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2 B. Pacchiarotti, M. Simoncelli

1 Introduction

Stochastic integrals and their fractional counterparts have become essential tools
in modeling complex systems where past states influence the present dynamics. Such
models naturally arise in physics, biology, and finance, for example in neuronal activity
modeling, rough volatility, and systems with memory ([3, 7]). Fractional integration
provides a flexible way to modulate the strength and decay of memory effects over
time, allowing one to capture both short-range and long-range dependencies.

In this work, we study the fractional Riemann-Liouville integral of a continuous
Gaussian process X, defined for @ € (0, 1] by

TX)(1) = %a)‘/ot(t—s)“_lXS ds, 120,

where I" denotes the Euler Gamma function. This construction generalizes the class
of fractionally integrated Gauss-Markov (FIGM) processes ([3, 1]), which are widely
used in applications due to their explicit covariance structure and representational
properties. Fractionally integrated Gauss-Markov processes have recently attracted
attention in different asymptotic settings. Besides large deviation questions, asymptotic
properties of their extrema have also been investigated. For instance, general results on
the maxima of Gaussian processes can be found in Lifshits [ 13], while the asymptotic
behaviour of the maximum of bridges associated with fractionally integrated Gauss-
Markov processes has been studied in [2]. The main focus of this paper is on the
asymptotic behavior of these fractionally integrated Gaussian processes in two regimes:
small-time and large-time. Our approach proceeds in two steps. First, we establish
functional weak convergence results for rescaled versions of Z%(X). Then, using
recent theoretical results connecting weak convergence to large deviations for Gaussian
measures ([5, 6]), we deduce functional large deviation principles (LDPs).

For small times, the limiting behavior is entirely determined by the covariance of
X at zero. If the covariance is non-degenerate, the limit is a deterministic multiple
of a power function of time; if it vanishes, the infinitesimal behavior of X near zero
dictates the limit. The resulting LDPs have explicit rate functions depending on the
fractional order and the covariance structure at zero.

For large times, direct application of standard results is generally precluded by
divergent covariances. We therefore consider appropriately rescaled families of pro-
cesses where the scaling function ensures convergence of the rescaled covariances.
Under suitable regularity assumptions, such as convergence or regular variation of
the covariance functions, the rescaled processes converge functionally, yielding LDPs
with speed and rate functions that depend on the asymptotic behavior of the covariance
and the fractional order.

A key aspect of our work is the explicit characterization of the reproducing kernel
Hilbert space (RKHS) of Z¢(X), expressed in terms of the RKHS of the process X.
By exploiting general results on the image of RKHS under continuous, injective linear
operators ([17, 15]), we obtain concrete formulas for the RKHS and the associated
norms. This allows a precise pathwise description of the processes and is essential for
deriving the functional LDPs. When X is a Gauss-Markov process, explicit formulas
for both RKHS and rate functions are given. The structure of the paper is as follows.
In Section 2, we introduce background on Gaussian processes, fractional integration,
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and RKHS theory. Section 3 identifies the RKHS of fractionally integrated processes.
Section 4 establishes weak convergence and large deviation principles for the small-
time regime. Section 5 treats weak convergence and large deviation principles for
the large-time regime. Finally, Section 6 provides explicit computations for the case
where the integrand is a Gauss—Markov process, including covariance, RKHS, and
rate function formulas.

2 Preliminary results

2.1 Large deviations in small-time for continuous Gaussian processes

In this section, we recall some known facts about large deviations that will be needed
in the sequel. Let E be a topological space. A (good) rate function on E is a lower
semicontinuous mapping / : E — [0, +oo] such that the level sets {I < a} are
compact for every a > 0 whereas a speed function v is a function R* — R* such that
v(e) = +o0as e — 0.

Definition 2.1. Let E be a topological space, B(E) its Borel o-algebra and {u <} ¢>0
a family of probabilities on % (E). We say that {u.} .0 satisfies a large deviations
principle (LDP) on E with rate function [ and speed v if for every closed set F C E

lim sup ——

1
e—0 v( )

and for every open set G C E

logus(F) < - 1nf I(x)

llmmf ( ) log u-(G) > _;Ielcf; I(x).

Definition 2.2. Let 7 be an arbitrary interval of R and let K : T xT — R be a
positive-definite covariance. The reproducing kernel Hilbert space associated with
the covariance K is the completion H of the linear space of all functions

n
t—>ZaiK(si,t), ay,...,an €R, s1,...,5, €T, n€eN,

relative to the norm induced by the inner product

n m

<zn:aiK(si")sZm1ﬂjK(tj»' > Z @;B;K(si t;).
i=1 = =

i=1 j
We notice that if ¢ () = 37| @;K(s;, 1) and K, (+) := K(s,-), then

¢(1) = (¢, Ki ).

This is called the reproducing property.

RKHSs are described in many textbooks, the reader can refer to Chapter 4 (in par-
ticular Section 4.3) in Hida&Hitsuda’s book [11] or Chapter 2 (in particular Sections
2.2 and 2.3) in Berlinet&Thomas-Agnan’s book [8]. RKHSs play a fundamental role
in the theory of large deviations for Gaussian processes.
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From now on, we consider real centered continuous Gaussian processes, Z =
(Zt)se10,17, Which leads to the consideration of Gaussian measures on the Banach
space € := €([0,T],R) of the continuous paths [0,7] — R, endowed with the
supremum norm || ||. Recent works have shown that under some assumptions, if
we rescale a family of Gaussian continuous processes Z% = (Z7);c[0,1], converging

weakly to some Gaussian process Z° = (Z?),e[o,T], by a factor p3 (&), where v is a
speed function, we get a family of processes satisfying a LDP with speed function v
and rate function depending on the limit law Z°.

