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1 Introduction

Stochastic integrals and their fractional counterparts have become essential tools 
in modeling complex systems where past states influence the present dynamics. Such 
models naturally arise in physics, biology, and finance, for example in neuronal activity 
modeling, rough volatility, and systems with memory ([3, 7]). Fractional integration 
provides a flexible way to modulate the strength and decay of memory effects over 
time, allowing one to capture both short-range and long-range dependencies.

In this work, we study the fractional Riemann-Liouville integral of a continuous 
Gaussian process 𝑋 , defined for 𝛼 ∈ (0, 1] by

ℐ𝛼 (𝑋)(𝑡) ≔ 1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑋𝑠 𝑑𝑠, 𝑡 ≥ 0,

where Γ denotes the Euler Gamma function. This construction generalizes the class 
of fractionally integrated Gauss-Markov (FIGM) processes ([3, 1]), which are widely 
used in applications due to their explicit covariance structure and representational 
properties. Fractionally integrated Gauss-Markov processes have recently attracted 
attention in different asymptotic settings. Besides large deviation questions, asymptotic 
properties of their extrema have also been investigated. For instance, general results on 
the maxima of Gaussian processes can be found in Lifshits [13], while the asymptotic 
behaviour of the maximum of bridges associated with fractionally integrated Gauss
Markov processes has been studied in [2]. The main focus of this paper is on the 
asymptotic behavior of these fractionally integrated Gaussian processes in two regimes: 
small-time and large-time. Our approach proceeds in two steps. First, we establish 
functional weak convergence results for rescaled versions of ℐ𝛼(𝑋). Then, using 
recent theoretical results connecting weak convergence to large deviations for Gaussian 
measures ([5, 6]), we deduce functional large deviation principles (LDPs).

For small times, the limiting behavior is entirely determined by the covariance of 
𝑋 at zero. If the covariance is non-degenerate, the limit is a deterministic multiple 
of a power function of time; if it vanishes, the infinitesimal behavior of 𝑋 near zero 
dictates the limit. The resulting LDPs have explicit rate functions depending on the 
fractional order and the covariance structure at zero.

For large times, direct application of standard results is generally precluded by 
divergent covariances. We therefore consider appropriately rescaled families of pro
cesses where the scaling function ensures convergence of the rescaled covariances. 
Under suitable regularity assumptions, such as convergence or regular variation of 
the covariance functions, the rescaled processes converge functionally, yielding LDPs 
with speed and rate functions that depend on the asymptotic behavior of the covariance 
and the fractional order.

A key aspect of our work is the explicit characterization of the reproducing kernel 
Hilbert space (RKHS) of ℐ𝛼 (𝑋), expressed in terms of the RKHS of the process 𝑋 . 
By exploiting general results on the image of RKHS under continuous, injective linear 
operators ([17, 15]), we obtain concrete formulas for the RKHS and the associated 
norms. This allows a precise pathwise description of the processes and is essential for 
deriving the functional LDPs. When 𝑋 is a Gauss-Markov process, explicit formulas 
for both RKHS and rate functions are given. The structure of the paper is as follows. 
In Section 2, we introduce background on Gaussian processes, fractional integration, 
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and RKHS theory. Section 3 identifies the RKHS of fractionally integrated processes. 
Section 4 establishes weak convergence and large deviation principles for the small
time regime. Section 5 treats weak convergence and large deviation principles for 
the large-time regime. Finally, Section 6 provides explicit computations for the case 
where the integrand is a Gauss–Markov process, including covariance, RKHS, and 
rate function formulas.

2 Preliminary results

2.1 Large deviations in small-time for continuous Gaussian processes
In this section, we recall some known facts about large deviations that will be needed 
in the sequel. Let 𝐸 be a topological space. A (good) rate function on 𝐸 is a lower 
semicontinuous mapping 𝐼 : 𝐸 → [0, +∞] such that the level sets {𝐼 ≤ 𝑎} are 
compact for every 𝑎 ≥ 0 whereas a speed function 𝑣 is a function ℝ+ → ℝ

+ such that 
𝑣(𝜀) → +∞ as 𝜀 → 0.
Definition 2.1. Let 𝐸 be a topological space, ℬ(𝐸) its Borel 𝜎-algebra and {𝜇𝜀}𝜀>0
a family of probabilities on ℬ(𝐸). We say that {𝜇𝜀}𝜀>0 satisfies a large deviations 
principle (LDP) on 𝐸 with rate function 𝐼 and speed 𝑣 if for every closed set 𝐹 ⊂ 𝐸

lim sup
𝜀→0 

1 
𝑣(𝜀)

log 𝜇𝜀 (𝐹) ≤ − inf 
𝑥∈𝐹

𝐼 (𝑥)

and for every open set 𝐺 ⊂ 𝐸

lim inf
𝜀→0 

1 
𝑣(𝜀)

log 𝜇𝜀 (𝐺) ≥ − inf 
𝑥∈𝐺

𝐼 (𝑥).

Definition 2.2. Let 𝑇 be an arbitrary interval of ℝ and let 𝐾 : 𝑇 × 𝑇 −→ ℝ be a 
positive-definite covariance. The reproducing kernel Hilbert space associated with 
the covariance 𝐾 is the completion ℍ of the linear space of all functions

𝑡 →
𝑛∑︂
𝑖=1 

𝛼𝑖𝐾 (𝑠𝑖 , 𝑡), 𝛼1, . . . , 𝛼𝑛 ∈ ℝ, 𝑠1, . . . , 𝑠𝑛 ∈ 𝑇, 𝑛 ∈ ℕ,

relative to the norm induced by the inner product

⟨︂ 𝑛∑︂
𝑖=1 

𝛼𝑖𝐾 (𝑠𝑖 , ·),
𝑚∑︂
𝑗=1 

𝛽 𝑗𝐾 (𝑡 𝑗 , ·)
⟩︂
ℍ

=
𝑛∑︂
𝑖=1 

𝑚∑︂
𝑗=1 

𝛼𝑖𝛽 𝑗𝐾 (𝑠𝑖 , 𝑡 𝑗 ).

We notice that if 𝜙(𝑡) =
∑︁𝑛
𝑖=1 𝛼𝑖𝐾 (𝑠𝑖 , 𝑡) and 𝐾𝑠 (·) ≔ 𝐾 (𝑠, ·), then

𝜙(𝑡) = ⟨𝜙, 𝐾𝑡 ⟩ℍ.

This is called the reproducing property.
RKHSs are described in many textbooks, the reader can refer to Chapter 4 (in par

ticular Section 4.3) in Hida&Hitsuda’s book [11] or Chapter 2 (in particular Sections 
2.2 and 2.3) in Berlinet&Thomas-Agnan’s book [8]. RKHSs play a fundamental role 
in the theory of large deviations for Gaussian processes.
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From now on, we consider real centered continuous Gaussian processes, 𝑍 =
(𝑍𝑡 )𝑡∈[0,𝑇 ] , which leads to the consideration of Gaussian measures on the Banach 
space 𝒞 := 𝒞([0, 𝑇],ℝ) of the continuous paths [0, 𝑇] → ℝ, endowed with the 
supremum norm ∥ ∥∞. Recent works have shown that under some assumptions, if 
we rescale a family of Gaussian continuous processes 𝑍 𝜀 = (𝑍 𝜀𝑡 )𝑡∈[0,𝑇 ] , converging 
weakly to some Gaussian process 𝑍0 = (𝑍0

𝑡 )𝑡∈[0,𝑇 ] , by a factor 𝑣− 1
2 (𝜀), where 𝑣 is a 

speed function, we get a family of processes satisfying a LDP with speed function 𝑣
and rate function depending on the limit law 𝑍0.

The first result in this direction is contained in a work by P. Baldi (see [5]), showing 
a link between the tightness of a family of Gaussian random variables and the uniform 
exponential tightness at some speed 𝑣 of the same family rescaled by a factor 𝑣− 1

2 . This 
correspondence leads to the following result proved by P. Baldi and B. Pacchiarotti 
(see Theorem 3.3 in [6]).
Theorem 2.3. For 𝑇 > 0, let {𝑍 𝜀}𝜀>0, be a tight family of continuous centered real 
Gaussian processes converging in law to some process 𝑍0.

Then, for every speed function 𝑣, the family {𝑣(𝜀)−
1
2 𝑍 𝜀}𝜀>0 satisfies an LDP in 

𝒞 at speed 𝑣 and rate function

𝐼 (ℎ) =

{︄
1
2 ∥ℎ∥

2
𝒵0

, ℎ ∈ 𝒵0

+∞, otherwise,

where 𝒵0 and ∥ ∥𝒵0 respectively denote the RKHS and the related norm associated 
to the limit process 𝑍0.

