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Abstract Quasi-mixing limits of the killed symmetric Lévy process are studied. It is proved 
that (intrinsic) ultracontractivity of the underlying process implies the existence of its (uni
formly) exponentially quasi-mixing limits. As a by-product, this implication ensures that the 
process has (uniformly) exponential quasi-ergodicity and (uniformly) exponentially fractional 
quasi-ergodicity on 𝐿𝑝 (𝑝 ≥ 1). It is noteworthy that precise rates of convergence and precise 
limiting equalities are provided, which are determined by spectral gaps and eigenfunction ratios 
of the underlying process. Finally, three examples are provided to demonstrate the theoretical 
results.

Keywords Lévy process, Quasi-ergodicity, Fractional quasi-ergodicity, Quasi-mixing limit, 
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1 Introduction
We consider a 𝑑-dimensional (𝑑 ⩾ 1) symmetric Lévy process 𝑌 on (Ω,ℱ𝑡 , ℙ), where 
Ω =

{︁
𝜔 : [0,∞) → ℝ𝑑 | 𝜔 is cádlág

}︁
is the collection of all cádlág-paths (right
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continuous with left limits) from [0,∞) to ℝ𝑑 and ℱ𝑡 ≜ 𝜎{𝑌𝑠 , 0 ≤ 𝑠 ≤ 𝑡} is the 
𝜎-algebra generated by {𝑌𝑠, 0 ≤ 𝑠 ≤ 𝑡}. Denote by {ℙ𝑥 , 𝑥 ∈ ℝ𝑑} the corresponding 
Markov family. Let 𝐷 ⊂ ℝ𝑑 be a bounded connected nonempty open domain and 𝜏𝐷
(or 𝜏 for short) be the stopping time defined by inf{𝑡 > 0 : 𝑌𝑡 ∉ 𝐷}. We define

𝑋𝑡 =

{︄
𝑌𝑡 , if 𝜏 > 𝑡,

𝜕, if 𝜏 ≤ 𝑡,

and denote the Lévy measure of 𝑋𝑡 by 𝜐 which is assumed to be nonzero. Here, 
𝜕 is an extra point and inf ∅ is defined as infinity by convention. Then we call 
𝑋 = (𝑋𝑡 ,ℱ𝑡 , ℙ𝑥 , 𝜏) the process on 𝐷 obtained by killing 𝑌 upon exiting 𝐷, and its 
transition function is clearly given by

𝑃𝑡 (𝑥, 𝐵) = 𝑃(𝑡; 𝑥, 𝐵) = ℙ𝑥 (𝑋𝑡 ∈ 𝐵; 𝜏 > 𝑡), 𝑡 > 0, 𝐵 ∈ ℬ(𝐷),

where ℬ(𝐷) is the Borel 𝜎-algebra of 𝐷. Under these circumstances, we are mainly 
interested in the long-term behavior of 𝑋 .

As a typical model with wide application in the fields of finance, physics and signal 
processing, cf. [1, 7, 21, 22], Lévy process has a long research history. One of the 
most fundamental problems is to study its long-term behavior. This paper is devoted to 
investigating quasi-mixing limits of the Lévy process with killing. More specially, we 
intend to discuss the quasi-stationary distribution (qsd), fractional quasi-stationary 
distribution (fqsd), quasi-ergodic distribution (qed), fractional quasi-ergodic distri
bution (fqed). Recall that 𝜇 ∈ 𝒫 (𝐷) is called a qsd of 𝑋 if there exists a 𝜌 ∈ 𝒫 (𝐷)

such that

lim 
𝑡→∞

ℙ𝜌 (𝑋𝑡 ∈ 𝐴|𝜁 > 𝑡) = 𝜇(𝐴), 𝑡 > 0, 𝐴 ∈ ℬ(𝐷), (1)

and 𝜈 ∈ 𝒫 (𝐷) is called a 𝜃-fqsd (𝜃 ∈ (0, 1)) of 𝑋 if there is a 𝜌 ∈ 𝒫 (𝐷) such that

lim 
𝑡→∞

ℙ𝜌 (𝑋𝜃𝑡 ∈ 𝐴|𝜏 > 𝑡) = 𝜈(𝐴), 𝑡 > 0, 𝐴 ∈ ℬ(𝐷), (2)

where 𝒫 (𝐷) is the set of all probability measures on (𝐷,ℬ(𝐷)), 1𝐴 is the indicator 
function of 𝐴, ℙ𝜌 (·) :=

∫
𝐷
ℙ𝑥 (·)𝜌(𝑑𝑥) is the probability taken for 𝑋 with an initial 

distribution 𝜌. Furthermore, 𝜇 and 𝜈 are said to be the quasi-ergodic distribution 
(qed) and fractional quasi-ergodic distribution (fqed) of 𝑋 if (1) and (2) hold for all 
𝜌 ∈ 𝒫 (𝐷). In addition, we study quasi-mixing limits and double limit of 𝑋 ,

lim 
𝑡→∞

𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 )𝑔(𝑋𝜂𝑡 ) |𝜏 > 𝑡), 𝜃, 𝜂 ∈ (0, 1),

lim 
𝑡→∞

lim 
𝑇→∞

𝔼𝜌 ( 𝑓 (𝑋𝑡 ) |𝜏 > 𝑇),

being viewed as extensions of qed and fqed, where 𝑓 and 𝑔 are some suitable functions 
on 𝐷. For backgrounds and applications on qsd, fqsd, qed and fqed, we refer to 
Champagnat et al. [2--4], Chen et al. [5, 6], Guillin et al. [13], Kaleta et al. [17], 
Méléard and Villemonais [25] and Zhang et al. [29].

There are a large number of publications on the relationship between the con
ditional distributions of a Markov process converging (uniformly) exponentially to 
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a unique qsd or fqsd and (intrinsic) ultracontractivity of its associated semigroup. 
For example, Knobloch and Partzsch [19] reveal that intrinsic ultracontractivity im
plies uniformly conditional ergodicity; Zhang et al. [29] develop that ultracontractivity 
ensure the existence and uniqueness of the qed, fqed, etc., for the general Markov pro
cesses in a finite measure space; Zhang et al. [28] indicate that a symmetric Markov 
semigroup having (intrinsic) ultracontractivity implies the (uniformly) exponential 
convergence of the conditional distributions to a unique qsd. It is worth mentioning 
that, to the best of our knowledge, there are almost no papers describing the rela
tionship between quasi-mixing limits and ultracontractivity explicitly except [29]. In 
this paper, the property that quasi-mixing limits of 𝑋 (uniformly) exponentially exist 
will be studied via (intrinsic) ultracontractivity of its associated semigroup. For more 
information on the long-term behavior of Markov process, the interested reader can 
consult [2--4, 13, 15, 16, 20, 23, 24, 27, 17].

Our paper is structured as follows. In Section 2, we give some basic settings and 
key lemmas. We exhibit the main results in Section 3. In Section 4, three examples are 
provided to demonstrate the theoretical results.