The first result in this direction is contained in a work by P. Baldi (see [5]), showing
a link between the tightness of a family of Gaussian random variables and the uniform
exponential tightness at some speed v of the same family rescaled by a factor v=2. This
correspondence leads to the following result proved by P. Baldi and B. Pacchiarotti
(see Theorem 3.3 in [6]).

Theorem 2.3. ForT > 0, let {Z°} -0, be a tight family of continuous centered real
Gaussian processes converging in law to some process Z°.

Then, for every speed function v, the family {v(s)‘%Z £} >0 satisfies an LDP in
G at speed v and rate function

1y = 4 2l e 2o
+00, otherwise,

where Zy and || || z, respectively denote the RKHS and the related norm associated
to the limit process Z°.

2.2 Fractionally integrated Gaussian processes

In this section we introduce and study a class of Gaussian processes obtained via
fractional integration, which will constitute the fundamental object of this work. We
begin by recalling the notion of fractional integral and fractional derivative in the sense
of Riemann-Liouville, clarifying some definitions and structural relations that will be
used later on. In particular, we focus on fractional Riemann-Liouville integrals applied
to continuous Gaussian processes, leading to the notion of fractionally integrated
Gaussian (FIG) processes.

After recalling the definition of the fractional Riemann-Liouville integral, we
define the associated fractional integral of a continuous Gaussian process and dis-
cuss some of its basic properties. These processes remain Gaussian, inherit important
structural features from the original process, and exhibit enhanced path regularity. In
particular, the FIG processes are Holder continuous, with a Holder exponent deter-
mined by the order of fractional integration. This regularity property will be crucial in
the subsequent analysis, especially in the study of tightness for families of fractionally
integrated processes.

Definition 2.4. For f € L'([0,T]) and @ € (0, 1), its (left) fractional Riemann-
Liouville integral of order « is defined by

Z(f)(1) :=ﬁ/0 (t— ) f(s) ds, t€[0,7T].

where I' is the Gamma Euler function, i.e. I'(¢) = f0+°° t* et dt.
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Definition 2.5. For @« € (0,1), a function f admits a (left) fractional Riemann-
Liouville derivative of order a, if the following expression is well defined:

(D)) = / (t—$)F(s)ds.  te[0.T].

) dt
Alternative definitions of the fractional operators are possible, like the so-called
Caputo fractional derivative. An in-depth treatment of fractional operators can be found
in [16]. It is easy to see that if @« — 17, the Riemann-Liouville integral coincides
with the ordinary integral, while the fractional Riemann-Liouville derivative of order
1 provides the ordinary derivative. Furthermore, the fractional integral is the left
inverse of the fractional derivative of the same order on the image Z¢ (L' ([0, T]) (see
Theorem 2.4 in [16]), i.e.,

DUL(f)(1) = f(2). 2.1
Having introduced the fractional integral, we are now ready to define the class of
fractionally integrated Gaussian processes.

Definition 2.6. (FIG) Let (X;);c[0,7] be a continuous Gaussian process. The frac-
tional integral of order @ € (0, 1] of X is the process

T(X)(1) = ﬁ /0 t(t—s)“_IXS ds, t € [0,T]. 2.2)

Remark 2.7. In the special case where X is constant, namely X; = X, for every
s € [0,T], where Xj is a fixed random variable, the fractional integral can be computed
explicitly. Indeed,
Xo
I9X)(t) = =———t%, t€][0,T]. 23
(00 = 7oy [0.7] 23)
Thus, in this case, it is a deterministic multiple of Xj.

Note that X is continuous, so the integral process Z%(X) is well defined and it
is adapted in the same probability space as X. The fractionally integrated processes
defined in (2.2) (and (2.3)) are Gaussian processes. Under our assumptions, FIG
processes are Holder-continuous. It is well known that the Riemann-Liouville integral
maps the Holder space H' (0 < A < 1) into H*, provided that @ + 4 < 1 (see
Theorem 3.1 in [16]).

3 RKHS of fractionally integrated Gaussian processes

In order to determine the RKHS of the FIG processes, we can make use of a very
general result in a work by W. van der Vaart and J.H. van Zanten (see Lemma 7.1 in
[17]), which we recall here for completeness,

Lemma3.1. LetT : B — B’ be a one-to-one, continuous, linear map from a separable
Banach space B into a Banach space B’, and let W be a Borel measurable, zero-mean
Gaussian random element in B with RKHS H. Then the RKHS of the Gaussian random
element TW in B’ is equal to TH, and the map

T -H—->TH

is an isometry with respect to the corresponding RKHS norms.
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Thanks to this result, we can explicitly characterize the RKHS of the FIG processes,
as shown in the following proposition.

Proposition 3.2. Let (X;);c[0,1] @ Gaussian, centered, continuous process with RKHS
X. Then, the RKHS of the process T (X) is the image of X, i.e.

Im(Z% (X)) = {f SAMOE /[(t —u)* "h(u)du, t € [0,T], h € X},
0

1
[(a)
equipped with the norm

I€llm(zex)) = 1D || 2.
Proof. The result follows directly from the general lemma of van der Vaart and van
Zanten discussed above. Indeed, consider the fractional integral operator

I9:¢ —>€, ZI%h)()= ﬁ /Ot(z —u)* " h(u) du.