2.2 Fractionally integrated Gaussian processes
In this section we introduce and study a class of Gaussian processes obtained via 
fractional integration, which will constitute the fundamental object of this work. We 
begin by recalling the notion of fractional integral and fractional derivative in the sense 
of Riemann-Liouville, clarifying some definitions and structural relations that will be 
used later on. In particular, we focus on fractional Riemann-Liouville integrals applied 
to continuous Gaussian processes, leading to the notion of fractionally integrated 
Gaussian (FIG) processes.

After recalling the definition of the fractional Riemann–Liouville integral, we 
define the associated fractional integral of a continuous Gaussian process and dis
cuss some of its basic properties. These processes remain Gaussian, inherit important 
structural features from the original process, and exhibit enhanced path regularity. In 
particular, the FIG processes are Hölder continuous, with a Hölder exponent deter
mined by the order of fractional integration. This regularity property will be crucial in 
the subsequent analysis, especially in the study of tightness for families of fractionally 
integrated processes.
Definition 2.4. For 𝑓 ∈ 𝐿1([0, 𝑇]) and 𝛼 ∈ (0, 1), its (left) fractional Riemann
Liouville integral of order 𝛼 is defined by

ℐ𝛼 ( 𝑓 )(𝑡) ≔ 1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1 𝑓 (𝑠) 𝑑𝑠, 𝑡 ∈ [0, 𝑇] .

where Γ is the Gamma Euler function, i.e. Γ(𝛼) =
∫ +∞

0 𝑡𝛼−1𝑒−𝑡 𝑑𝑡.
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Definition 2.5. For 𝛼 ∈ (0, 1), a function 𝑓 admits a (left) fractional Riemann
Liouville derivative of order 𝛼, if the following expression is well defined:

(𝒟𝛼 𝑓 )(𝑡) :=
1 

Γ(1 − 𝛼)

𝑑

𝑑𝑡

∫ 𝑡

0
(𝑡 − 𝑠)−𝛼 𝑓 (𝑠) 𝑑𝑠, 𝑡 ∈ [0, 𝑇] .

Alternative definitions of the fractional operators are possible, like the so-called 
Caputo fractional derivative. An in-depth treatment of fractional operators can be found 
in [16]. It is easy to see that if 𝛼 → 1− , the Riemann-Liouville integral coincides 
with the ordinary integral, while the fractional Riemann-Liouville derivative of order 
1 provides the ordinary derivative. Furthermore, the fractional integral is the left 
inverse of the fractional derivative of the same order on the image ℐ𝛼 (𝐿1([0, 𝑇]) (see 
Theorem 2.4 in [16]), i.e.,

𝒟𝛼ℐ𝛼 ( 𝑓 )(𝑡) = 𝑓 (𝑡). (2.1)
Having introduced the fractional integral, we are now ready to define the class of 

fractionally integrated Gaussian processes.
Definition 2.6. (FIG) Let (𝑋𝑡 )𝑡∈[0,𝑇 ] be a continuous Gaussian process. The frac
tional integral of order 𝛼 ∈ (0, 1] of 𝑋 is the process

ℐ𝛼 (𝑋)(𝑡) ≔ 1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑋𝑠 𝑑𝑠 , 𝑡 ∈ [0, 𝑇] . (2.2)

Remark 2.7. In the special case where 𝑋 is constant, namely 𝑋𝑠 = 𝑋0 for every 
𝑠 ∈ [0, 𝑇], where 𝑋0 is a fixed random variable, the fractional integral can be computed 
explicitly. Indeed,

ℐ𝛼 (𝑋)(𝑡) = 𝑋0
Γ(𝛼 + 1)

𝑡𝛼, 𝑡 ∈ [0, 𝑇] . (2.3)

Thus, in this case, it is a deterministic multiple of 𝑋0.
Note that 𝑋 is continuous, so the integral process ℐ𝛼 (𝑋) is well defined and it 

is adapted in the same probability space as 𝑋 . The fractionally integrated processes 
defined in (2.2) (and (2.3)) are Gaussian processes. Under our assumptions, FIG 
processes are Hölder-continuous. It is well known that the Riemann-Liouville integral 
maps the Hölder space 𝐻𝜆 (0 ≤ 𝜆 ≤ 1) into 𝐻𝜆+𝛼, provided that 𝛼 + 𝜆 < 1 (see 
Theorem 3.1 in [16]).

3 RKHS of fractionally integrated Gaussian processes

In order to determine the RKHS of the FIG processes, we can make use of a very 
general result in a work by W. van der Vaart and J.H. van Zanten (see Lemma 7.1 in 
[17]), which we recall here for completeness,
Lemma 3.1. Let 𝑇 : 𝔹 → 𝔹

′ be a one-to-one, continuous, linear map from a separable 
Banach space 𝔹 into a Banach space 𝔹′, and let 𝑊 be a Borel measurable, zero-mean 
Gaussian random element in 𝔹with RKHS ℍ. Then the RKHS of the Gaussian random 
element 𝑇𝑊 in 𝔹′ is equal to 𝑇ℍ, and the map

𝑇 : ℍ → 𝑇ℍ

is an isometry with respect to the corresponding RKHS norms.
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Thanks to this result, we can explicitly characterize the RKHS of the FIG processes, 
as shown in the following proposition.
Proposition 3.2. Let (𝑋𝑡 )𝑡∈[0,𝑇 ] a Gaussian, centered, continuous process with RKHS 
𝒳 . Then, the RKHS of the process ℐ𝛼 (𝑋) is the image of 𝒳 , i.e.

Im(ℐ𝛼 (𝒳 )) =

{︃
ℓ ∈ 𝒞

⃓⃓
ℓ(𝑡) =

1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1ℎ(𝑢) 𝑑𝑢, 𝑡 ∈ [0, 𝑇], ℎ ∈ 𝒳

}︃
,

equipped with the norm
∥ℓ∥Im(ℐ𝛼 (𝒳 ) ) = ∥𝒟𝛼ℓ ∥𝒳 .

Proof. The result follows directly from the general lemma of van der Vaart and van 
Zanten discussed above. Indeed, consider the fractional integral operator

ℐ𝛼 : 𝒞 → 𝒞, ℐ𝛼 (ℎ)(𝑡) = 1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1ℎ(𝑢) 𝑑𝑢.

The operator ℐ𝛼 is linear and continuous from 𝒞 to 𝒞 because, for all ℎ ∈ 𝒞,

∥ℐ𝛼ℎ∥∞ ≤
1 

Γ(𝛼)

∫ 𝑇

0
(𝑇 − 𝑢)𝛼−1 |ℎ(𝑢) | 𝑑𝑢 ≤

𝑇 𝛼

Γ(𝛼 + 1)
∥ℎ∥∞.

Furthermore ℐ𝛼 is one-to-one, thanks to the fractional differentiation formula (2.1), 
which allows to recover ℎ from ℓ = ℐ𝛼ℎ.

Therefore, the RKHS of ℐ𝛼 (𝑋) is exactly the image of the RKHS 𝒳 of 𝑋 under 
ℐ𝛼, with the RKHS norm preserved. □

Remark 3.3. If the process 𝑋 is constant, i.e. 𝐾𝑋 (𝑢, 𝑣) = 𝐾𝑋 (0, 0) ≠ 0 for every 
𝑢, 𝑣 ∈ [0, 𝑇], then the RKHS of the integrated process can be identified explicitly. It 
coincides with

𝒜 = {𝑎 : [0, 𝑇] → ℝ | 𝑎(𝑡) = 𝑘 𝑡𝛼, 𝑘 ∈ ℝ},

endowed with the scalar product

⟨ 𝑓 , 𝑔⟩𝒜 = 𝑐 𝑓 𝑐𝑔
Γ2(𝛼 + 1)
𝐾𝑋 (0, 0) 

, 𝑓 (𝑡) = 𝑐 𝑓 𝑡
𝛼, 𝑔(𝑡) = 𝑐𝑔𝑡

𝛼 .

With this inner product, 𝒜 is a one-dimensional Hilbert space. Moreover, it is the 
RKHS associated with the covariance

𝐾ℐ𝛼 (𝑋) (𝑠, 𝑡) =
𝐾𝑋 (0, 0) 
Γ2(𝛼 + 1)

𝑠𝛼𝑡𝛼,

meaning that the covariance sections belong to 𝒜 and the reproducing property holds 
for every 𝑓 ∈ 𝒜.