2 Preparations

Here is the basic setting of this paper. For each 𝑝 ∈ [1,∞], 𝑝∗ and 𝐿 𝑝 (𝐷) represent 
respectively its Hölder conjugate index and the usual Lebesgue space endowed with 
the norm ∥ · ∥𝑝 . The scalar product and norm in 𝐿2(𝐷) are written as (·, ·) and ∥ · ∥
respectively. 𝜌( 𝑓 𝑔) denotes the integral of 𝑓 𝑔 w.r.t. the measure 𝜌 on 𝐷 if this integral 
exists. 𝑎 ∧ 𝑏 denotes the minimum of 𝑎, 𝑏 ∈ ℝ. The values of the constants 𝑐1, 𝑐2, 
. . . may change from one appearance to another.
Definition 1. Let {𝑇𝑡} be a strongly continuous semigroup on 𝐿2(𝐷). We say that 𝑇𝑡
is ultracontractive if and only if {𝑇𝑡} has a kernel 𝑘 (𝑡, 𝑥, 𝑦) satisfying 0 ≤ 𝑘 (𝑡, 𝑥, 𝑦) ≤
𝑐𝑡 < ∞ a.e. for some constant 𝑐𝑡 .
Definition 2. Provided that {𝑇𝑡}, possessing a positive integral kernel 𝑘 (𝑡, 𝑥, 𝑦), is 
a strongly continuous semigroup on 𝐿2(𝐷), let (−ℒ, 𝐷 (ℒ)) be its generator and 
𝜑0 be the bottom eigenfunction (ground state) of ℒ. We say that 𝑇𝑡 is intrinsically 
ultracontractive if

sup 
𝑥,𝑦∈𝐷

𝑘 (𝑡, 𝑥, 𝑦) 
𝜑0 (𝑥)𝜑0 (𝑦)

< ∞, 𝑡 > 0.

For the reader’s convenience, we recall the equivalent statements of Definition 2, 
see Davies and Simon [12, Theorem 2.1]. That is, for any 𝑡 > 0 there exists a constant 
𝑐𝑡 such that

𝑘 (𝑡, 𝑥, 𝑦) ≥ 𝑐𝑡
√︁
𝑘 (𝑡, 𝑥, 𝑥)

√︁
𝑘 (𝑡, 𝑦, 𝑦), 𝑥, 𝑦 ∈ 𝐷. (3)

Hypothesis 1. The standing assumptions in this paper are the following:

H1 𝑌 has a symmetric density 𝑞(𝑡, 𝑥, 𝑦) = 𝑞(𝑡, 𝑦, 𝑥) = 𝑞(𝑡, 𝑥 − 𝑦) for any (𝑡, 𝑥, 𝑦) ∈
(0,∞) × ℝ𝑑 × ℝ𝑑 .

H2 𝑞(𝑡, 𝑥, 𝑦) is continuous and there exists a constant 𝑐(𝛿) such that 𝑞(𝑡, 𝑧) ≤ 𝑐(𝛿)
for 𝑡 > 0, |𝑧 | ≥ 𝛿.
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H3 There is a nonnegative and locally integrable Borel function 𝐹 on ℝ𝑑 \{0} such 
that 𝑚(𝐵) =

∫
𝐵
𝐹 (𝑥)𝜐(𝑑𝑥) for 𝐵 ∈ ℬ(𝐷), where 𝑚 and 𝜐 respectively stand for 

the Lebesgue measure in ℝ𝑑 and the Lévy measure of 𝑋 .

In what follows, let 𝑋 = (𝑋𝑡 ,ℱ𝑡 , ℙ𝑥 , 𝜏) be the process on 𝐷 obtained by killing 𝑌
upon exiting 𝐷, as discussed in the introduction. We infer from [14, Section 2] that 
under H1 and H2 the transition density 𝑝(𝑡, 𝑥, 𝑦) of 𝑋 is exactly given by

𝑝(𝑡, 𝑥, 𝑦) = 𝑞(𝑡, 𝑥, 𝑦) − 𝔼𝑥 [𝑡 > 𝜏; 𝑞(𝑡 − 𝜏, 𝑋𝜏 , 𝑦)] .

Now, we denote by {𝑃𝑡} the transition semigroup of 𝑋 . It is then well-known, cf. [14, 
Section 2], that {𝑃𝑡} is a strongly continuous semigroup of contractions on 𝐿2(𝐷). 
The following lemmas establish several analytical components for the semigroup 
{𝑃𝑡}: quantitative bounds for its heat kernel; spectral estimates for eigenfunctions of 
its generator; and asymptotic characterization as 𝑡 → ∞.
Lemma 1. Assume H1 and H2. Let (−𝒜, 𝐷 (𝒜)) be the generator of {𝑃𝑡} on 𝐿2(𝐷).

(i) 𝒜 has purely discrete spectrum consisting of eigenvalues {𝜆𝑖}∞𝑖=1 with 0 < 𝜆1 ≤

𝜆2 ≤ · · · ↑ +∞, and there exists a complete orthonormal basic {𝜑𝑖}
∞
𝑖=1 of 

𝐿2(𝐷). Here, each 𝜆𝑖 is counted according to multiplicity, 𝜑𝑖 ∈ 𝐷 (𝒜) is a 
continuous function on 𝐷 such that 𝒜𝜑𝑖 = 𝜆𝑖𝜑𝑖 for any 𝑖 ≥ 1, and 𝜑1 can be 
chosen to be strictly positive on 𝐷.

(ii) The transition density function 𝑝(𝑡, ·, ·) of 𝑋 is symmetric, continuous, strictly 
positive and bounded on 𝐷×𝐷, 𝑡 > 0. Additionally, 𝑝(𝑡, 𝑥, 𝑦) has the expansion

𝑝(𝑡, 𝑥, 𝑦) =
∞ ∑︂
𝑖=1 

𝑒−𝜆𝑖 𝑡𝜑𝑖 (𝑥)𝜑𝑖 (𝑦), 𝑡 > 0, 𝑥, 𝑦 ∈ 𝐷,

where the series is locally uniformly convergent on (0,∞) × 𝐷 × 𝐷.

(iii) 𝑏𝑡 is a continuous function in 𝐿2(𝐷) and |𝜑𝑖 | ≤ 𝑒𝜆𝑖 𝑡𝑏2𝑡 ∈ 𝐿 𝑝 (𝐷) for any 𝑡 > 0, 
𝑖 ≥ 1 and 𝑝 ∈ [1,∞], where 𝑏𝑡 (𝑥) :=

√︁
𝑝(𝑡, 𝑥, 𝑥) for 𝑡 > 0 and 𝑥 ∈ 𝐷.

(iv) For each 𝑥 ∈ 𝐷, 𝑏𝑡 (𝑥) and 𝑒𝜆1𝑡𝑏2𝑡 (𝑥) are analytic, logarithmically convex, 
monotonically decreasing functions of 𝑡.

(v) For any 𝑡 > 𝑠 > 0 and 𝑥, 𝑦 ∈ 𝐷, we find

|𝑒𝜆1𝑡 𝑝(𝑡, 𝑥, 𝑦) − 𝜑1(𝑥)𝜑1 (𝑦) | ≤ 𝑒𝜆2𝑠𝑒−(𝜆2−𝜆1 )𝑡𝑏𝑠 (𝑥)𝑏𝑠 (𝑦).