The operator Z¢ is linear and continuous from % to € because, for all & € €,

1 T | T
I € =—— T—-u)®"h du £ ———||h||-

2% < s [ =0 bl < sl
Furthermore Z¢ is one-to-one, thanks to the fractional differentiation formula (2.1),
which allows to recover A from £ = Z%h.

Therefore, the RKHS of Z¢(X) is exactly the image of the RKHS X’ of X under
I, with the RKHS norm preserved. O

Remark 3.3. If the process X is constant, i.e. Kx(u,v) = Kx(0,0) # 0 for every
u,v € [0,T], then the RKHS of the integrated process can be identified explicitly. It
coincides with

A={a:[0,T] >R |a(t) =kt k eR},

endowed with the scalar product

2 1
(oA = “,ﬁ F(O) = st glt) = cqt®.

With this inner product, A is a one-dimensional Hilbert space. Moreover, it is the
RKHS associated with the covariance
Kx(0,0) 4.4

Kza(x)(s,1) = ms ;

meaning that the covariance sections belong to .4 and the reproducing property holds
for every f € A.
4 Weak convergence and LDP for small-time

In this section we prove a functional weak convergence and a large deviations principle
for the family of small-time processes under consideration. More precisely we consider
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the process Y%, for € — 0, defined as the fractional Riemann-Liouville integral in
small-time
Y8 =T(X)(et), te€[0,T].

Our strategy follows the approach outlined in the preliminaries: we first establish the
convergence in law of a suitably rescaled version of the process. To prove this functional
weak convergence, we will show the tightness of the family and the convergence of
the covariance function, which is equivalent to establishing the weak convergence of
the finite-dimensional distributions. Once this convergence is established, it follows
that the original family satisfies a large deviations principle with a rate function
characterized in terms of the RKHS associated with the limiting process.

The choice of the appropriate scaling factor for the rescaled process depends on
the behavior of the covariance function at zero. If Kx(0,0) # 0, the randomness
in the small-time limit is dominated by the initial condition, so a simple scaling
by £~ is sufficient. On the other hand, if Kx(0,0) = 0, the order of the standard
scaling is not enough to produce a non-trivial limit. By Theorem 3.10 in [6], we
obtain precise indications on the correct normalization needed to ensure convergence
of the finite-dimensional distributions of the rescaled process to be integrated. In
particular, the theorem suggests that such normalization should be asymptotically
equivalent to Kx (&, &) as € — 0, which naturally leads to considering the scaling
factor (62®Kx (e, )~ /2. This, in turn, motivates imposing the additional condition

on the function Gz (u,v) = %,
lim G (u,v) = Kx(u,v),  u,vel0,T], 4.1)
Folmd

which can be interpreted as a multivariate regular variation property of the covariance
function. Under this condition, the limit covariance Kx is homogeneous (see Appendix
1 in [9]). Consequently, the limiting integrand is self-similar.

Proposition 4.1. Let (X;);ej0,1] be a centered Gaussian continuous process with
covariance function K, then the family of processes {e~*Y ©¢} . is tight.

Moreover, assume that Kx (0, 0) = 0 and that |G .| < H forsome H € LP ([0,T]?),
with p > % then the family of processes {e~*Kx (&, a)) _1/2Y“’8}5>0 is also tight.

Proof. We verify that the assumptions of Theorem 23.7 in [12] are satisfied. These
assumptions reduce to the Kolmogorov-Chentsov tightness condition. Suppose first
Kx(0,0) = 0. Since Y;"¢ = 0 for all £ > 0, to verify the Kolmogorov-Chentsov

condition for the family {6~ *Kx (&, £)~1/2Y *#} ..o, it is enough to obtain a uniform
estimate on the moments of the increments

e " Kx(e,e) (Y, "F - ¥ ).
Without loss of generality, let 0 < s < ¢ < T. Then
Var(K;,% (8,8)e” 2 (Y% —Y?))
= 620K (6, 6) (Var(Yt"’g) + Var(Y2+#) — 2Cov (Y, y;’ﬁ))

- tha) l/O‘/o (t=w) ™ (t = )" G (u,v) dudv
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N S
+ / / (s—uw)* (s =) G o(u,v) dudv
0 Jo
N t
- 2/ / (s =) 't =) G o(u,v)dudv]|.
0 Jo
Using the addition property, we obtain

Var(e™® Ky'(e,8) (Y% - Y9) (Ag+B.+Co+D,),

1
) < FZ(Q,)
where
0< A= /OS[(s—u)“] -~ (t—u)“‘]dufot(t—v)“‘|G8(u,v)|dv,
0<B, = /S<s—u>"‘1du/8[(s—v)““ = (t=)*IGs(u, v dv,
0 0
0<C.= ‘/t(t— u)“_ldu‘/l(t - ) NG o (u,v)| dv,
K 0
0<D,= /S(s - u)"_ldu/t(t -0 NG (u,v)| dv.
0 K

We choose p > é such that H € LP([0,T]?) and define M = |H||,. The conjugate

exponent ¢ is such that é =1- % > 1 — a, therefore ¢g(1 — @) < 1 and by Holder
inequality, we have

1

Ag < M(/S[(s ) - (- u)”_l]qdu/t(t - v)q(”_l)dv) ‘
0 0

tq(‘l—l)‘*l é S[(t_u)l—a_(s_u)l—a]q 5
SM(—q(a/—l)+l) (/0 (s_u)q(la)(t_u)q(](y)du) .