4 Weak convergence and LDP for small-time

In this section we prove a functional weak convergence and a large deviations principle 
for the family of small-time processes under consideration. More precisely we consider 
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the process 𝑌 𝛼,𝜀 , for 𝜀 → 0, defined as the fractional Riemann-Liouville integral in 
small-time

𝑌 𝛼,𝜀𝑡 = ℐ𝛼 (𝑋)(𝜀𝑡), 𝑡 ∈ [0, 𝑇] .
Our strategy follows the approach outlined in the preliminaries: we first establish the 
convergence in law of a suitably rescaled version of the process. To prove this functional 
weak convergence, we will show the tightness of the family and the convergence of 
the covariance function, which is equivalent to establishing the weak convergence of 
the finite-dimensional distributions. Once this convergence is established, it follows 
that the original family satisfies a large deviations principle with a rate function 
characterized in terms of the RKHS associated with the limiting process.

The choice of the appropriate scaling factor for the rescaled process depends on 
the behavior of the covariance function at zero. If 𝐾𝑋 (0, 0) ≠ 0, the randomness 
in the small-time limit is dominated by the initial condition, so a simple scaling 
by 𝜀−𝛼 is sufficient. On the other hand, if 𝐾𝑋 (0, 0) = 0, the order of the standard 
scaling is not enough to produce a non-trivial limit. By Theorem 3.10 in [6], we 
obtain precise indications on the correct normalization needed to ensure convergence 
of the finite-dimensional distributions of the rescaled process to be integrated. In 
particular, the theorem suggests that such normalization should be asymptotically 
equivalent to 𝐾𝑋 (𝜀, 𝜀) as 𝜀 → 0, which naturally leads to considering the scaling 
factor (𝜀2𝛼𝐾𝑋 (𝜀, 𝜀))

−1/2. This, in turn, motivates imposing the additional condition 
on the function 𝐺 𝜀 (𝑢, 𝑣) := 𝐾𝑋 (𝜀𝑢,𝜀𝑣)

𝐾𝑋 (𝜀,𝜀) ,

lim 
𝜀→0

𝐺 𝜀 (𝑢, 𝑣) = 𝐾̂𝑋 (𝑢, 𝑣), 𝑢, 𝑣 ∈ [0, 𝑇], (4.1)

which can be interpreted as a multivariate regular variation property of the covariance 
function. Under this condition, the limit covariance 𝐾̂𝑋 is homogeneous (see Appendix 
1 in [9]). Consequently, the limiting integrand is self-similar.
Proposition 4.1. Let (𝑋𝑡 )𝑡∈[0,𝑇 ] be a centered Gaussian continuous process with 
covariance function 𝐾𝑋, then the family of processes {𝜀−𝛼𝑌 𝛼,𝜀}𝜀>0 is tight.

Moreover, assume that 𝐾𝑋 (0, 0) = 0 and that |𝐺 𝜀 | ≤ 𝐻 for some 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), 
with 𝑝 > 1 

𝛼 , then the family of processes {𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)
)︁−1/2

𝑌 𝛼,𝜀}𝜀>0 is also tight.
Proof. We verify that the assumptions of Theorem 23.7 in [12] are satisfied. These 
assumptions reduce to the Kolmogorov-Chentsov tightness condition. Suppose first 
𝐾𝑋 (0, 0) = 0. Since 𝑌 𝛼,𝜀0 = 0 for all 𝜀 > 0, to verify the Kolmogorov-Chentsov 
condition for the family {𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)−1/2𝑌 𝛼,𝜀}𝜀>0, it is enough to obtain a uniform 
estimate on the moments of the increments

𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)
−1/2(︁𝑌 𝛼,𝜀𝑡 − 𝑌 𝛼,𝜀𝑠

)︁
.

Without loss of generality, let 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇 . Then

Var
(︁
𝐾

− 1
2

𝑋 (𝜀, 𝜀)𝜀−𝛼 (𝑌 𝛼,𝜀𝑡 − 𝑌 𝛼,𝜀𝑠 )
)︁

= 𝜀−2𝛼𝐾−1
𝑋 (𝜀, 𝜀)

(︂
Var(𝑌 𝛼,𝜀𝑡 ) + Var(𝑌 𝛼,𝜀𝑠 ) − 2Cov(𝑌 𝛼,𝜀𝑠 , 𝑌 𝛼,𝜀𝑡 )

)︂

=
1 

Γ2(𝛼)

[︄∫ 𝑡

0

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1(𝑡 − 𝑣)𝛼−1𝐺 𝜀 (𝑢, 𝑣) 𝑑𝑢 𝑑𝑣
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+

∫ 𝑠

0

∫ 𝑠

0
(𝑠 − 𝑢)𝛼−1(𝑠 − 𝑣)𝛼−1𝐺 𝜀 (𝑢, 𝑣) 𝑑𝑢 𝑑𝑣

− 2
∫ 𝑠

0

∫ 𝑡

0
(𝑠 − 𝑢)𝛼−1(𝑡 − 𝑣)𝛼−1𝐺 𝜀 (𝑢, 𝑣) 𝑑𝑢 𝑑𝑣

]︄
.

Using the addition property, we obtain

Var
(︁
𝜀−𝛼 𝐾−1

𝑋 (𝜀, 𝜀)(𝑌 𝛼,𝜀𝑡 − 𝑌 𝛼,𝜀𝑠 )
)︁
≤

1 
Γ2(𝛼)

(𝐴𝜀 + 𝐵𝜀 + 𝐶𝜀 + 𝐷 𝜀),

where

0 ≤ 𝐴𝜀 =
∫ 𝑠

0

[︁
(𝑠 − 𝑢)𝛼−1 − (𝑡 − 𝑢)𝛼−1]︁𝑑𝑢 ∫ 𝑡

0
(𝑡 − 𝑣)𝛼−1 |𝐺 𝜀 (𝑢, 𝑣) |𝑑𝑣,

0 ≤ 𝐵𝜀 =
∫ 𝑠

0
(𝑠 − 𝑢)𝛼−1𝑑𝑢

∫ 𝑠

0

[︁
(𝑠 − 𝑣)𝛼−1 − (𝑡 − 𝑣)𝛼−1]︁|𝐺 𝜀 (𝑢, 𝑣) | 𝑑𝑣,

0 ≤ 𝐶𝜀 =
∫ 𝑡

𝑠
(𝑡 − 𝑢)𝛼−1𝑑𝑢

∫ 𝑡

0
(𝑡 − 𝑣)𝛼−1 |𝐺 𝜀 (𝑢, 𝑣) | 𝑑𝑣,

0 ≤ 𝐷 𝜀 =
∫ 𝑠

0
(𝑠 − 𝑢)𝛼−1𝑑𝑢

∫ 𝑡

𝑠
(𝑡 − 𝑣)𝛼−1 |𝐺 𝜀 (𝑢, 𝑣) | 𝑑𝑣.

We choose 𝑝 > 1 
𝛼 such that 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2) and define 𝑀 = ∥𝐻∥𝑝 . The conjugate 

exponent 𝑞 is such that 1 
𝑞 = 1 − 1 

𝑝 > 1 − 𝛼, therefore 𝑞(1 − 𝛼) < 1 and by Hölder 
inequality, we have

𝐴𝜀 ≤ 𝑀

(︃∫ 𝑠

0

[︁
(𝑠 − 𝑢)𝛼−1 − (𝑡 − 𝑢)𝛼−1]︁𝑞𝑑𝑢 ∫ 𝑡

0
(𝑡 − 𝑣)𝑞 (𝛼−1)𝑑𝑣

)︃ 1 
𝑞

≤ 𝑀

(︃
𝑡𝑞 (𝛼−1)+1

𝑞(𝛼 − 1) + 1

)︃ 1 
𝑞
(︃∫ 𝑠

0

[(𝑡 − 𝑢)1−𝛼 − (𝑠 − 𝑢)1−𝛼]𝑞

(𝑠 − 𝑢)𝑞 (1−𝛼) (𝑡 − 𝑢)𝑞 (1−𝛼)
𝑑𝑢

)︃ 1 
𝑞

.

Using the concavity inequality (𝑡 − 𝑢)1−𝛼 − (𝑠− 𝑢)1−𝛼 ≤ (𝑡 − 𝑠)1−𝛼, we can conclude

𝐴𝜀 ≤ 𝑀
𝑇

2 
𝑞 +3(𝛼−1)

[(𝑞(𝛼 − 1) + 1)(2𝑞(𝛼 − 1) + 1)]
1 
𝑞

(𝑡 − 𝑠)1−𝛼 .

The term 𝐵𝜀 can be bounded from above in a similar way.

