387 up(CHF(Ca). (16)

Proof. Let y(£) denote the yy—mixing coefficient of u at separation ¢ (as in Fan—
Liao—Qiu, Def. of y—mixing). By the definition of (¢), for any A € F°_ and
B e .7:;00 with ,Llf(A),Llf(B) > 0,

| (AN B) = up(Aug(B)| < ¢(€) up(A)us(B). (17

If C; and C, are cylinder sets supported on disjoint coordinate blocks separated by
d:=n; —nf > 1,then C; € F° and C; € F}. Thus (17) with £ = d gives

|1r(CiNCo) = up(CHEp(C)| < w(d) up(Crpp(Co). (18)

Under (A2), Theorem 2 provides, for every £ > 1,

(o)

WO < 550 exp(1+%s<f>), S0 = Y nlFmk (9

n=C+1
Assumption (A1) gives |{f}(n)| < Ce ™ forn>0.Letr := e 2* € (0, 1). Then

, r((e+1) - ¢tr)

S() < C? Z = C T

n=0+1

< Ky (€+1) 720D,

with K := C?(1 — e~2%)~2. Substituting this in (19) we obtain

() < Ky (£+1)e 2D (20)
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for some K, = K>(a,C, 1) > 0 (since S(£) — 0, the exponential factor in (19) stays
bounded).

Fix any ¢ € (0,2a) and set 8 := ¢ ¢ € (0,1). Using the standard bound
sup,.oxe ¥ =1/(ey) for y > 0, we have

(€+ l)e—Za({,’+1) — e—c(€+l) . (€+ l)e—(2a—c)(f+l) <

< 1 —c(t+1) — 1 +1
“e(Ra-c) e(2a —c)
Hence, from (20),
K t+1 t
) £ ————80 < K36°,
Y (£) c(a—0) 3

for a constant K3 = K3(a, C,1,c) > 0 (absorbing the extra factor 6 into K3). Putting
¢ =d in (18) yields

lur(CrNC) = up(Cup(C)| < K309 s (Crus(Ca).

Finally, enlarging the constant if necessary to cover finitely many small d, we ob-
tain (16) with ¢3 := K3. |

Lemma 5. Assume that f satisfies assumptions (A1)—(A2) of Theorem 7. Let C;
and C, be cylinders supported on intervals Ly and Ly, respectively. Then there exist
constants ¢4 > 0 and 04 € (0, 1) such that

|t (C1 0 Ca) = iy (Cp (Co)| < eafd F5) s (C).

Proof. There are two cases depending on the position of L; and L;: disjoint and
intersecting.
Put
04 :=max{0,1 -7} € (0, 1), ¢4 = max{c3,2}.

1) Let L; and L, be disjoint. First assume that k| < m;. Applying Theorem 7, we
have
1 (C1 N C2) = (C1) u (C)] < e30™ M4 (C1) p (C)

By Theorem 4,
u(C) < (1- T)lel =(1- T)kz—mz+1.

Therefore,
4 (C1 N Ca) = (C) p (Co)] < e30™ 7 (1 =)™ (C))
< a2 (C)
= C495(L1’L2),u (C1).
Here we used the fact that, for k; < mo,
0(L1,Ly) =k — k.
The case ky < m is treated similarly. In this case,

6(L19L2) = ml - m2,
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and the same argument gives
1 (C1NCo) = (C) p(Co)] < caty 2 (Cy)
2) Let Lj and L, be intersecting. If C; N C; = 0, then
lu (C1 N Ca) = pu(Cr) p (Cr)] = u(Cr)p(C).
Using Theorem 4, we obtain
p(G) < (1-7)*l.

Since L1 N Ly # 0, we have
0(L1,Ly) < |Ly|.

Hence
o(Ly,L
|1 (C1 N Ca) = u (Cr) p (Ca)] < a2 ().

Now suppose that C; N C, # 0. Then C| N C; is a cylinder supported on L; U Lo,
and
CinGC, C (.

Applying Theorem 5, we have
u(Cy N Cy) < (1 —7)lvbal=ilily ().
Since
|Ly U Lo| = |Ly| = 6(Ly, Ly),

we get
u(CrNG) < (1-1)°0Ek)y(cy).

On the other hand, by Theorem 4,
u(CHu(C) < (1-1)2lu(cy) < 075 (o).
Therefore,

| (Cr N Co) = (Cr) u(Cr)| < u(CrNCa) + pu(Cru(C)
< C495<L1’L2),u(cl).

The proof is complete. o

Proof of Theorem 6. Suppose that the intervals L, = [m,, k,]|, n € N, satisfy the
D-nested condition. It is important to note that no assumptions are made regarding
the relationship between n and m, nor between the measures of C,, (w) and Cp, (w).
We denote by L, — (m — n) the segment formed by shifting L, to (m — n) to the
left, i.e.
Lp—(m—=n)=[my—(m—n), kn — (m—n)].

Without loss of generality, assume that L, lies in the D-neighborhood of L,,, that is,
L,, € Np(L,). The opposite case is obtained by interchanging m and n. We estimate
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the 6-asymmetric distance between L, and L,, — (m — n). By the D-nested property,
we have
6 (Lin, Lp = (m—n)) = |m—n| -

Consider the quantity

Rin = (™" Cp(w) N ™" Cp(w)) = (0" Cp(w)) (™" Cip(w))
= p(Cn(w) N ™" Cp(w)) = p(Cr(w)) p(Cm (w)).

By applying Lemma 5 to the cylinders C,, (w) and o™ "C, (w), we obtain
|Rinn] < €467 Em ™07 (G ().

Hence
-n|-D
|Rinn| < cabl™ ™7 1(Cpu(w)).

Since D is fixed, replacing c4 by a larger constant if necessary, we get
|Rinnl < €46} " u(Cn(w)).

We first sum over the pairs satisfying L,, € Np(L,). Since R, = Rum, the
remaining pairs are treated by interchanging m and n. Absorbing the resulting factor 2
into c4, for N > M we have

Z Z |Runn] < ca Z H(Cn(w)) Z 0;" "

m=M n=M n=M
N .
e Y uCutn 3 ol
m=M J=—o00

Since

Z 9“'—1+2Zaf :ig‘:

]——OO

we obtain, again increasing c4 if necessary,

N N N
D0 Runl <5 D p(Cn(w)).

m=M n=M m=M
Thus the condition (SP) is satisfied. Therefore, if
D H(Ca(w)) = o
n=1
then the sequence {C, (w)},> is strongly Borel-Cantelli. Theorem 6 is proved. O

Example 1. Let r € (0, 1) and choose € € R such that

1-r
0< < —.
€] 2r
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Define

+& Z rk cos(2nkt), teT.

f) =5
k=1

Then f satisfies the assumptions of the Theorem 7.
Indeed, since

Zrkcos(27rkt) SZrkzlir,
k=1 k=1
we have | ] L el
glr glr
— - < f(H) <=
PR AU I R g

Hence, for any

one gets
T<f()<1l-71 (teT).
Also,
~ 1 -~ £
f0) =5, f(xk)=-r (kx1)
2 2
If we set L el
&
=-1 0 = -,
a ogr >0, C max{2 > }
then

[f(n)] < Ce~@"l  (nez).

Thus assumptions (A1) and (A2) are satisfied.
Therefore, by the theorem, there exist constants ¢3 > 0 and 6 € (0, 1) such that
for any cylinder sets C1, C, whose supports are separated by a gap d € N,

s (CL N Ca) = pp(Cpp(Ca)| < 36 (Cr)us(Co).

In particular, the corresponding ¥—mixing upper bound decays exponentially.
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