Using the concavity inequality (1 —u)'~% — (s —u)'= < (t —s5)' =, we can conclude

T§+3(a—1)
Az <M (t-s)'9.
[(g(@-1)+1)(2g(a-1)+1)]

Iy

The term B, can be bounded from above in a similar way.

1
t t <
C: < M(/ (t - u)‘”"‘”du/ (r - v)q(a_l)dv) !
s 0
By tq(a—1)+1 é (t _ s)q(a—1)+1 é
gla-1)+1 gla-1)+1

g(a-1)+1 ,L
S T— [(I_S)(l_l+‘]_’
(gla-1)+1)? ’
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The estimation for the term D . is analogous. The terms A . and B are controlled by

el
a power (7 —5)!~®, while the other two are controlled by a power (7 — 5)¢ *3 . Then,
summing the four contributions, we obtain for0 < s <t < T

Var(e™" Kx'(e,8)(Y,"% = ¥™%)) < C(a,p,T) - (t - 5)P,

where C(a, p,T) is a constant depending on the parameters «, p, T and
1
B = min{a - a/}e 0, 1).
P

The case Kx(0,0) # 0 is simpler. Indeed, no normalization is needed and the covari-
ance Kx(eu, ev) appears directly, replacing G ¢ (u, v). Since Kx is continuous on the
compact set [0, T]?, it is uniformly bounded. Therefore, in this case Kx(su, v) is
automatically controlled by a constant.

Since the processes are Gaussian, the variance estimates obtained above imply
corresponding bounds for moments of arbitrary order. Hence, choosing an integer
m > 1 such that mB > 1, we obtain

supB[le~ K (5. £) 121 ¥ )] < Cult = 51",
&>0
and Kolmogorov-Chentsov’s criterion yields tightness in €. The same argument ap-
plies in the case Kx (0, 0) # 0.

|

Theorem 4.2. Let (X;):c[0,1] be a centered Gaussian continuous process with co-
variance function Kx, then

1. if Kx(0,0) # 0O, then as € — 0, the rescaled process {e~*Y %%} .o weakly
converges, in € to Y0 = T%(X), where X is a constant process equal in law
to Xo,

2. if Kx(0,0) = 0, assume that |G| < H for some H € LP([0,T]?), p >
é, and that (4.1) holds. Then, as € — 0, the family of rescaled processes
{6~ Kx (e, &)~ 2Y®2} . weakly converges in € to Y0 = T (X) where X

is a centered Gaussian process with covariance Kx.

Proof. The proof proceeds in two steps in both cases. Step 1: convergence of finite-
dimensional distributions. For each case, we consider arbitrary times 0 < s <t < T
and compute the covariance of the rescaled process. If Kx(0,0) # 0, since Kx is
continuous, it is measurable and bounded on compact sets. Hence, the integrand in
the covariance representation is dominated by

M a-1 a-1
(a) (s—u)* " (@=-v)*",
which is integrable on [0, s] X [0, z].

The Dominated Convergence Theorem gives

lim £72Cov(Y, "%, Y %) = Kx(0,0) st?,
£

I (a+1)
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which shows that the finite-dimensional distributions converge to those of ¥¢-°.
If Kx(0,0) = 0, note that G . and H are measurable and that

|Gs(u,v)| < Hu,v),  (u,v) € [0,T]%
since H is in LP([0,T]?), for some p > ﬁ, Holder inequality combined with the
dominated convergence theorem gives

—2a

e 1 st N
li = C Ya/,e’Ya,g — _/ / _na-1 — a—lK , dud ,
813}) Kx(e.2) ov(Y, i =@ Jo Jo (s—u)* *(t—v) x(u,v) du dv

which shows that the finite-dimensional distributions converge to those of ¥ 0.

Step 2: functional convergence. Proposition 4.1 ensures tightness of the rescaled
families. Combined with the convergence of finite-dimensional distributions shown
in Step 1, this yields convergence in law in & to the corresponding limiting processes
70 and Y0,

]

Now we have all the tools to establish an LDP in small-time for FIG processes.
We will combine the results in [6] with the weak-convergence results that we have just
proven. We will also show that it is not necessary to consider centered FIG processes,
since the mean of the small-times processes converges uniformly to 0.

Theorem 4.3. Let (X;)iej0,7] be a Gaussian continuous process with covariance
function Kx, then

1. if Kx(0,0) # 0, then the family {Y**} o~ satisfies a LDP in € with speed
v(g) = €72% and rate function

1 % (a+1 2 if h(t) =c - t% eR, te0,T
Jo(h)={2Kx<00) < v (). o eskrelndl “2
400, otherwise;

2. ifKx(0,0) = 0, assume that |G ;| < H for some H € LP([0,T]?), p > E’ and

that (4.1) holds. Then the family {Y * %} oo satisfies a LDP in € with speed
v(e) = 8_2"1()}1 (&, €) and rate function

1 a2 a(y
Joh) = {i”D hl%. b e Im(Z(&)) @3

00, otherwise,

where X and || - || ¢ respectively denote the RKHS and the related norm asso-
ciated with the limit covariance Kx defined in (4.1).