Proof. To see (i)--(iv), we refer to [14, Section 2], [11, Theorem 7.2.3 and Theorem 
7.2.5], [10, Lemma 2.1, Corollary 2.2, and Lemma 2.3] or [9, Theorem 2.1.4]. The 
item (v) follows specifically from (ii) and the Cauchy–Schwarz inequality,

|𝑒𝜆1 (𝑟+𝑠) 𝑝(𝑟 + 𝑠, 𝑥, 𝑦) − 𝜑1(𝑥)𝜑1 (𝑦) |

=

⃓⃓
⃓⃓ ∞ ∑︂
𝑖=2 

𝑒−(𝜆𝑖−𝜆1 ) (𝑟+𝑠)𝜑𝑖 (𝑥)𝜑𝑖 (𝑦)

⃓⃓
⃓⃓
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≤

[︃ ∞ ∑︂
𝑖=2 

𝑒−(𝜆𝑖−𝜆1 ) (𝑟+𝑠)𝜑2
𝑖 (𝑥)

]︃ 1
2
[︃ ∞ ∑︂

𝑖=2 
𝑒−(𝜆𝑖−𝜆1 ) (𝑟+𝑠)𝜑2

𝑖 (𝑦)

]︃ 1
2

≤

[︃ ∞ ∑︂
𝑖=1 

𝑒−(𝜆𝑖−𝜆1 )𝑟 𝑒−(𝜆𝑖−𝜆1 )𝑠𝜑2
𝑖 (𝑥)

]︃ 1
2
[︃ ∞ ∑︂

𝑖=1 
𝑒−(𝜆𝑖−𝜆1 )𝑟 𝑒−(𝜆𝑖−𝜆1 )𝑠𝜑2

𝑖 (𝑦)

]︃ 1
2

≤ 𝑒𝜆1𝑠𝑒−(𝜆2−𝜆1 )𝑟𝑏𝑠 (𝑥)𝑏𝑠 (𝑦), 𝑟, 𝑠 > 0, 𝑥, 𝑦 ∈ 𝐷.

Finally, we let 𝑟 = 𝑡 − 𝑠 in the above equation to derive (v). □

Lemma 2. Assume H1 and H2.

(i) For any 𝑡 > 0, 𝑥 ∈ 𝐷 and 𝑓 ∈ 𝐿 𝑝 (𝐷) with 𝑝 ∈ [1,∞], 𝑃𝑡 𝑓 (𝑥) has the bounded 
continuous version

𝑃𝑡 𝑓 (𝑥) =
∫
𝐷

𝑝(𝑡, 𝑥, 𝑦) 𝑓 (𝑦)𝑑𝑦 =
∞ ∑︂
𝑖=1 

𝑒−𝜆𝑖 𝑡 (𝜑𝑖 , 𝑓 )𝜑𝑖 (𝑥),

where the series converges absolutely and uniformly in (𝑡, 𝑥) ∈ [𝜖,∞) × 𝐷 for 
any 𝜖 > 0.

(ii) For any 𝑡 > 𝑠 > 0, 𝜌 ∈ 𝒫 (𝐷) and 𝑓 ∈ 𝐿 𝑝 (𝐷) with 𝑝 ∈ [1,∞], we find

|𝜌(𝑒𝜆1𝑡𝑃𝑡 𝑓 ) − 𝜌(𝜑1)(𝜑1, 𝑓 ) | ≤ 𝑒𝜆2𝑠𝑒−(𝜆2−𝜆1 )𝑡 𝜌(𝑏𝑠)∥𝑏𝑠 ∥𝑝∗ ∥ 𝑓 ∥𝑝 .

Proof. The item (ii) is an immediate consequence of Lemma 1(v). To confirm (i), 
owing to Lemma 1(i)(iii), all we must show is that the integration and summation in 
the second equation may be interchanged. But, this can be guaranteed by the Cauchy--
Schwartz inequality and the dominated convergence. Indeed, if 𝑝𝑛(𝑡, 𝑥, 𝑦) is the 𝑛th 
partial sum of 𝑝(𝑡, 𝑥, 𝑦) for 𝑥, 𝑦 ∈ 𝐷, then we arrive at

|𝑝𝑛 (𝑡, 𝑥, ·) 𝑓 (·) | ≤ 𝑏𝑡 (𝑥)𝑏𝑡 (·) | 𝑓 (·) | ∈ 𝐿1(𝐷), 𝑛 ≥ 1, 𝑡 > 0, 𝑓 ∈ 𝐿 𝑝 (𝐷), 𝑝 ∈ [1,∞] .

□

We strengthen Lemma 2 to analyze uniformly quasi-ergodic behavior of 𝑋 .
Lemma 3. Assume H1, H2 and H3. Put

𝛼𝑡 :=

[︄
sup 

𝑥,𝑦∈𝐷

𝑝(𝑡, 𝑥, 𝑦) 
𝜑1 (𝑥)𝜑1 (𝑦)

]︄ 1
2

, 𝑡 > 0.

(i) {𝑃𝑡} is intrinsically ultracontractive, or alternatively, 𝛼𝑡 < ∞.

(ii) 𝛼𝑡 and 𝑒𝜆1𝑡𝛼2𝑡 are monotonically decreasing functions of 𝑡. What is more, we 
have 𝑏𝑡 (𝑥) ≤ 𝛼𝑡𝜑1 (𝑥) and |𝜑𝑖 (𝑥) | ≤ 𝛼2𝑡𝑒

𝜆𝑖 𝑡𝜑1(𝑥) for any 𝑡 > 0, 𝑥 ∈ 𝐷, 𝑖 ≥ 1.

(iii) For any 𝑡 > 𝑠 > 0 and 𝑥, 𝑦 ∈ 𝐷,

|𝑒𝜆1𝑡 𝑝(𝑡, 𝑥, 𝑦) − 𝜑1(𝑥)𝜑1 (𝑦) | ≤ 𝛼2
𝑠𝑒

𝜆2𝑠𝑒−(𝜆2−𝜆1 )𝑡𝜑1(𝑥)𝜑1 (𝑦),

which in turn leads, for any 𝜌 ∈ 𝒫 (𝐷) and 𝑓 ∈ 𝐿 𝑝 (𝐷) with 𝑝 ∈ [1,∞], to

|𝜌(𝑒𝜆1𝑡𝑃𝑡 𝑓 ) − 𝜌(𝜑1)( 𝑓 , 𝜑1) | ≤ 𝛼2
𝑠𝑒

𝜆2𝑠𝑒−(𝜆2−𝜆1 )𝑡 𝜌(𝜑1)(𝜑1, | 𝑓 |)

≤ 𝛼2
𝑠𝑒

𝜆2𝑠𝑒−(𝜆2−𝜆1 )𝑡 ∥𝜑1∥∞∥𝜑1∥𝑝∗ ∥ 𝑓 ∥𝑝 .
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Proof. The item (i) follows directly from [18, Theorem 3.11]. The item (iii) is just a 
result of (ii) and Lemma 2(ii). To build (ii), recalling Lemma 1(iii) and the Cauchy--
Schwarz inequality, we have