𝐶𝜀 ≤ 𝑀

(︃∫ 𝑡

𝑠

(︁
𝑡 − 𝑢)𝑞 (𝛼−1)𝑑𝑢

∫ 𝑡

0
(𝑡 − 𝑣)𝑞 (𝛼−1)𝑑𝑣

)︃ 1 
𝑞

≤ 𝑀

(︃
𝑡𝑞 (𝛼−1)+1

𝑞(𝛼 − 1) + 1

)︃ 1 
𝑞
(︃
(𝑡 − 𝑠)𝑞 (𝛼−1)+1

𝑞(𝛼 − 1) + 1 

)︃ 1 
𝑞

≤

(︃
𝑇𝑞 (𝛼−1)+1

(𝑞(𝛼 − 1) + 1)2

)︃ 1 
𝑞

(𝑡 − 𝑠)𝛼−1+ 1 
𝑞 ,
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The estimation for the term 𝐷 𝜀 is analogous. The terms 𝐴𝜀 and 𝐵𝜀 are controlled by 
a power (𝑡 − 𝑠)1−𝛼, while the other two are controlled by a power (𝑡 − 𝑠)𝛼−1+ 1 

𝑞 . Then, 
summing the four contributions, we obtain for 0 ≤ 𝑠 < 𝑡 ≤ 𝑇 :

Var
(︁
𝜀−𝛼 𝐾−1

𝑋 (𝜀, 𝜀)(𝑌 𝛼,𝜀𝑡 − 𝑌 𝛼,𝜀𝑠 )
)︁
≤ 𝐶 (𝛼, 𝑝, 𝑇) · (𝑡 − 𝑠)𝛽 ,

where 𝐶 (𝛼, 𝑝, 𝑇) is a constant depending on the parameters 𝛼, 𝑝, 𝑇 and

𝛽 = min
{︂
𝛼 −

1 
𝑝
, 1 − 𝛼

}︂
∈ (0, 1).

The case 𝐾𝑋 (0, 0) ≠ 0 is simpler. Indeed, no normalization is needed and the covari
ance 𝐾𝑋 (𝜀𝑢, 𝜀𝑣) appears directly, replacing 𝐺 𝜀 (𝑢, 𝑣). Since 𝐾𝑋 is continuous on the 
compact set [0, 𝑇]2, it is uniformly bounded. Therefore, in this case 𝐾𝑋 (𝜀𝑢, 𝜀𝑣) is 
automatically controlled by a constant.

Since the processes are Gaussian, the variance estimates obtained above imply 
corresponding bounds for moments of arbitrary order. Hence, choosing an integer 
𝑚 ≥ 1 such that 𝑚𝛽 > 1, we obtain

sup 
𝜀>0

𝔼

[︂⃓⃓
𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)

−1/2 (𝑌 𝛼,𝜀𝑡 − 𝑌 𝛼,𝜀𝑠 )
⃓⃓2𝑚]︂

≤ 𝐶𝑚 |𝑡 − 𝑠 |𝑚𝛽 ,

and Kolmogorov-Chentsov’s criterion yields tightness in 𝒞. The same argument ap
plies in the case 𝐾𝑋 (0, 0) ≠ 0.

□

Theorem 4.2. Let (𝑋𝑡 )𝑡∈[0,𝑇 ] be a centered Gaussian continuous process with co
variance function 𝐾𝑋, then

1. if 𝐾𝑋 (0, 0) ≠ 0, then as 𝜀 → 0, the rescaled process {𝜀−𝛼𝑌 𝛼,𝜀}𝜀>0 weakly 
converges, in 𝒞 to 𝑌̃ 𝛼,0 = ℐ𝛼 ( 𝑋̃), where 𝑋̃ is a constant process equal in law 
to 𝑋0;

2. if 𝐾𝑋 (0, 0) = 0, assume that |𝐺 𝜀 | ≤ 𝐻 for some 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), 𝑝 >
1 
𝛼 , and that (4.1) holds. Then, as 𝜀 → 0, the family of rescaled processes 
{𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)

−1/2𝑌 𝛼,𝜀}𝜀>0 weakly converges in 𝒞 to 𝑌̂ 𝛼,0 = ℐ𝛼 ( 𝑋̂) where 𝑋̂
is a centered Gaussian process with covariance 𝐾̂𝑋.

Proof. The proof proceeds in two steps in both cases. Step 1: convergence of finite
dimensional distributions. For each case, we consider arbitrary times 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇
and compute the covariance of the rescaled process. If 𝐾𝑋 (0, 0) ≠ 0, since 𝐾𝑋 is 
continuous, it is measurable and bounded on compact sets. Hence, the integrand in 
the covariance representation is dominated by

𝑀

Γ2(𝛼)
(𝑠 − 𝑢)𝛼−1(𝑡 − 𝑣)𝛼−1,

which is integrable on [0, 𝑠] × [0, 𝑡].
The Dominated Convergence Theorem gives

lim 
𝜀→0

𝜀−2𝛼Cov(𝑌 𝛼,𝜀𝑡 , 𝑌 𝛼,𝜀𝑠 ) =
1 

Γ2(𝛼 + 1)
𝐾𝑋 (0, 0) 𝑠𝛼𝑡𝛼,
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which shows that the finite-dimensional distributions converge to those of 𝑌̃𝛼,0.
If 𝐾𝑋 (0, 0) = 0, note that 𝐺 𝜀 and 𝐻 are measurable and that

|𝐺 𝜀 (𝑢, 𝑣) | ≤ 𝐻 (𝑢, 𝑣), (𝑢, 𝑣) ∈ [0, 𝑇]2.

since 𝐻 is in 𝐿 𝑝 ([0, 𝑇]2), for some 𝑝 > 1 
𝛼 , Hölder inequality combined with the 

dominated convergence theorem gives

lim 
𝜀→0

𝜀−2𝛼

𝐾𝑋 (𝜀, 𝜀)
Cov(𝑌 𝛼,𝜀𝑡 , 𝑌 𝛼,𝜀𝑠 ) =

1 
Γ2 (𝛼)

∫ 𝑠

0

∫ 𝑡

0
(𝑠−𝑢)𝛼−1(𝑡−𝑣)𝛼−1𝐾̂𝑋 (𝑢, 𝑣) 𝑑𝑢 𝑑𝑣,

which shows that the finite-dimensional distributions converge to those of 𝑌̂𝛼,0.
Step 2: functional convergence. Proposition 4.1 ensures tightness of the rescaled 

families. Combined with the convergence of finite-dimensional distributions shown 
in Step 1, this yields convergence in law in 𝒞 to the corresponding limiting processes 
𝑌̃ 𝛼,0 and 𝑌̂ 𝛼,0.

□

Now we have all the tools to establish an LDP in small-time for FIG processes. 
We will combine the results in [6] with the weak-convergence results that we have just 
proven. We will also show that it is not necessary to consider centered FIG processes, 
since the mean of the small-times processes converges uniformly to 0.
Theorem 4.3. Let (𝑋𝑡 )𝑡∈[0,𝑇 ] be a Gaussian continuous process with covariance 
function 𝐾𝑋, then

1. if 𝐾𝑋 (0, 0) ≠ 0, then the family {𝑌 𝛼,𝜀}𝜀>0 satisfies a LDP in 𝒞 with speed 
𝑣(𝜀) = 𝜀−2𝛼 and rate function

𝐽0(ℎ) =

{︄
1
2
Γ2 (𝛼+1)
𝐾𝑋 (0,0) · 𝑐

2, if ℎ(𝑡) = 𝑐 · 𝑡𝛼, 𝑐 ∈ ℝ, 𝑡 ∈ [0, 𝑇]
+∞, otherwise;

. (4.2)

2. if 𝐾𝑋 (0, 0) = 0, assume that |𝐺 𝜀 | ≤ 𝐻 for some 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), 𝑝 > 1 
𝛼 , and 

that (4.1) holds. Then the family {𝑌 𝛼,𝜀}𝜀>0 satisfies a LDP in 𝒞 with speed 
𝑣(𝜀) = 𝜀−2𝛼𝐾−1

𝑋 (𝜀, 𝜀) and rate function

𝐽0(ℎ) =

{︄
1
2 ∥𝒟𝛼ℎ∥2

𝒳̂ , ℎ ∈ Im(ℐ𝛼 (𝒳 ))

+∞, otherwise,
(4.3)

where 𝒳 and ∥ · ∥𝒳̂ respectively denote the RKHS and the related norm asso
ciated with the limit covariance 𝐾̂𝑋 defined in (4.1).