Proof. First, suppose that X is a centered process. The large deviation principles in both
cases follow from Theorem 4.2 together with Theorem 2.3, which provide the small-
time LDP for the rescaled Gaussian processes in € under the stated assumptions.
More precisely, Theorem 4.2 identifies the family of processes that admits a non-
trivial limit under the considered rescaling, as well as its limiting process, which in
turn determines the associated reproducing kernel Hilbert space structure governing
the large deviations. Theorem 2.3 then shows that such a rescaled family satisfies a
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large deviation principle with speed given by the inverse of the square of the scaling
parameter. More precisely, since we are interested in a small-time large deviation
principle for the original (non-reparametrized) process, the correct normalization is
determined by the short-time behaviour of the covariance. In case (1), the assumption
Kx(0,0) # 0 yields the appropriate normalization with speed v(g) = £72?. In case
(2), the additional hypotheses ensure that the rescaled process satisfies a small-time
LDP with speed v(&) = e 2?Kx (g, ).

Finally, the explicit form of the rate functions in (4.2) and (4.3) follows from
Remark 3.3 for the first case and Proposition 3.2 for the second. These results char-
acterize the RKHS of the corresponding (limit) Gaussian process and express the rate
function in terms of the associated RKHS norm.

If the process is not centered, let us denote E[X;] = mx(¢). Then E[Y," ] =
e® Ot(t — u)* 'myx (eu)du, converges uniformly to 0 as & — 0; therefore the two
families {(Y,""“)sejo0,7)}e>0 and {(Y,"® — E[Y,"*]);c[0,7]} >0 are exponentially
equivalent (at the right speed) and satisfy the same LDP. O

Remark 4.4. It is worth emphasizing that if IE'X(M, v) = 1 for every u,v € [0,T],
namely if Kx is homogeneous of degree zero, then the limiting behavior coincides with
that of the case Kx(0,0) # 0, although the normalization is the same as in the case
Kx(0,0) = 0. More precisely, the family of processes {6~ *Kx (e, &)~ /?Y*%} ..
weakly converges in € to a Gaussian process of the form described in (2.3), where a
standard Gaussian random variable replaces Xy. Furthermore, the family {Y %} .5¢
satisfies a LDP in & with speed v(g) = £ 27K ! (¢, £) and rate function as in (4.2),
with 1 in place of Kx(0, 0).

Remark 4.5. An alternative derivation of Theorem 4.3 can be obtained via the con-
traction principle. Indeed, if the family of suitably rescaled small-time processes
{(v(&) ™2 X e1)ref0.11} e>0 satisfies a large deviations principle, then, since the frac-
tional integral operator Z¢ is continuous, the contraction principle implies that the
image family also satisfies a LDP, with a rate function coinciding with those in (4.2)
and (4.3).

Compared to this contraction principle approach, the method adopted in this
paper requires fewer assumptions on the original process X. In particular, the limiting
covariance function may not define a continuous process, yet our approach still applies
by directly exploiting the Gaussian structure and the RKHS of the fractional integral.

In both cases, the limiting process can be represented as the fractional integral
of a Gaussian process with a well-defined limiting covariance structure. In the first
scenario, the limit explicitly retains a stochastic dependence on the initial condition
Xo, propagated through the fractional integration. In the second scenario, by contrast,
the non-trivial limiting behavior emerges from the rescaled covariance function, giving
rise to a new Gaussian structure.

5 Weak convergence and LDP for large time

At this stage, we consider the process Z%*, for p — oo, defined as the fractional
Riemann-Liouville integral in large-time

ZP =T*(X) (pt), te[0,T],
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and investigate whether the results obtained in the previous sections can be extended.
We consider continuous Gaussian processes (X;);>0. As noted above, fractional in-
tegration amplifies long-range dependence as the fractional order increases. Since
the covariance functions of FIG processes involve double integrals, they typically
diverge as time grows, which motivates the study of the suitably normalized family of
processes.

With the usual change of variables one readily observes that the covariance of
the large-time FIG processes scales by a factor p>®, which diverges as p — +oo.
Therefore, the limiting behavior is influenced by the asymptotic properties of the
covariance Ky, i.e. the behavior of Kx(pu, pv) as p — +oco. Several scenarios may
occur: it may diverge, converge to a constant, or have no limit. In our analysis, we start
with the case where it converges to a non-zero constant.

Proposition 5.1. Let (X;);>0 be a centered Gaussian continuous process with covari-
ance function Kx, and suppose that, for every u,v € (0,T],

lirP Kx(pu,pv) = K # 0. 5.1
p—) o0

Then,

1. the family of processes {(p~*Z*} >0 converges weakly in € (as p — +oo)
to Z%® = T X,), where Xy, is a real-valued centered Gaussian random
variable with variance K ;

2. ify is an infinitesimal function then the family {¢/(p)p~*Z“*} >0 satisfies an
LDP in € with speed v(p) = 2 (p) and rate function

12+ 2 _
J(h) = ol if h(t)=c-t% ceR, te[0,T]
+00, otherwise.