𝑒2𝜆1 (𝑡+𝑠)𝛼2
2𝑡+2𝑠 = sup 

𝑥,𝑦∈𝐷

𝑒2𝜆1 (𝑡+𝑠) 𝑝(2𝑡 + 2𝑠, 𝑥, 𝑦)
𝜑1(𝑥)𝜑1 (𝑦) 

≤ sup 
𝑥,𝑦∈𝐷

𝑒𝜆1 (𝑡+𝑠)𝑏2𝑡+2𝑠 (𝑥)𝑒
𝜆1 (𝑡+𝑠)𝑏2𝑡+2𝑠 (𝑦)

𝜑1 (𝑥)𝜑1 (𝑦) 

≤ sup 
𝑥,𝑦∈𝐷

𝑒𝜆1𝑡𝑏2𝑡 (𝑥)𝑒
𝜆1𝑡𝑏2𝑡 (𝑦)

𝜑1(𝑥)𝜑1 (𝑦) 

≤ 𝑒2𝜆1𝑡𝛼2
2𝑡 , 𝑡 > 0, 𝑠 ≥ 0,

proving the first part. The second is due to the definitions of 𝛼𝑡 , 𝑏𝑡 and Lemma 1(iii). 
□

3 Main results

In this section, we consider the existence of (uniformly) exponentially quasi-mixing 
limits of the killed symmetric Lévy process 𝑋 given in the introduction. As a by
product, (uniformly) exponential quasi-ergodicity and (uniformly) exponentially frac
tional quasi-ergodicity on 𝐿 𝑝 (𝐷) (𝑝 ≥ 1) of 𝑋 are established. It is worth emphasizing 
that our results are straightforward.
Theorem 1. Assume H1 and H2. Let 𝜇 be the measure 𝜑1 ·𝑚/𝑚(𝜑1), 𝔹𝑝 be the unit 
ball of 𝐿 𝑝 (𝐷), 𝜅 be the multiplicity of the second eigenvalue 𝜆2 of 𝒜, and 1 = 1𝐷 .

(i) 𝑋 admits the following exponential quasi-ergodicity on 𝐿 𝑝 (𝐷):

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 )𝑡 sup 
𝑓 ∈𝔹𝑝

|𝔼𝜌 ( 𝑓 (𝑋𝑡 ) |𝜏 > 𝑡) − 𝜇( 𝑓 ) |

=
|𝜌(𝜑2) |

𝜌(𝜑1) 

⃦⃦
⃦⃦
⃦
𝜅+1 ∑︂
𝑖=2 

𝑚(𝜑1)𝜑𝑖 − 𝑚(𝜑𝑖)𝜑1

𝑚(𝜑1)2

⃦⃦
⃦⃦
⃦
𝑝∗

, 𝑝 ∈ [1,∞], 𝜌 ∈ 𝒫 (𝐷).

In particular, 𝜇 is a qed of 𝑋 by taking 𝑝 = ∞ in the above limit.

(ii) Assume in addition H3. 𝑋 admits uniform and exponential quasi-ergodicity on 
𝐿 𝑝 (𝐷):

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 )𝑡 sup 
(𝜌, 𝑓 ) ∈𝒫 (𝐷)×𝔹𝑝

|𝔼𝜌 ( 𝑓 (𝑋𝑡 ) |𝜏 > 𝑡) − 𝜇( 𝑓 ) |

= sup 
𝜌∈𝒫 (𝐷)

|𝜌(𝜑2) |

𝜌(𝜑1) 

⃦⃦
⃦⃦
⃦
𝜅+1 ∑︂
𝑖=2 

𝑚(𝜑1)𝜑𝑖 − 𝑚(𝜑𝑖)𝜑1

𝑚(𝜑1)2

⃦⃦
⃦⃦
⃦
𝑝∗

, 𝑝 ∈ [1,∞] .
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Proof. (i) For any 𝜌 ∈ 𝒫 (𝐷) and 𝑓 ∈ 𝔹𝑝 with 𝑝 ∈ [1,∞]. We calculate by using 
Lemma 2(i) that

𝔼𝜌 ( 𝑓 (𝑋𝑡 ) |𝜏 > 𝑡) − 𝜇( 𝑓 ) =
𝜌(𝑃𝑡 𝑓 ) − 𝜌(𝜇( 𝑓 )𝑃𝑡1)

𝜌(𝑃𝑡1) 

=
𝜌{ 

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 )𝑡 [( 𝑓 , 𝜑𝑖) − (𝜑𝑖 ,1)𝜇( 𝑓 )]𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
, 𝑡 > 0.

(4)

We then multiply both sides of (4) by 𝑒 (𝜆2−𝜆1 )𝑡 to derive

𝑒 (𝜆2−𝜆1 )𝑡 [𝔼𝜌 ( 𝑓 (𝑋𝑡 ) |𝜏 > 𝑡) − 𝜇( 𝑓 )] −
𝜌{ 

∑︁𝜅+1
𝑖=1 [( 𝑓 , 𝜑𝑖) − (𝜑𝑖 ,1)𝜇( 𝑓 )]𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

=
𝜌{ 

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 )𝑡 [( 𝑓 , 𝜑𝑖) − (𝜑𝑖 ,1)𝜇( 𝑓 )]𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

(5)

Observe that 𝜌(𝑒𝜆1𝑡𝑃𝑡1) → ∥𝜑1∥1𝜌(𝜑1) as 𝑡 → ∞ by Lemma 2(ii), and that 
Lemma 1(iii) yields, for any 0 < 𝜖 < (𝜆𝜅+2 − 𝜆2)/𝜆𝜅+2,

𝜌
{︂ ∞ ∑︂

𝑖=𝜅+2
𝑒−(𝜆𝑖−𝜆2 )𝑡 [( 𝑓 , 𝜑𝑖) − (𝜑𝑖 ,1)𝜇( 𝑓 )]𝜑𝑖

}︂

≤ 𝜌
{︂ ∞ ∑︂

𝑖=𝜅+2
𝑒−(𝜆𝑖−𝜆2 )𝑡 ∥ 𝑓 ∥𝑝 (∥𝜑𝑖 ∥𝑝∗ + ∥𝜑1∥𝑝∗ ∥𝜑𝑖 ∥1/∥𝜑1∥1) |𝜑𝑖 |

}︂

≤

∞ ∑︂
𝑖=𝜅+2

𝑒−[ (1−𝜖 )𝜆𝑖−𝜆2 ]𝑡 [∥𝑏 𝜖 𝑡 ∥𝑝∗ + ∥𝑏 𝜖 𝑡 ∥1∥𝜑1∥𝑝∗/∥𝜑1∥1]∥𝑏 𝜖 𝑡 ∥∞.

Since 𝑏𝑡 is decreasing by Lemma 1(iv), the previous inequality implies that the right
hand side of (5) converges to zero. We take successively the absolute value, the 
supremum w.r.t. 𝑓 ∈ 𝔹𝑝 and the limit as 𝑡 → ∞ in (5), and then use the continuous 
linear functional representation theorem to obtain the desired results.