Proof. First, suppose that 𝑋 is a centered process. The large deviation principles in both 
cases follow from Theorem 4.2 together with Theorem 2.3, which provide the small
time LDP for the rescaled Gaussian processes in 𝒞 under the stated assumptions. 
More precisely, Theorem 4.2 identifies the family of processes that admits a non
trivial limit under the considered rescaling, as well as its limiting process, which in 
turn determines the associated reproducing kernel Hilbert space structure governing 
the large deviations. Theorem 2.3 then shows that such a rescaled family satisfies a 
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large deviation principle with speed given by the inverse of the square of the scaling 
parameter. More precisely, since we are interested in a small-time large deviation 
principle for the original (non-reparametrized) process, the correct normalization is 
determined by the short-time behaviour of the covariance. In case (1), the assumption 
𝐾𝑋 (0, 0) ≠ 0 yields the appropriate normalization with speed 𝑣(𝜀) = 𝜀−2𝛼. In case 
(2), the additional hypotheses ensure that the rescaled process satisfies a small-time 
LDP with speed 𝑣(𝜀) = 𝜀−2𝛼𝐾𝑋 (𝜀, 𝜀)

−1.
Finally, the explicit form of the rate functions in (4.2) and (4.3) follows from 

Remark 3.3 for the first case and Proposition 3.2 for the second. These results char
acterize the RKHS of the corresponding (limit) Gaussian process and express the rate 
function in terms of the associated RKHS norm.

If the process is not centered, let us denote 𝔼[𝑋𝑡 ] = 𝑚𝑋 (𝑡). Then 𝔼[𝑌 𝛼,𝜀𝑡 ] =
𝜀𝛼

∫ 𝑡
0 (𝑡 − 𝑢)𝛼−1𝑚𝑋 (𝜀𝑢)𝑑𝑢, converges uniformly to 0 as 𝜀 → 0; therefore the two 

families {(𝑌 𝛼,𝜀𝑡 )𝑡∈[0,𝑇 ]}𝜀>0 and {(𝑌 𝛼,𝜀𝑡 − 𝔼[𝑌 𝛼,𝜀𝑡 ])𝑡∈[0,𝑇 ]}𝜀>0 are exponentially 
equivalent (at the right speed) and satisfy the same LDP. □

Remark 4.4. It is worth emphasizing that if 𝐾̂𝑋 (𝑢, 𝑣) = 1 for every 𝑢, 𝑣 ∈ [0, 𝑇], 
namely if 𝐾̂𝑋 is homogeneous of degree zero, then the limiting behavior coincides with 
that of the case 𝐾𝑋 (0, 0) ≠ 0, although the normalization is the same as in the case 
𝐾𝑋 (0, 0) = 0. More precisely, the family of processes {𝜀−𝛼𝐾𝑋 (𝜀, 𝜀)−1/2𝑌 𝛼,𝜀}𝜀>0
weakly converges in 𝒞 to a Gaussian process of the form described in (2.3), where a 
standard Gaussian random variable replaces 𝑋0. Furthermore, the family {𝑌 𝛼,𝜀}𝜀≥0
satisfies a LDP in 𝒞 with speed 𝑣(𝜀) = 𝜀−2𝛼𝐾−1

𝑋 (𝜀, 𝜀) and rate function as in (4.2), 
with 1 in place of 𝐾𝑋 (0, 0).
Remark 4.5. An alternative derivation of Theorem 4.3 can be obtained via the con
traction principle. Indeed, if the family of suitably rescaled small-time processes 
{(𝑣(𝜀)−1/2𝑋𝜀𝑡 )𝑡∈[0,𝑇 ]}𝜀>0 satisfies a large deviations principle, then, since the frac
tional integral operator ℐ𝛼 is continuous, the contraction principle implies that the 
image family also satisfies a LDP, with a rate function coinciding with those in (4.2)
and (4.3).

Compared to this contraction principle approach, the method adopted in this 
paper requires fewer assumptions on the original process 𝑋 . In particular, the limiting 
covariance function may not define a continuous process, yet our approach still applies 
by directly exploiting the Gaussian structure and the RKHS of the fractional integral.

In both cases, the limiting process can be represented as the fractional integral 
of a Gaussian process with a well-defined limiting covariance structure. In the first 
scenario, the limit explicitly retains a stochastic dependence on the initial condition 
𝑋0, propagated through the fractional integration. In the second scenario, by contrast, 
the non-trivial limiting behavior emerges from the rescaled covariance function, giving 
rise to a new Gaussian structure.

5 Weak convergence and LDP for large time

At this stage, we consider the process 𝑍𝛼,𝜌, for 𝜌 → ∞, defined as the fractional 
Riemann-Liouville integral in large-time

𝑍
𝛼,𝜌
𝑡 = ℐ𝛼 (𝑋)(𝜌𝑡), 𝑡 ∈ [0, 𝑇],
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and investigate whether the results obtained in the previous sections can be extended. 
We consider continuous Gaussian processes (𝑋𝑡 )𝑡≥0. As noted above, fractional in
tegration amplifies long-range dependence as the fractional order increases. Since 
the covariance functions of FIG processes involve double integrals, they typically 
diverge as time grows, which motivates the study of the suitably normalized family of 
processes.

With the usual change of variables one readily observes that the covariance of 
the large-time FIG processes scales by a factor 𝜌2𝛼, which diverges as 𝜌 → +∞. 
Therefore, the limiting behavior is influenced by the asymptotic properties of the 
covariance 𝐾𝑋, i.e. the behavior of 𝐾𝑋 (𝜌𝑢, 𝜌𝑣) as 𝜌 → +∞. Several scenarios may 
occur: it may diverge, converge to a constant, or have no limit. In our analysis, we start 
with the case where it converges to a non-zero constant.

Proposition 5.1. Let (𝑋𝑡 )𝑡≥0 be a centered Gaussian continuous process with covari
ance function 𝐾𝑋, and suppose that, for every 𝑢, 𝑣 ∈ (0, 𝑇],

lim 
𝜌→+∞

𝐾𝑋 (𝜌𝑢, 𝜌𝑣) = 𝐾∞ ≠ 0. (5.1)

Then,

1. the family of processes {(𝜌−𝛼𝑍𝛼,𝜌}𝜌>0 converges weakly in 𝒞 (as 𝜌 → +∞) 
to 𝑍̃𝛼,∞ = ℐ𝛼 ( 𝑋̃∞), where 𝑋∞ is a real-valued centered Gaussian random 
variable with variance 𝐾∞;

2. if 𝜓 is an infinitesimal function then the family {𝜓(𝜌)𝜌−𝛼𝑍𝛼,𝜌}𝜌>0 satisfies an 
LDP in 𝒞 with speed 𝑣(𝜌) = 𝜓−2 (𝜌) and rate function

𝐽∞(ℎ) =

{︄
1
2
Γ2 (𝛼+1)
𝐾∞

· 𝑐2, if ℎ(𝑡) = 𝑐 · 𝑡𝛼, 𝑐 ∈ ℝ, 𝑡 ∈ [0, 𝑇]
+∞, otherwise.

Proof. The tightness of the rescaled family can be shown exactly as in Proposition 
4.1, we just need to observe that 𝐾𝑋 is uniformly bounded on [0, +∞)2. We can still 
apply the dominated convergence theorem under these assumptions, as 𝜌 → +∞, in 
order to get the convergence of the finite-dimensional distributions, which, combined 
with the tightness of the family, gives the functional convergence in 𝒞, as in Theorem 
4.2. The LDP follows from Theorem 2.3, while the expression for the rate function 
can be obtained as in Remark 3.3. □

If (5.1) is not verified we will assume that

lim 
𝜌→+∞

𝐾𝑋 (𝜌𝑢, 𝜌𝑣)

𝐾𝑋 (𝜌, 𝜌) 
= 𝐾̂∞(𝑢, 𝑣), 𝑢, 𝑣 ∈ (0, 𝑇], (5.2)

for some 𝐾̂∞ not identically zero. This is exactly the same assumption we made in 
the small-time case. However, in the present setting, the behavior of 𝐾𝑋 (𝜌, 𝜌) may 
either enhance or reduce the speed, since it can tend to zero or to infinity as 𝜌 → 0. 
The correct scaling factor to prove the tightness and the functional convergence is 
𝐾

− 1
2

𝑋 (𝜌, 𝜌) 𝜌−𝛼.
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Proposition 5.2. Let (𝑋𝑡 )𝑡≥0 be a centered Gaussian continuous process with covari
ance function 𝐾𝑋, and let 𝐺𝜌 (𝑢, 𝑣) denote 𝐾𝑋 (𝜌𝑢,𝜌𝑣)

𝐾𝑋 (𝜌,𝜌) . We assume that condition (5.2)
holds and that |𝐺𝜌 | ≤ 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), for some 𝑝 > 1 

𝛼 . Then,

1. the family of processes {𝜌−𝛼𝐾
− 1

2
𝑋 (𝜌, 𝜌)𝑍𝛼,𝜌}𝜌>0 converges weakly in 𝒞 (as 

𝜌 → +∞) to 𝑍̂𝛼,∞ = ℐ𝛼 ( 𝑋̂∞), where 𝑋̂∞ is a the centered Gaussian process 
with covariance 𝐾̂∞;

2. if 𝜓 is an infinitesimal function then the family {𝜓(𝜌)𝜌−𝛼𝐾
− 1

2
𝑋 (𝜌, 𝜌)𝑍𝛼,𝜌}𝜌>0

satisfies an LDP in 𝒞 with speed 𝑣(𝜌) = 𝜓−2 (𝜌) and rate function

𝐽∞(ℎ) =

⎧⎪⎨
⎪⎩

1
2 ∥𝒟𝛼ℎ∥2

𝒳̂∞
, ℎ ∈ Im(ℐ𝛼 (𝒳∞))

+∞, otherwise,

where 𝒳∞ and ∥ · ∥𝒳̂∞
respectively denote the RKHS and the related norm associated 

with the limit covariance 𝐾̂∞ defined in (5.1).