Proof. The tightness of the rescaled family can be shown exactly as in Proposition
4.1, we just need to observe that Kx is uniformly bounded on [0, +00)2. We can still
apply the dominated convergence theorem under these assumptions, as p — +oo, in
order to get the convergence of the finite-dimensional distributions, which, combined
with the tightness of the family, gives the functional convergence in €, as in Theorem
4.2. The LDP follows from Theorem 2.3, while the expression for the rate function
can be obtained as in Remark 3.3. O
If (5.1) is not verified we will assume that

Kx(pu, pv)

=Ro(u,v), u,ve(0,T], 5.2
p—+e Kx(p, p) (w.7) ©0.7] (5-2)

for some K., not identically zero. This is exactly the same assumption we made in
the small-time case. However, in the present setting, the behavior of Kx(p, p) may
either enhance or reduce the speed, since it can tend to zero or to infinity as p — O.
The correct scaling factor to prove the tightness and the functional convergence is

_1
Ky (p.p) p @
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Proposition 5.2. Let (X;);>0 be a centered Gaussian continuous process with covari-

ance function Kx, and let G, (u,v) denote % We assume that condition (5.2)

holds and that |G,| < H € LP([0, T1?), for some p > % Then,

_1
1. the family of processes {p~“K.*(p, p)Z*}ps0 converges weakly in € (as
p — +00) 1o 2% = T%(X.,), where X, is a the centered Gaussian process
with covariance Ke;

_1
2. ify is an infinitesimal function then the family {y(p)p~“K* (p, pP)Z%}p>0
satisfies an LDP in € with speed v(p) = ¥ ~%(p) and rate function

§||D“h||§em, h e Im(Z% (X))
Joo(h) =

+00, otherwise,

where X and || - | %, respectively denote the RKHS and the related norm associated
with the limit covariance Ko, defined in (5.1).

Proof. The proof is the same as in Proposition 5.1, the only difference being the
rescaling factor p~®Kx (p, p)~'/2. Indeed, with this normalization the covariance
structure is rewritten in terms of

K u, pv
G =

so that all the arguments in Proposition 5.1 apply with Kx(pu, pv) replaced by
G,(u,v). The tightness of the rescaled family is proved exactly as in Proposition
4.1. Furthermore, since G,(u,v) — Koo (u,v) pointwise and |G, < H for some
H € LP([0,T]?), with p > é, the dominated convergence theorem can be applied
to the covariance integrals defining the finite-dimensional distributions. Therefore,
the finite-dimensional distributions converge to those of Z%® = 7% (X,,). Combining
tightness and convergence of finite-dimensional distributions yields weak convergence
in €, as in Theorem 4.2. The LDP follows from Theorem 2.3, while the expression

of the rate function is obtained as in Proposition 3.2. O

Remark 5.3. If the limiting covariance K., is constant, then the same conclusions as
in the small-time case apply (see Remark 4.4).

Remark 5.4. The assumption that X is centered is not essential, but it simplifies the
exposition. If X is not centered and we denote by mx(t) = E[X,] its mean function,
then we have

E[Zta’p] = %/0 (t =) 'm(ps) ds.

For the convergence results to hold in the non-centered case, one needs to assume that
the normalized mean term above converges uniformly in ¢ € [0, 7] to a continuous
function. Under this additional condition, the asymptotic behavior of the centered
fluctuations remains unchanged.



14 B. Pacchiarotti, M. Simoncelli

6 Fractionally integrated Gauss-Markov processes

In this section, we consider the fractional integral of a special class of continuous
Gaussian processes, namely Gauss-Markov processes. Gauss-Markov processes enjoy
remarkable representation properties, which make their covariance function partic-
ularly easy to characterize. These structural features simplify the analysis of the
corresponding integrated processes.

Since Gauss-Markov processes can be viewed as deterministic transformations of
Brownian motion, we are able to derive an explicit and general expression for the
associated RKHS.

6.1 Definition and properties
Continuous Gauss-Markov processes are defined as follows (see [1]).

Definition 6.1. Let m, hy, hy € € such that r = Z—; is a non-negative, strictly
increasing function on (0, T'], that admits a continuous extension on [0, T']. If (B;);>0
denotes the standard Brownian motion, we define

X, = m(t) + hz(l‘)Br(t), te[0,T]. (6.1)

Since h; and h; need to have the same sign, we can assume that they are positive,
without loss of generality. The process X has factorizable covariance for s < #:

Kx(s,1) = hay(s)ha2 (1) E[ By (5)Br(1)] = ha(s)ha(0)r(s) = h1(s)ha(2),

Remark 6.2. A factorizable covariance function is said to be triangular. Let T denote
a closed interval in R*. It can be shown that if (X;),c7 is a centered, mean-square
continuous Gaussian process (i.e. lims_,; E[|X(f) — X(s)|?] = 0 for any s, t € T),
non singular except possibly at the endpoints of 7, then it is a Gauss-Markov pro-
cess if and only if it has a triangular covariance function. Moreover, every centered
Gauss-Markov process X with these properties admits a representation of the form
(6.1), where m = 0, hy, hy are continuous and r is continuous and strictly increas-
ing in 7. Note that continuous Gauss-Markov processes on an interval satisfy these
assumptions. The above representation of Gauss-Markov processes is also known as
Doob’s representation, as it was first introduced by Doob in [10]. These results and
the relative proofs can be found in [14].