(ii) For any given 0 < 𝜖 < min{(𝜆2 − 𝜆1)/𝜆2, (𝜆𝜅+2 − 𝜆2)/𝜆𝜅+2}, when 𝑡 > 0
is large enough such that 1 − 𝛼2

𝜖 𝑡𝑒
−[ (1−𝜖 )𝜆2−𝜆1 ]𝑡 > 0, Lemma 3 suggests that the 

right-hand side of (5) is bounded by

𝜌
(︁∑︁∞

𝑖=𝜅+2 𝑒
−(𝜆𝑖−𝜆2 )𝑡 | ( 𝑓 , 𝜑𝑖) − (𝜑𝑖 ,1)𝜇( 𝑓 ) | |𝜑𝑖 |

)︁
𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

≤

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 )𝑡 (∥𝜑𝑖 ∥𝑝∗ ∥𝜑1∥1∥ 𝑓 ∥𝑝 + ∥𝜑𝑖 ∥1∥𝜑1∥𝑝∗ ∥ 𝑓 ∥𝑝)𝜌(|𝜑𝑖 |)

𝜌(𝑒𝜆1𝑡𝑃𝑡1)∥𝜑1∥1

≤

∑︁∞
𝑖=𝜅+2 2𝑒−[ (1−𝜖 )𝜆𝑖−𝜆2 ]𝑡𝛼2

𝜖 𝑡 ∥𝜑1∥𝑝∗ ∥𝜑1∥1𝜌(𝜑1)

(1 − 𝛼2
𝜖 𝑡𝑒

−[ (1−𝜖 )𝜆2−𝜆1 ]𝑡 )∥𝜑1∥
2
1𝜌(𝜑1) 

=

∑︁∞
𝑖=𝜅+2 2𝑒−[ (1−𝜖 )𝜆𝑖−𝜆2 ]𝑡𝛼2

𝜖 𝑡 ∥𝜑1∥𝑝∗

(1 − 𝛼2
𝜖 𝑡𝑒

−[ (1−𝜖 )𝜆2−𝜆1 ]𝑡 )∥𝜑1∥1
, 𝑓 ∈ 𝔹𝑝 , 𝜌 ∈ 𝒫 (𝐷).

□

We next explore the (uniformly) exponentially fractional quasi-ergodicity of 𝑋 .
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Theorem 2. Assume H1 and H2, and let 𝜈 be the measure 𝜑2
1 · 𝑚.

(i) For 𝜃 ∈ (0, 1), 𝑋 admits exponentially 𝜃-fractional quasi-ergodicity on 𝐿 𝑝 (𝐷):

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 ) [ (𝑡−𝜃𝑡 )∧(𝜃𝑡 ) ] sup 
𝑓 ∈𝔹𝑝

|𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 ) |𝜏 > 𝑡) − 𝜈( 𝑓 ) |

= sup 
𝑓 ∈𝔹𝑝

|Φ(𝜌, 𝜅, 𝜃, 𝑓 ) |, 𝑝 ∈ [1,∞], 𝜌 ∈ 𝒫 (𝐷),

where the function Φ(𝜌, 𝜅, 𝜃, 𝑓 ) has the expression

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)𝜌(𝜑𝑖)

𝜌(𝜑1) 
, if 0 < 𝜃 <

1
2
,

𝜅+1 ∑︂
𝑖=2 

𝑚(𝜑𝑖)(𝜑𝑖 , 𝑓 𝜑1)

𝑚(𝜑1) 
, if

1
2

< 𝜃 < 1,

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖) [𝜌(𝜑𝑖)𝑚(𝜑1) + 𝑚(𝜑𝑖)𝜌(𝜑1)]

𝜌(𝜑1)𝑚(𝜑1) 
, if 𝜃 =

1
2
.

In particular, 𝜈 is a 𝜃-fqed of 𝑋 by taking 𝑝 = ∞ in the above limit.

(ii) Assume in addition H3. Then the limit in (i) is uniformly convergent w.r.t. 
(𝜌, 𝑓 ) ∈ 𝒫 (𝐷) × 𝔹𝑝 .

Proof. We invoke the properties of conditional expectation and the Markov property 
of 𝑋 to discover that, for any 𝑡 ≥ 0, 0 < 𝜃 < 1, 𝑥 ∈ 𝐷 and 𝑓 ∈ 𝔹𝑝 ,

𝔼𝑥 [ 𝑓 (𝑋𝜃𝑡 )1{𝜏>𝑡}] = 𝑃𝜃𝑡 [ 𝑓 𝑃𝑡−𝜃𝑡1] (𝑥). (6)

Thus we compute easily by using (6) and Lemma 2(i) that

𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 ) |𝜏 > 𝑡) − 𝜈( 𝑓 ) =
𝜌{𝑃𝜃𝑡 ( 𝑓 𝑃𝑡−𝜃𝑡1) − 𝜈( 𝑓 )𝑃𝜃𝑡1}

𝜌(𝑃𝑡1) 

=
𝜌{𝑒𝜆1 𝜃𝑡 (𝑃𝜃𝑡 ([ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1))}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

=
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 ) 𝜃𝑡 ([ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 ) (𝑡−𝜃𝑡 ) (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
, 𝑡 > 0, 𝜌 ∈ 𝒫 (𝐷).

(7)

To estimate the right-hand side of (7), we prepare some facts. Thanks to Lemma 1(iii) 
and the Cauchy–Schwarz inequality, for any 𝑡 > 0, 𝑝 ∈ [1,∞] and 𝑓 ∈ 𝔹𝑝 ,

𝜈(| 𝑓 |) = (| 𝑓 |, 𝜑2
1) ≤ ∥ 𝑓 ∥𝑝 ∥𝜑

2
1∥𝑝∗ ≤ ∥𝜑1∥

2
∞𝑚(𝐷)

1 
𝑝∗ ≜ 𝑐1, (8)

𝑚(𝑒𝜆1𝑡𝑃𝑡 | 𝑓 |) ≤ 𝑒𝜆1𝑡 (𝑏𝑡 , | 𝑓 |)𝑚(𝑏𝑡 ) ≤ 𝑚(𝐷)
1+𝑝∗
𝑝∗ 𝑒𝜆1𝑡 ∥𝑏𝑡 ∥

2
∞ ≜ ℎ(𝑡). (9)
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(i) For any 𝜖 > 0, 𝑡 > 0, 𝑖 ≥ 1 and 𝜃 ∈ (0, 1), we use the symmetry of {𝑃𝑡}, 
Hölder’s inequality, Lemma 1(iii) and (8)--(9) to estimate the right-hand side of (7):

| ( 𝑓 𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 | ≤ ℎ(𝑡 − 𝜃𝑡)𝑒𝜆𝑖 𝜖 𝜃𝑡 ∥𝑏 𝜖 𝜃𝑡 ∥
2
∞,

| (𝜈( 𝑓 )𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 | ≤ 𝑐1ℎ(𝑡 − 𝜃𝑡)𝑒𝜆𝑖 𝜖 𝜃𝑡 ∥𝑏 𝜖 𝜃𝑡 ∥
2
∞,

| (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1 | ≤ 𝑒𝜆𝑖 𝜖 (𝑡−𝜃𝑡 )𝑚(𝐷)
1+𝑝∗
𝑝∗ ∥𝑏 𝜖 (𝑡−𝜃𝑡 ) ∥

2
∞∥𝜑1∥

2
∞

≜ 𝑐2𝑒
𝜆𝑖 𝜖 (𝑡−𝜃𝑡 ) ∥𝑏 𝜖 (𝑡−𝜃𝑡 ) ∥

2
∞.