Proof. The proof is the same as in Proposition 5.1, the only difference being the 
rescaling factor 𝜌−𝛼𝐾𝑋 (𝜌, 𝜌)

−1/2. Indeed, with this normalization the covariance 
structure is rewritten in terms of

𝐺𝜌 (𝑢, 𝑣) =
𝐾𝑋 (𝜌𝑢, 𝜌𝑣)

𝐾𝑋 (𝜌, 𝜌) 
,

so that all the arguments in Proposition 5.1 apply with 𝐾𝑋 (𝜌𝑢, 𝜌𝑣) replaced by 
𝐺𝜌 (𝑢, 𝑣). The tightness of the rescaled family is proved exactly as in Proposition 
4.1. Furthermore, since 𝐺𝜌 (𝑢, 𝑣) → 𝐾̂∞(𝑢, 𝑣) pointwise and |𝐺𝜌 | ≤ 𝐻 for some 
𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), with 𝑝 > 1 

𝛼 , the dominated convergence theorem can be applied 
to the covariance integrals defining the finite-dimensional distributions. Therefore, 
the finite-dimensional distributions converge to those of 𝑍̂𝛼,∞ = ℐ𝛼 ( 𝑋̂∞). Combining 
tightness and convergence of finite-dimensional distributions yields weak convergence 
in 𝒞, as in Theorem 4.2. The LDP follows from Theorem 2.3, while the expression 
of the rate function is obtained as in Proposition 3.2. □

Remark 5.3. If the limiting covariance 𝐾̂∞ is constant, then the same conclusions as 
in the small-time case apply (see Remark 4.4).

Remark 5.4. The assumption that 𝑋 is centered is not essential, but it simplifies the 
exposition. If 𝑋 is not centered and we denote by 𝑚𝑋 (𝑡) = 𝔼[𝑋𝑡 ] its mean function, 
then we have

𝔼 
[︁
𝑍
𝛼,𝜌
𝑡

]︁
=

𝜌𝛼

Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑚(𝜌𝑠) 𝑑𝑠.

For the convergence results to hold in the non-centered case, one needs to assume that 
the normalized mean term above converges uniformly in 𝑡 ∈ [0, 𝑇] to a continuous 
function. Under this additional condition, the asymptotic behavior of the centered 
fluctuations remains unchanged.
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6 Fractionally integrated Gauss-Markov processes

In this section, we consider the fractional integral of a special class of continuous 
Gaussian processes, namely Gauss-Markov processes. Gauss-Markov processes enjoy 
remarkable representation properties, which make their covariance function partic
ularly easy to characterize. These structural features simplify the analysis of the 
corresponding integrated processes.

Since Gauss-Markov processes can be viewed as deterministic transformations of 
Brownian motion, we are able to derive an explicit and general expression for the 
associated RKHS.

6.1 Definition and properties

Continuous Gauss-Markov processes are defined as follows (see [1]).

Definition 6.1. Let 𝑚, ℎ1, ℎ2 ∈ 𝒞 such that 𝑟 ≔ ℎ1
ℎ2

is a non-negative, strictly 
increasing function on (0, 𝑇], that admits a continuous extension on [0, 𝑇]. If (𝐵𝑡)𝑡≥0
denotes the standard Brownian motion, we define

𝑋𝑡 ≔ 𝑚(𝑡) + ℎ2(𝑡)𝐵𝑟 (𝑡 ) , 𝑡 ∈ [0, 𝑇] . (6.1)

Since ℎ1 and ℎ2 need to have the same sign, we can assume that they are positive, 
without loss of generality. The process 𝑋 has factorizable covariance for 𝑠 ≤ 𝑡:

𝐾𝑋 (𝑠, 𝑡) = ℎ2(𝑠)ℎ2(𝑡)𝐸 [𝐵𝑟 (𝑠)𝐵𝑟 (𝑡 ) ] = ℎ2 (𝑠)ℎ2(𝑡)𝑟 (𝑠) = ℎ1 (𝑠)ℎ2(𝑡),

Remark 6.2. A factorizable covariance function is said to be triangular. Let 𝑇 denote 
a closed interval in ℝ+. It can be shown that if (𝑋𝑡)𝑡∈𝑇 is a centered, mean-square 
continuous Gaussian process (i.e. lim𝑠→𝑡 𝐸 [|𝑋 (𝑡) − 𝑋 (𝑠) |2] = 0 for any 𝑠, 𝑡 ∈ 𝑇), 
non singular except possibly at the endpoints of 𝑇 , then it is a Gauss-Markov pro
cess if and only if it has a triangular covariance function. Moreover, every centered 
Gauss-Markov process 𝑋 with these properties admits a representation of the form 
(6.1), where 𝑚 = 0, ℎ1, ℎ2 are continuous and 𝑟 is continuous and strictly increas
ing in 𝑇 . Note that continuous Gauss-Markov processes on an interval satisfy these 
assumptions. The above representation of Gauss-Markov processes is also known as 
Doob’s representation, as it was first introduced by Doob in [10]. These results and 
the relative proofs can be found in [14].

Let 𝑋 be a process satisfying Definition 6.1. Then we can consider the fractional 
integral of order 𝛼 ∈ (0, 1] of a Gauss-Markov process (FIGM),

ℐ𝛼 (𝑋)(𝑡) ≔ 1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1 (𝑚(𝑠) + ℎ2(𝑠)𝐵𝑟 (𝑠) ) 𝑑𝑠 , 𝑡 ∈ [0, 𝑇] .

A recent work by M. Abundo and E. Pirozzi ([3]) describes the covariance func
tion of FIGM processes: its analytic expression is determined, and some particular 
examples are explored through simulations, such as the fractional integral of Brown
ian motion, the Ornstein-Uhlenbeck process, and the stationary Ornstein-Uhlenbeck 
process.
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6.2 RKHS of FIGM processes
In this section, we will derive the RKHS of FIGM processes by combining two criteria, 
one is Lemma 3.1, the other is the following Pull-back Theorem (see Theorem 5.7 in 
[15]) for RKHS of real functions.
Theorem 6.3 (Pull-back Theorem). Let 𝑆 and 𝑇 be interval of [0,+∞), let 𝜙 : 𝑆 −→

𝑇 be a function and let 𝐾 : 𝑇 × 𝑇 → ℝ be a covariance function associated with the 
RHKS ℍ(𝐾). Then, the RKHS associated to the covariance function 𝐾 ◦ 𝜙 is

ℍ(𝐾 ◦ 𝜙) = { 𝑓 ◦ 𝜙 : 𝑓 ∈ ℍ(𝐾)},

and, for 𝑢 ∈ ℍ(𝐾 ◦ 𝜙), we have that

∥𝑢∥ℍ(𝐾◦𝜙) = min{∥ 𝑓 ∥ℍ(𝐾 ) | 𝑢 = 𝑓 ◦ 𝜙}.

In particular, if 𝜙 is a one-to-one correspondence, it induces an isometry between 
the RKHS associated with 𝐾 and 𝐾 ◦ 𝜙.

Let 𝑋 be a centered Gauss-Markov process on [0, 𝑇] with parameters ℎ2, 𝑟 as in 
Definition 6.1 and let 𝑟0, 𝑟𝑇 denote 𝑟 (0), 𝑟 (𝑇) respectively.