Let X be a process satisfying Definition 6.1. Then we can consider the fractional
integral of order @ € (0, 1] of a Gauss-Markov process (FIGM),

1

IQ(X)(t) = m

‘/I(t—s)“_l(m(s)+h2(s)Br(s))ds, 1 € [0,T].
0

A recent work by M. Abundo and E. Pirozzi ([3]) describes the covariance func-
tion of FIGM processes: its analytic expression is determined, and some particular
examples are explored through simulations, such as the fractional integral of Brown-
ian motion, the Ornstein-Uhlenbeck process, and the stationary Ornstein-Uhlenbeck
process.
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6.2 RKHS of FIGM processes

In this section, we will derive the RKHS of FIGM processes by combining two criteria,
one is Lemma 3.1, the other is the following Pull-back Theorem (see Theorem 5.7 in
[15]) for RKHS of real functions.

Theorem 6.3 (Pull-back Theorem). Let S and T be interval of [0, +0), let ¢ : S —>
T be a function and let K : T X T — R be a covariance function associated with the
RHKS H(K). Then, the RKHS associated to the covariance function K o ¢ is

H(Ko@¢)={fod:feHK)},
and, for u € H(K o ¢), we have that

llullzz(kog) = min{|| fllak) [u = f o ¢}

In particular, if ¢ is a one-to-one correspondence, it induces an isometry between
the RKHS associated with K and K o ¢.

Let X be a centered Gauss-Markov process on [0, T'] with parameters /;, r as in
Definition 6.1 and let rg, rr denote r(0), r(T) respectively.

We now describe how to construct the RKHS of a centered Gauss-Markov process
X on [0, T'] with parameters A, and r (as in Definition 6.1) by starting from the RKHS
of standard Brownian motion. The construction proceeds in three steps:

1. Brownian motion on a interval: Consider a Brownian motion B on a subinterval
[ro, rr] € R*. Using the decomposition B, = B; — B, + By, fort € [ro,rr], by
Theorem 5, §1.4.1, in [8], we can express its RKHS as

Hiry.rr) = {f € AC[ro,rr] : f € L*([ro.rr])},

(AC[ro,rr] is the space of the absolutely continuous functions on [rg, rr])
equipped with the norm

2 rr
e O

2. Time change: Next, consider a strictly increasing function r : [0,T] — [ro, r7]
and the time-changed Brownian motion (B, (;))efo,7]- By the pull-back theorem
(Theorem 6.3), the RKHS of this time-changed process is

[OT ={g=for:feHpm}
with the norm ”g”H'[o,r] = 1 f g -

3. Multiplication by h,: Finally, multiplication by the continuous function 5, :
[0,T] — R defines a linear, continuous, one-to-one map

Th,: € > €, g— hy-g.

By Lemma 7.1 in [17], the RKHS of the centered Gauss-Markov process X; =
ha(t)B, () for t € [0,T], is therefore

H"OT]—{K hy-g: gEH[OT]}
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with the norm

t
||€||H,[27,T] - ||g||H,[OVT] - Hh_2 °r |H[r0,rT]'

In this way, starting from the classical Cameron-Martin space of Brownian mo-
tion, and applying successively a restriction to a subinterval, a time change, and a
multiplication by h;, we obtain the RKHS of the Gauss-Markov process X.

We now state the following proposition, whose proof follows immediately from

Proposition 3.2 and equation (2.1).

Proposition 6.4. Let (X;);c[0,7] a continuous centered Gauss-Markov process as
in(6.1). Then, the RKHS of T%(X) is the set

1t o
y= {z € Glz(r) = @ /O (t=w)* L hy(u) f(r(u))du, t € [0,T], f € Hyp ) }
equipped with the norm

Dy 4
llly = 11l =H or

:'H[VOJ‘T]

6.3 Small-time asymptotics for FIGM processes

In the previous sections we established a general small-time large deviation princi-
ple for fractionally integrated Gaussian processes. The corresponding rate function
depends solely on the RKHS of the limit process ¥ (or ¥ *%). We now specialize
these results to the case where X is a centered Gauss-Markov process with triangular
covariance

Kx(s,t) = hi(s)ha(2), 0<s<t<T.

In this framework, the small-time behavior is governed by /1, because s, can vanish
at O only if &; does the same, by Definition 6.1. Moreover, both & and 4, can vanish
only for ¢ = 0, since r must be well-defined, positive and strictly increasing on (0, +00).
Let us describe the limit processes appearing in Theorem 4.2.

Case h1(0) # 0. This case is identical to the situation Kx (0, 0) # 0in Theorem 4.2,
and the same result follows.

Case h1(0) = 0. In this case, we can assume regular variation at O for hy, ho,
namely

hew) o ha(ev)
) — hi(u) = u” and (o)

By the continuity assumptions on /1, hy,onehasy; >y, > 0. Wedefiney =y, —y»
and 7(u) := u”. Then, by Remark 6.2, the normalized fractionally integrated process
converges to the fractionally integrated Gauss-Markov process

— ha(v) =v"? u, v e[0,T].

A 1 !
,0 -
g :F(a)/o (t=w)* '™ By du,  1€[0,T],

where B is a standard Brownian motion.
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In the general small-time LDP, when Kx (0, 0) = 0, we required that |G .| < H for
some H € LP([0,T]?), p > é, and that (4.1) holds. If X is Gauss-Markov with &
regularly varying and 4 (0) = 0, we have

hi(eu) ha(ev)
Ge(u,v) = . .
=00 e

As € —> 0, Go(u,v) converges to u” - v, 0 < u < v < T by regular variation.