(10)

In order to obtain the expression of Φ, we divide 𝜃 into three cases and denote

Φ1 (𝑡, 𝜌, 𝜅, 𝜃, 𝑓 ) :=
𝜌{

∑︁𝜅+1
𝑖=2 ([ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
,

Φ2 (𝑡, 𝜌, 𝜅, 𝜃, 𝑓 ) :=
𝜌{

∑︁𝜅+1
𝑖=2 (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

Case 1. If 𝜃 ∈ (0, 1
2 ), we multiply (7) by 𝑒 (𝜆2−𝜆1 ) 𝜃𝑡 and use (10) to yield

|𝑒 (𝜆2−𝜆1 ) 𝜃𝑡 [𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 ) |𝜏 > 𝑡) − 𝜈( 𝑓 )] −Φ(𝜌, 𝜅, 𝜃, 𝑓 ) |

≤
𝜌{

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 ) 𝜃𝑡 | ( [ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=2 𝑒

(𝜆2−𝜆1 ) 𝜃𝑡−(𝜆𝑖−𝜆1 ) (𝑡−𝜃𝑡 ) | (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ1(𝑡, 𝜌, 𝜅, 𝜃, 𝑓 ) |

≤

∑︁∞
𝑖=𝜅+2 (1 + 𝑐1)𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 ) 𝜃𝑡ℎ(𝑡 − 𝜃𝑡)∥𝑏 𝜖 𝜃𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=2 𝑐2𝑒

(𝜆2−𝜆1 ) 𝜃𝑡−(𝜆𝑖−𝜆1−𝜆𝑖 𝜖 ) (𝑡−𝜃𝑡 ) ∥𝑏 𝜖 (𝑡−𝜃𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ1(𝑡, 𝜌, 𝜅, 𝜃, 𝑓 ) |.

(11)

We note that 𝑏𝑡 and ℎ(𝑡) are monotonically decreasing functions of 𝑡, and that 
𝜌(𝑒𝜆1𝑡𝑃𝑡1) → 𝑚(𝜑1)𝜌(𝜑1) as 𝑡 → ∞. Accordingly, we conclude that the right
hand side of (11) converges to zero uniformly w.r.t. 𝑓 ∈ 𝔹𝑝 as 𝑡 → ∞ for any fixed 
𝜖 ∈ (0, 𝜖0), where

𝜖0 = min
{︃
𝜆𝜅+2 − 𝜆2

𝜆𝜅+2
,
(1 − 2𝜃)(𝜆2 − 𝜆1)

(1 − 𝜃)𝜆2

}︃
.

Case 2. If 𝜃 ∈ ( 1
2 , 1), multiplying (7) by 𝑒 (𝜆2−𝜆1 ) (𝑡−𝜃𝑡 ) , we use (10) to obtain

|𝑒 (𝜆2−𝜆1 ) (𝑡−𝜃𝑡 ) [𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 ) |𝜏 > 𝑡) − 𝜈( 𝑓 )] −Φ(𝜌, 𝜅, 𝜃, 𝑓 ) |

≤
𝜌{

∑︁∞
𝑖=2 𝑒

(𝜆2−𝜆1 ) (𝑡−𝜃𝑡 )−(𝜆𝑖−𝜆1 ) 𝜃𝑡 | ( [ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 ) (𝑡−𝜃𝑡 ) | (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
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+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ2 (𝜌, 𝜅, 𝜃, 𝑓 ) | (12)

≤

∑︁∞
𝑖=2 (1 + 𝑐1)ℎ(𝑡 − 𝜃𝑡)𝑒 (𝜆2−𝜆1 )𝑡−(𝜆𝑖+𝜆2−2𝜆1−𝜆𝑖 𝜖 ) 𝜃𝑡 ∥𝑏 𝜖 𝜃𝑡 ∥

2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐2𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 ) (𝑡−𝜃𝑡 ) ∥𝑏 𝜖 (𝑡−𝜃𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ2 (𝜌, 𝜅, 𝜃, 𝑓 ) |.

Similar to Case 1, the right member of (12) converges to zero uniformly w.r.t. 𝑓 ∈ 𝔹𝑝

as 𝑡 → ∞ for any fixed 𝜖 ∈ (0, 𝜖1), where

𝜖1 = min
{︃
𝜆𝜅+2 − 𝜆2

𝜆𝜅+2
,
(2𝜃 − 1)(𝜆2 − 𝜆1)

𝜃𝜆2

}︃
.

Case 3. If 𝜃 = 1/2, multiplying both sides of (7) by 𝑒 (𝜆2−𝜆1 ) 𝜃𝑡 gives

|𝑒 (𝜆2−𝜆1 ) 𝜃𝑡 [𝔼𝜌 ( 𝑓 (𝑋𝜃𝑡 ) |𝜏 > 𝑡) − 𝜈( 𝑓 )] −Φ(𝜌, 𝜅, 𝜃, 𝑓 ) |

≤
𝜌{

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 ) 𝜃𝑡 | ( [ 𝑓 − 𝜈( 𝑓 )]𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2 ) 𝜃𝑡 | (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1 |}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ1(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ2 (𝜌, 𝜅, 𝜃, 𝑓 ) |

≤

∑︁∞
𝑖=𝜅+2 (1 + 𝑐1)ℎ(𝑡 − 𝜃𝑡)𝑒−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 ) 𝜃𝑡 ∥𝑏 𝜖 𝜃𝑡 ∥

2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐2𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 ) 𝜃𝑡 ∥𝑏 𝜖 (𝑡−𝜃𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Φ(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ1(𝜌, 𝜅, 𝜃, 𝑓 ) −Φ2 (𝜌, 𝜅, 𝜃, 𝑓 ) |.

(13)

Once again, the right member of (13) converges to zero uniformly w.r.t. 𝑓 ∈ 𝔹𝑝 as 
𝑡 → ∞ for any fixed 0 < 𝜖 < (𝜆𝜅+2 − 𝜆2)/𝜆𝜅+2.

(ii) In view of (9) and Lemma 3(ii), we discover, for any 𝜖 > 0, 𝑡 > 0 and 𝑓 ∈ 𝔹𝑝

with 𝑝 ∈ [1,∞], that

| ( 𝑓 𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 | ≤ ℎ(𝑡 − 𝜃𝑡)𝛼2
𝜖 𝜃𝑡𝑒

𝜆𝑖 𝜖 𝜃𝑡 ∥𝜑1∥∞𝜑1,

| (𝜈( 𝑓 )𝑒𝜆1 (𝑡−𝜃𝑡 )𝑃𝑡−𝜃𝑡1, 𝜑𝑖)𝜑𝑖 | ≤ 𝑐1ℎ(𝑡 − 𝜃𝑡)𝛼2
𝜖 𝜃𝑡𝑒

𝜆𝑖 𝜖 𝜃𝑡 ∥𝜑1∥∞𝜑1,

| (1, 𝜑𝑖)( 𝑓 𝜑1, 𝜑𝑖)𝜑1 | ≤ 𝛼2
𝜖 (𝑡−𝜃𝑡 )𝑒

𝜆𝑖 𝜖 (𝑡−𝜃𝑡 ) ∥𝜑1∥1∥𝜑1∥∞∥𝜑1∥𝑝∗𝜑1.