We now describe how to construct the RKHS of a centered Gauss-Markov process 
𝑋 on [0, 𝑇] with parameters ℎ2 and 𝑟 (as in Definition 6.1) by starting from the RKHS 
of standard Brownian motion. The construction proceeds in three steps:

1. Brownian motion on a interval: Consider a Brownian motion 𝐵 on a subinterval 
[𝑟0, 𝑟𝑇 ] ⊂ ℝ

+. Using the decomposition 𝐵𝑡 = 𝐵𝑡 − 𝐵𝑟0 + 𝐵𝑟0 for 𝑡 ∈ [𝑟0, 𝑟𝑇 ], by 
Theorem 5, §1.4.1, in [8], we can express its RKHS as

ℍ[𝑟0 ,𝑟𝑇 ] = { 𝑓 ∈ 𝐴𝐶 [𝑟0, 𝑟𝑇 ] : 𝑓 ∈ 𝐿2([𝑟0, 𝑟𝑇 ])},

(𝐴𝐶 [𝑟0, 𝑟𝑇 ] is the space of the absolutely continuous functions on [𝑟0, 𝑟𝑇 ]) 
equipped with the norm

∥ 𝑓 ∥2
ℍ[𝑟0 ,𝑟𝑇 ]

=
( 𝑓 (𝑟0))

2

𝑟0
+

∫ 𝑟𝑇

𝑟0

| 𝑓 (𝑡) |2 𝑑𝑡.

2. Time change: Next, consider a strictly increasing function 𝑟 : [0, 𝑇] → [𝑟0, 𝑟𝑇 ]
and the time-changed Brownian motion (𝐵𝑟 (𝑡 ) )𝑡∈[0,𝑇 ] . By the pull-back theorem 
(Theorem 6.3), the RKHS of this time-changed process is

ℍ
′
[0,𝑇 ] = {𝑔 = 𝑓 ◦ 𝑟 : 𝑓 ∈ ℍ[𝑟0 ,𝑟𝑇 ]},

with the norm ∥𝑔∥ℍ′
[0,𝑇 ]

= ∥ 𝑓 ∥ℍ[𝑟0 ,𝑟𝑇 ]
.

3. Multiplication by ℎ2: Finally, multiplication by the continuous function ℎ2 :
[0, 𝑇] → ℝ defines a linear, continuous, one-to-one map

𝑇ℎ2 : 𝒞 → 𝒞, 𝑔 ↦→ ℎ2 · 𝑔.

By Lemma 7.1 in [17], the RKHS of the centered Gauss-Markov process 𝑋𝑡 =
ℎ2(𝑡)𝐵𝑟 (𝑡 ) for 𝑡 ∈ [0, 𝑇], is therefore

ℍ
′′
[0,𝑇 ] = {ℓ = ℎ2 · 𝑔 : 𝑔 ∈ ℍ

′
[0,𝑇 ]},
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with the norm

∥ℓ∥ℍ′′
[0,𝑇 ]

= ∥𝑔∥ℍ′
[0,𝑇 ]

=
⃦⃦⃦ ℓ

ℎ2
◦ 𝑟−1

⃦⃦⃦
ℍ[𝑟0 ,𝑟𝑇 ]

.

In this way, starting from the classical Cameron-Martin space of Brownian mo
tion, and applying successively a restriction to a subinterval, a time change, and a 
multiplication by ℎ2, we obtain the RKHS of the Gauss-Markov process 𝑋 .

We now state the following proposition, whose proof follows immediately from 
Proposition 3.2 and equation (2.1).
Proposition 6.4. Let (𝑋𝑡 )𝑡∈[0,𝑇 ] a continuous centered Gauss-Markov process as 
in(6.1). Then, the RKHS of ℐ𝛼 (𝑋) is the set

𝒴 =
{︂
𝑧 ∈ 𝒞

⃓⃓
𝑧(𝑡) =

1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1ℎ2 (𝑢) 𝑓 (𝑟 (𝑢))𝑑𝑢, 𝑡 ∈ [0, 𝑇], 𝑓 ∈ ℍ[𝑟0 ,𝑟𝑇 ]

)︁}︂
,

equipped with the norm

∥𝑧∥𝒴 = ∥ 𝑓 ∥ℍ[𝑟0 ,𝑟𝑇 ]
=

⃦⃦⃦
⃦𝒟𝛼𝑧

ℎ2
◦ 𝑟−1

⃦⃦⃦
⃦
ℍ[𝑟0 ,𝑟𝑇 ]

.

6.3 Small-time asymptotics for FIGM processes
In the previous sections we established a general small-time large deviation princi
ple for fractionally integrated Gaussian processes. The corresponding rate function 
depends solely on the RKHS of the limit process 𝑌̃ 𝛼,0 (or ˆ︁𝑌 𝛼,0). We now specialize 
these results to the case where 𝑋 is a centered Gauss-Markov process with triangular 
covariance

𝐾𝑋 (𝑠, 𝑡) = ℎ1 (𝑠)ℎ2(𝑡), 0 ≤ 𝑠 ≤ 𝑡 ≤ 𝑇.

In this framework, the small-time behavior is governed by ℎ1, because ℎ2 can vanish 
at 0 only if ℎ1 does the same, by Definition 6.1. Moreover, both ℎ1 and ℎ2 can vanish 
only for 𝑡 = 0, since 𝑟 must be well-defined, positive and strictly increasing on (0,+∞). 
Let us describe the limit processes appearing in Theorem 4.2.

Case ℎ1(0) ≠ 0. This case is identical to the situation 𝐾𝑋 (0, 0) ≠ 0 in Theorem 4.2, 
and the same result follows.

Case ℎ1(0) = 0. In this case, we can assume regular variation at 0 for ℎ1, ℎ2, 
namely

ℎ1(𝜀𝑢)

ℎ1(𝜀) 
−→ ℎ̂1(𝑢) = 𝑢𝛾1 and

ℎ2(𝜀𝑣)

ℎ2 (𝜀) 
−→ ℎ̂2(𝑣) = 𝑣𝛾2 𝑢, 𝑣 ∈ [0, 𝑇] .

By the continuity assumptions on ℎ1, ℎ2, one has 𝛾1 ≥ 𝛾2 ≥ 0. We define 𝛾 ≔ 𝛾1−𝛾2
and 𝑟 (𝑢) ≔ 𝑢𝛾 . Then, by Remark 6.2, the normalized fractionally integrated process 
converges to the fractionally integrated Gauss-Markov process

𝑌̂ 𝛼,0𝑡 =
1 

Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1𝑢𝛾2 · 𝐵𝑢𝛾 𝑑𝑢, 𝑡 ∈ [0, 𝑇],

where 𝐵 is a standard Brownian motion.
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In the general small-time LDP, when 𝐾𝑋 (0, 0) = 0, we required that |𝐺 𝜀 | ≤ 𝐻 for 
some 𝐻 ∈ 𝐿 𝑝 ([0, 𝑇]2), 𝑝 > 1 

𝛼 , and that (4.1) holds. If 𝑋 is Gauss-Markov with ℎ1
regularly varying and ℎ1(0) = 0, we have

𝐺 𝜀 (𝑢, 𝑣) =
ℎ1(𝜀𝑢)

ℎ1(𝜀) 
·
ℎ2 (𝜀𝑣)

ℎ2(𝜀) 
.

As 𝜀 → 0, 𝐺 𝜀 (𝑢, 𝑣) converges to 𝑢𝛾1 · 𝑣𝛾2 , 0 ≤ 𝑢 ≤ 𝑣 ≤ 𝑇 by regular variation. 
Moreover, by the Potter bounds for regularly varying functions, for every 𝛿 > 0 there 
exists 𝐴 > 1 such that, for 𝜀 small enough, 𝑖 = 1, 2,

ℎ𝑖 (𝜀𝑢)

ℎ𝑖 (𝜀) 
≤ 𝐴𝑢𝛾𝑖−𝛿

Hence |𝐺 𝜀 | is dominated by a function that is in 𝐿 𝑝 ([0, 𝑇]2) for any 𝑝 > 1/𝛼, 
provided 𝛿 is chosen sufficiently small. The small-time rate functions in Theorem 4.3
then take the explicit forms:

1. Case ℎ1(0) ≠ 0. This case is identical to the situation 𝐾𝑋 (0, 0) ≠ 0 in Theo
rem 4.3, and the same result follows.

2. Case ℎ1(0) = 0.

• If ℎ1, ℎ2 are regularly varying with indices 0 ≤ 𝛾2 < 𝛾1, then

𝐽0 (𝑧) =

⎧⎪⎨
⎪⎩

1
2

⃦⃦⃦
⃦𝒟𝛼𝑧

ℎ̂2
◦ 𝑟−1

⃦⃦⃦
⃦

2

ℍ[0,𝑇𝛾 ]

, 𝑧 ∈ 𝒴̂0,

+∞, otherwise,

where

𝒴̂0 =
{︂
𝑧(𝑡) =

1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1𝑢𝛾2 · 𝑓 (𝑢𝛾)𝑑𝑢 : 𝑓 ∈ ℍ[0,𝑇𝛾 ]

}︂
.