Moreover, by the Potter bounds for regularly varying functions, for every ¢ > O there
exists A > 1 such that, for £ small enough, i =1, 2,
hi(eu)

< Au”i—¢
hi(&)

Hence |G| is dominated by a function that is in L?([0,T]?) for any p > 1/,
provided ¢ is chosen sufficiently small. The small-time rate functions in Theorem 4.3
then take the explicit forms:

1. Case h1(0) # 0. This case is identical to the situation Kx(0,0) # 0 in Theo-
rem 4.3, and the same result follows.

2. Case h1(0) =0.

e If hy, hy are regularly varying with indices 0 < y»> < 1, then

1Dz I .
N = ~ or s Z€ yO,
Jo(2) =< 21l hy Hyo.17]

+00, otherwise,

where
Yo = {z(t) = ﬁ./o (t—u)®u» < f)du: f € H[o,w]}.

e If hy, hy are regularly varying with indices y; = y,, we have a borderline
case. The limiting process is, for ¢ € [0, T], the degenerate FIGM process

N 1 t Ly +1)
P70 = —— [ (t—w) W Bydu= —"—— 1" . By,
‘ r(a)/o( )™ ut - By du Tty +1) !

With the same construction used in Remark 3.3, we get

I2(y1+1)
+00, otherwise.

1T (atyi+) 2 . a+
o s————= %, if h(t)=c-t*™, ceR, t € [0,T]
Jo(h) = {2

We notice that when y; = vy, = 0, we are in the situation described in
Remark 4.4 and we get exactly the same result.

In conclusion, in the Gauss-Markov setting, the small-time LDP and its rate functions
are determined by the behavior of £ at zero. All technical assumptions of the general
theorem are automatically satisfied by regular variation and the Potter bounds.
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6.4 Large-time asymptotics for FIGM processes

In this section, we consider Gauss-Markov processes (X;)s>0 and we want to study
their fractional integral for large times. The asymptotic behavior in large times is no
longer determined by /; since r must be strictly increasing on the whole half-axis,
therefore it cannot happen that i; approaches 0, if 4, does not the same. A first simple
case is that corresponding to the situation of Proposition 5.1: we assume that

lim hy(p)=hT #0 and lim hy(p) = hS # 0. 6.2)
p—>+00 p—>+00

The limiting process is
@, o) t

G
d I'a+1)

where X is a Gaussian random variable with variance h‘l"’h;" If this is note the case,
we assume that i1; and h; are regularly varying.

i lew) i 2lev)
p=+e hy(p) p=+ hy(p)

hy(u) =u?" and ho(v) =v"2, u,v € (0,T].  (6.3)

By the continuity assumptions on k1, hj, their orders of regular variation vy, y, must
be nonnegative, and y = y; — v > 0, otherwise Z—; could not be increasing.

Also for large time all technical assumptions of the general theorem are automati-
cally satisfied by regular variation and the Potter bounds.

In both cases, the limiting processes are still Gauss-Markov, as in the small-time
case. We can derive an LDP using Proposition 5.1 and Proposition 5.2 and we can
write explicit rate functions. Their expressions are analogous to the small-time rate

functions, but we write them for completeness.

1. If (6.2) holds, then

2R
+00, otherwise.

104D (2 f p()=c-17, ¢ €R, t € [0,T]
Joo(h) =

2. If (6.3) holds, then

c If0 <y <y,

l.)—Dleoi"_l|2
Jo(z) =42 hy
+00

, € Voo
Hpo.r7) )

, otherwise,

where
s 1 ' a-1, v Y
ymz{z(t)zm‘/o (t—uw)*u” - f(u )du:fEH[(),Ty]}.
o Ifyr =,

2 T2(yi+1)

Foth) = 1T (a+yi+1) 2 if h(f)=c-1t, ceR, t€[0,T]
* +00, otherwise. '
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6.5 Example: the Ornstein-Uhlenbeck process

A classical example of a continuous Gauss-Markov process is the Ornstein-Uhlenbeck
process. Let (B;);>0 be a standard Brownian motion and let 8,0 > 0. Consider the
stochastic differential equation

dX[ = _QXt dt + O-dB[, X(] = 0.
Its unique strong solution is

t
X, = O'e_gt/ e dB;, t>0.
0

By It6’s isometry, the martingale

t
M, ::/ e% dB,
0

t 20t
-1

M — 20s d — €

(M), ‘/0 e s 20

Therefore (see for example Theorem 8.4 in [4]), there exists a standard Brownian
motion W such that

has quadratic variation

eZé)t -1

M; =W, (), r(t) = 0

Therefore
X, =oe " W),
which is precisely of the form (6.1) with

eZHt -1

— hl(t)zhz(z)r(t)z%(e“—e—gf).

The covariance function is thus triangular: for 0 < s < ¢,

ha(1) = oe™ ", r(t) =

2
Kx(s.0) = hi(9)ha(1) = o (e70079) =700 ).
By Proposition 6.4, the RKHS of the Ornstein-Uhlenbeck process is
Hx = {12() F(r()) 5 £ € AC(L0,r(T))), f € LX([0.7(D]) },
equipped with the norm

||h2f © r”HX = ”f”H[oqr(T)]'

Its fractional integral of order @ € (0, 1] is

t
o
ZX)(t) = —— t =) e 0w, ds.
(00 = 7 [ =9
Applying Proposition 6.4, its RKHS is

y= {z,(r) - /0 (=)0 1e=5 f(r(s)) ds : f € AC([0.r(T)]), f € LZ([o,r(Tm},

(o
T(a)
with norm
lzlly = 1/ e ) -
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