• If ℎ1, ℎ2 are regularly varying with indices 𝛾1 = 𝛾2, we have a borderline 
case. The limiting process is, for 𝑡 ∈ [0, 𝑇], the degenerate FIGM process

𝑌̂ 𝛼,0𝑡 =
1 

Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1𝑢𝛾1 · 𝐵1 𝑑𝑢 =

Γ(𝛾1 + 1) 
Γ(𝛼 + 𝛾1 + 1)

𝑡𝛼+𝛾1 · 𝐵1.

With the same construction used in Remark 3.3, we get

𝐽0(ℎ) =

{︄
1
2
Γ2 (𝛼+𝛾1+1)
Γ2 (𝛾1+1) · 𝑐2, if ℎ(𝑡) = 𝑐 · 𝑡𝛼+𝛾1 , 𝑐 ∈ ℝ, 𝑡 ∈ [0, 𝑇]

+∞, otherwise.
.

We notice that when 𝛾1 = 𝛾2 = 0, we are in the situation described in 
Remark 4.4 and we get exactly the same result.

In conclusion, in the Gauss-Markov setting, the small-time LDP and its rate functions 
are determined by the behavior of ℎ1 at zero. All technical assumptions of the general 
theorem are automatically satisfied by regular variation and the Potter bounds.
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6.4 Large-time asymptotics for FIGM processes
In this section, we consider Gauss-Markov processes (𝑋𝑡 )𝑡≥0 and we want to study 
their fractional integral for large times. The asymptotic behavior in large times is no 
longer determined by ℎ1 since 𝑟 must be strictly increasing on the whole half-axis, 
therefore it cannot happen that ℎ1 approaches 0, if ℎ2 does not the same. A first simple 
case is that corresponding to the situation of Proposition 5.1: we assume that

lim 
𝜌→+∞

ℎ1(𝜌) = ℎ∞1 ≠ 0 and lim 
𝜌→+∞

ℎ2(𝜌) = ℎ∞2 ≠ 0. (6.2)

The limiting process is

𝑌 𝛼,∞𝑡 = 𝑋∞ 𝑡𝛼

Γ(𝛼 + 1)
,

where 𝑋∞ is a Gaussian random variable with variance ℎ∞1 ℎ∞2 . If this is note the case, 
we assume that ℎ1 and ℎ2 are regularly varying.

lim 
𝜌→+∞

ℎ1 (𝜌𝑢)
ℎ1 (𝜌) 

= ℎ̂1 (𝑢) = 𝑢𝛾1 and lim 
𝜌→+∞

ℎ2 (𝜌𝑣)
ℎ2 (𝜌) 

= ℎ̂2 (𝑣) = 𝑣𝛾2 , 𝑢, 𝑣 ∈ (0, 𝑇] . (6.3)

By the continuity assumptions on ℎ1, ℎ2, their orders of regular variation 𝛾1, 𝛾2 must 
be nonnegative, and 𝛾 = 𝛾1 − 𝛾2 ≥ 0, otherwise ℎ1

ℎ2
could not be increasing.

Also for large time all technical assumptions of the general theorem are automati
cally satisfied by regular variation and the Potter bounds.

In both cases, the limiting processes are still Gauss-Markov, as in the small-time 
case. We can derive an LDP using Proposition 5.1 and Proposition 5.2 and we can 
write explicit rate functions. Their expressions are analogous to the small-time rate 
functions, but we write them for completeness.

1. If (6.2) holds, then

𝐽∞(ℎ) =

{︄
1
2
Γ2 (𝛼+1)
ℎ∞1 ℎ

∞
2

· 𝑐2, if ℎ(𝑡) = 𝑐 · 𝑡𝛼, 𝑐 ∈ ℝ, 𝑡 ∈ [0, 𝑇]
+∞, otherwise.

.

2. If (6.3) holds, then

• If 0 ≤ 𝛾2 < 𝛾1,

𝐽∞(𝑧) =

⎧⎨
⎩

1
2 ·

⃦⃦⃦
𝒟𝛼𝑧
ℎ̂2

◦ 𝑟−1
⃦⃦⃦2

ℍ[0,𝑇𝛾 ]

, 𝑧 ∈ 𝒴̂∞

+∞, otherwise,
,

where

𝒴̂∞ =
{︂
𝑧(𝑡) =

1 
Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑢)𝛼−1𝑢𝛾2 · 𝑓 (𝑢𝛾)𝑑𝑢 : 𝑓 ∈ ℍ[0,𝑇𝛾 ]

}︂
.

• If 𝛾1 = 𝛾2,

𝐽∞(ℎ) =

{︄
1
2
Γ2 (𝛼+𝛾1+1)
Γ2 (𝛾1+1) · 𝑐2, if ℎ(𝑡) = 𝑐 · 𝑡𝛼+𝛾1 , 𝑐 ∈ ℝ, 𝑡 ∈ [0, 𝑇]

+∞, otherwise.
.
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6.5 Example: the Ornstein-Uhlenbeck process
A classical example of a continuous Gauss-Markov process is the Ornstein-Uhlenbeck 
process. Let (𝐵𝑡 )𝑡≥0 be a standard Brownian motion and let 𝜃, 𝜎 > 0. Consider the 
stochastic differential equation

𝑑𝑋𝑡 = −𝜃𝑋𝑡 𝑑𝑡 + 𝜎 𝑑𝐵𝑡 , 𝑋0 = 0.

Its unique strong solution is

𝑋𝑡 = 𝜎𝑒−𝜃𝑡
∫ 𝑡

0
𝑒𝜃𝑠 𝑑𝐵𝑠 , 𝑡 ≥ 0.

By Itô’s isometry, the martingale

𝑀𝑡 :=
∫ 𝑡

0
𝑒𝜃𝑠 𝑑𝐵𝑠

has quadratic variation

⟨𝑀⟩𝑡 =
∫ 𝑡

0
𝑒2𝜃𝑠 𝑑𝑠 =

𝑒2𝜃𝑡 − 1
2𝜃 

.

Therefore (see for example Theorem 8.4 in [4]), there exists a standard Brownian 
motion 𝑊 such that

𝑀𝑡 = 𝑊𝑟 (𝑡 ) , 𝑟 (𝑡) :=
𝑒2𝜃𝑡 − 1

2𝜃 
.

Therefore
𝑋𝑡 = 𝜎𝑒−𝜃𝑡𝑊𝑟 (𝑡 ) ,

which is precisely of the form (6.1) with

ℎ2(𝑡) = 𝜎𝑒−𝜃𝑡 , 𝑟 (𝑡) =
𝑒2𝜃𝑡 − 1

2𝜃 
, ℎ1(𝑡) = ℎ2(𝑡)𝑟 (𝑡) =

𝜎

2𝜃
(︁
𝑒𝜃𝑡 − 𝑒−𝜃𝑡

)︁
.

The covariance function is thus triangular: for 0 ≤ 𝑠 ≤ 𝑡,

𝐾𝑋 (𝑠, 𝑡) = ℎ1(𝑠)ℎ2(𝑡) =
𝜎2

2𝜃 

(︂
𝑒−𝜃 (𝑡−𝑠) − 𝑒−𝜃 (𝑡+𝑠)

)︂
.

By Proposition 6.4, the RKHS of the Ornstein-Uhlenbeck process is

ℋ𝑋 =
{︂
ℎ2(·) 𝑓 (𝑟 (·)) : 𝑓 ∈ 𝐴𝐶 ([0, 𝑟 (𝑇)]), 𝑓 ∈ 𝐿2([0, 𝑟 (𝑇)])

}︂
,

equipped with the norm

∥ℎ2 𝑓 ◦ 𝑟 ∥ℋ𝑋 = ∥ 𝑓 ∥ℍ[0,𝑟 (𝑇 ) ]
.

Its fractional integral of order 𝛼 ∈ (0, 1] is

ℐ𝛼 (𝑋)(𝑡) = 𝜎

Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑒−𝜃𝑠𝑊𝑟 (𝑠) 𝑑𝑠.

Applying Proposition 6.4, its RKHS is

𝒴 =
{︂
𝑧(𝑡) =

𝜎

Γ(𝛼)

∫ 𝑡

0
(𝑡 − 𝑠)𝛼−1𝑒−𝜃𝑠 𝑓 (𝑟 (𝑠)) 𝑑𝑠 : 𝑓 ∈ 𝐴𝐶 ( [0, 𝑟 (𝑇)]), 𝑓 ∈ 𝐿2 ( [0, 𝑟 (𝑇)])

}︂
,

with norm
∥𝑧∥𝒴 = ∥ 𝑓 ∥ℍ[0,𝑟 (𝑇 ) ]

.
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