Besides, for any fixed 0 < 𝜖 < (𝜆2 − 𝜆1)/𝜆2 and 𝑡 > 0 large enough such that 
1 − 𝛼2

𝜖 𝑡𝑒
−[ (1−𝜖 )𝜆2−𝜆1 ]𝑡 > 0, we apply Lemma 3(iii) to get the estimate

𝜌(𝑒𝜆1𝑡𝑃𝑡1) ≥ (1 − 𝛼2
𝜖 𝑡𝑒

−[ (1−𝜖 )𝜆2−𝜆1 ]𝑡 )𝜌(𝜑1)𝑚(𝜑1).

Consequently, (ii) is obtained by performing similar tricks and steps as in (i). □

We exhibit the quasi-mixing limit theorem and the double limit theorem for 𝑋 .
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Theorem 3. Assume H1 and H2.

(i) For any 𝜌 ∈ 𝒫 (𝐷) and 𝑎 ∈ (0, 1), there exists a finite function Ψ such that

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 )𝛼𝑡 sup 
( 𝑓 ,𝑔) ∈𝔹𝑝×𝔹𝑞

|𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑡 ) |𝜏 > 𝑡] − 𝜈( 𝑓 )𝜇(𝑔) |

= sup 
( 𝑓 ,𝑔) ∈𝔹𝑝×𝔹𝑞

|Ψ(𝜌, 𝜅, 𝛼, 𝑓 , 𝑔) |, 𝛼 := 𝑎 ∧ (1 − 𝑎), 𝑝, 𝑞 ∈ [1,∞],

where the function Ψ(𝜌, 𝜅, 𝛼, 𝑓 , 𝑔) has the expression

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)𝜈(𝑔)𝜌(𝜑𝑖)

𝜌(𝜑1) 
, if 𝑎 < 1/2,

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)(𝑔, 𝜑𝑖)

𝑚(𝜑1) 
, if 𝑎 > 1/2,

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖) [𝜈(𝑔)𝜌(𝜑𝑖)𝑚(𝜑1) + (𝑔, 𝜑𝑖)𝜌(𝜑1)]

𝑚(𝜑1)𝜌(𝜑1) 
, if 𝑎 = 1/2.

(ii) For any 𝜌 ∈ 𝒫 (𝐷) and 0 < 𝑎 < 𝑏 < 1, there exists a finite function Γ such that

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 )𝛽𝑡 sup 
( 𝑓 ,𝑔) ∈𝔹𝑝×𝔹𝑞

|𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑏𝑡 ) |𝜏 > 𝑡] − 𝜈( 𝑓 )𝜈(𝑔) |

= sup 
( 𝑓 ,𝑔) ∈𝔹𝑝×𝔹𝑞

|Γ(𝜌, 𝜅, 𝛽, 𝑓 , 𝑔) |, 𝛽 := 𝑎 ∧ (𝑏 − 𝑎) ∧ (1 − 𝑏), 𝑝, 𝑞 ∈ [1,∞],

where the function Γ(𝜌, 𝜅, 𝛽, 𝑓 , 𝑔) has the expression

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)𝜈(𝑔)𝜌(𝜑𝑖)

𝜌(𝜑1) 
≜ Γ1(𝜌, 𝜅, 𝑓 , 𝑔), if 𝑎 < [(𝑏 − 𝑎) ∧ (1 − 𝑏)],

𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)(𝑔𝜑1, 𝜑𝑖) ≜ Γ2 (𝜅, 𝑓 , 𝑔), if (𝑏 − 𝑎) < [𝑎 ∧ (1 − 𝑏)],

𝜅+1 ∑︂
𝑖=2 

(𝑔𝜑1, 𝜑𝑖)𝜈( 𝑓 )𝑚(𝜑𝑖)

𝑚(𝜑1) 
≜ Γ3 (𝜅, 𝑓 , 𝑔), if (1 − 𝑏) < [𝑎 ∧ (𝑏 − 𝑎)],

Γ1(𝜌, 𝜅, 𝑓 , 𝑔) + Γ2 (𝜅, 𝑓 , 𝑔), if 𝑎 = 𝑏 − 𝑎 < 1 − 𝑏,

Γ2(𝜌, 𝜅, 𝑓 , 𝑔) + Γ3 (𝜅, 𝑓 , 𝑔), if 𝑏 − 𝑎 = 1 − 𝑏 < 𝑎,

Γ1(𝜅, 𝑓 , 𝑔) + Γ3 (𝜅, 𝑓 , 𝑔), if 𝑎 = 1 − 𝑏 < 𝑏 − 𝑎,

Γ1(𝜌, 𝜅, 𝑓 , 𝑔) + Γ2 (𝜅, 𝑓 , 𝑔) + Γ3(𝜅, 𝑓 , 𝑔), if 𝑎 = 1 − 𝑏 = 𝑏 − 𝑎.

(iii) Assume in addition H3. Then the limits in (i) and (ii) are uniformly convergent 
w.r.t. (𝜌, 𝑓 , 𝑔) ∈ 𝒫 (𝐷) × 𝔹𝑝 × 𝔹𝑞 .

Proof. Using the properties of conditional expectation and the Markov property of 
𝑋 , we have, for any 𝑡 ≥ 0, 𝑥 ∈ 𝐷, 0 ≤ 𝑎 ≤ 𝑏 ≤ 1 and ( 𝑓 , 𝑔) ∈ 𝔹𝑝 × 𝔹𝑞 ,

𝔼𝑥 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑏𝑡 )1{𝑡<𝜏}] = 𝑃𝑎𝑡{ 𝑓 𝑃(𝑏−𝑎)𝑡 [𝑔(𝑃𝑡−𝑏𝑡1)]}(𝑥). (14)
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For any 𝑡 > 0, 𝜌 ∈ 𝒫 (𝐷) and 𝑎 ∈ (0, 1), we employ (14) and Lemma 2(i) to get

𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑡 ) |𝜏 > 𝑡] − 𝜈( 𝑓 )𝜇(𝑔)

=
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 )𝑎𝑡 ( 𝑓 𝑒𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡𝑔, 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

−
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 )𝑎𝑡 (𝜈( 𝑓 )𝜇(𝑔)𝑒𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡1, 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 ) (𝑡−𝑎𝑡 ) (𝑔, 𝜑𝑖)( 𝑓 𝜑𝑖 , 𝜑1)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

(15)

(i) Similar to (8)--(10) and utilizing the symmetry of {𝑃𝑡}, we have the following 
estimates for the right-hand side of (15), for any 𝑎 ∈ (0, 1), 𝑡 > 0, 𝑓 ∈ 𝔹𝑝 and 𝑔 ∈ 𝔹𝑞

with 𝑝, 𝑞 ∈ [1,∞]:

𝜇(|𝑔 |) = (|𝑔 |, 𝜑1)/∥𝜑1∥1 ≤ ∥𝑔∥𝑞 ∥𝜑1∥𝑞∗/∥𝜑1∥1 ≤ ∥𝜑1∥𝑞∗/∥𝜑1∥1 ≜ 𝑐3,

| ( 𝑓 𝑒𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡𝑔, 𝜑𝑖)𝜑𝑖 | ≤ ℎ(𝑡/2 − 𝑎𝑡/2)2𝑒𝜆𝑖 𝜖 𝑎𝑡 ∥𝑏 𝜖 𝑎𝑡 ∥
2
∞,

| (𝜈( 𝑓 )𝜇(𝑔)𝑒𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡1, 𝜑𝑖)𝜑𝑖 | ≤ 𝑐1𝑐3ℎ(𝑡 − 𝑎𝑡)𝑒𝜆𝑖 𝜖 𝑎𝑡 ∥𝑏 𝜖 𝑎𝑡 ∥
2
∞,

| (𝑔, 𝜑𝑖)(𝜑𝑖 𝑓 , 𝜑1)𝜑1 | ≤ 𝑚(𝐷)
1 
𝑞∗

+ 1 
𝑝∗ 𝑒𝜆𝑖 𝜖 (𝑡−𝑎𝑡 ) ∥𝑏 𝜖 (𝑡−𝑎𝑡 ) ∥

2
∞∥𝜑1∥

2
∞

≜ 𝑐4𝑒
𝜆𝑖 𝜖 (𝑡−𝑎𝑡 ) ∥𝑏 𝜖 (𝑡−𝑎𝑡 ) ∥

2
∞.

(16)
In order to derive the expression of Ψ, we now divide 𝑎 into three cases and denote

Ψ1(𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔)

:=
𝜌{

∑︁𝜅+1
𝑖=2 ([ 𝑓 𝑒

𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡𝑔 − 𝜈( 𝑓 )𝜇(𝑔)𝑒𝜆1 (𝑡−𝑎𝑡 )𝑃𝑡−𝑎𝑡1], 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
,

Ψ2(𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) :=
𝜌{

∑︁𝜅+1
𝑖=2 (𝑔, 𝜑𝑖)( 𝑓 𝜑𝑖 , 𝜑1)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

Case 1. If 𝑎 ∈ (0, 1
2 ), we multiply (15) by 𝑒 (𝜆2−𝜆1 )𝑎𝑡 and use (16) to deduce

|𝑒 (𝜆2−𝜆1 )𝑎𝑡𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑡 )1{𝑡<𝜏}] − Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |

≤

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡/2 − 𝑎𝑡/2)2∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐1𝑐3𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡 − 𝑎𝑡)∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=2 𝑐4𝑒

(𝜆2−𝜆1 )𝑎𝑡−(𝜆𝑖−𝜆1−𝜆𝑖 𝜖 ) (𝑡−𝑎𝑡 ) ∥𝑏 𝜖 (𝑡−𝑎𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) − Ψ1 (𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |.

(17)

We note that 𝑏𝑡 and ℎ(𝑡) are monotonically decreasing functions of 𝑡 and 𝜌(𝑒𝜆1𝑡𝑃𝑡1) →
𝑚(𝜑1)𝜌(𝜑1) as 𝑡 → ∞. Thus, the right member of (17) converges to zero uniformly 
w.r.t. 𝜌 ∈ 𝒫 (𝐷) and ( 𝑓 , 𝑔) ∈ 𝔹𝑝 × 𝔹𝑞 as 𝑡 → ∞ for any fixed 𝜖 ∈ (0, 𝜖2), where

𝜖2 = min
{︃
𝜆𝜅+2 − 𝜆2

𝜆𝜅+2
,
(1 − 2𝑎)(𝜆2 − 𝜆1)

(1 − 𝑎)𝜆2

}︃
.
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Case 2. If 𝑎 ∈ ( 1
2 , 1), we multiply (15) by 𝑒 (𝜆2−𝜆1 ) (𝑡−𝑎𝑡 ) and use (16) to get

|𝑒 (𝜆2−𝜆1 ) (𝑡−𝑎𝑡 )𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑡 )1{𝑡<𝜏}] − Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |

≤

∑︁∞
𝑖=2 𝑒

(𝜆2−𝜆1 ) (𝑡−𝑎𝑡 )−(𝜆𝑖−𝜆1−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡/2 − 𝑎𝑡/2)2∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=2 𝑐1𝑐3𝑒

(𝜆2−𝜆1 ) (𝑡−𝑎𝑡 )−(𝜆𝑖−𝜆1−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡 − 𝑎𝑡)∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐4𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 ) (𝑡−𝑎𝑡 ) ∥𝑏 𝜖 (𝑡−𝑎𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) − Ψ2 (𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |.

(18)

Similarly, the right member of (18) converges to zero uniformly w.r.t. 𝜌 ∈ 𝒫 (𝐷) and 
( 𝑓 , 𝑔) ∈ 𝔹𝑝 × 𝔹𝑞 as 𝑡 → ∞ for any fixed 𝜖 ∈ (0, 𝜖3), where

𝜖3 = min
{︃
(2𝑎 − 1)(𝜆2 − 𝜆1)

𝑎𝜆2
,
𝜆𝜅+2 − 𝜆2

𝜆𝜅+2

}︃
.

Case 3. If 𝑎 = 1/2, we multiply (15) by 𝑒 (𝜆2−𝜆1 )𝑎𝑡 and employ (16) to derive

|𝑒 (𝜆2−𝜆1 )𝑎𝑡𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑡 )1{𝑡<𝜏}] − Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |

≤

∑︁∞
𝑖=𝜅+2 𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡/2 − 𝑎𝑡/2)2∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐1𝑐3𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 )𝑎𝑡ℎ(𝑡 − 𝑎𝑡)∥𝑏 𝜖 𝑎𝑡 ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+

∑︁∞
𝑖=𝜅+2 𝑐4𝑒

−(𝜆𝑖−𝜆2−𝜆𝑖 𝜖 )𝑎𝑡 ∥𝑏 𝜖 (𝑡−𝑎𝑡 ) ∥
2
∞

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+ |Ψ(𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) − Ψ1 (𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) − Ψ2(𝑡, 𝜌, 𝜅, 𝑎, 𝑓 , 𝑔) |.

(19)

Analogously, the right member of (19) converges to zero uniformly w.r.t. 𝜌 ∈ 𝒫 (𝐷)

and ( 𝑓 , 𝑔) ∈ 𝔹𝑝 × 𝔹𝑞 as 𝑡 → ∞ for any fixed 0 < 𝜖 < (𝜆𝜅+2 − 𝜆2)/𝜆𝜅+2.

(ii) We find, for any 𝑡 > 0, 𝜌 ∈ 𝒫 (𝐷) and 0 < 𝑎 < 𝑏 < 1, that

𝔼𝜌 [ 𝑓 (𝑋𝑎𝑡 )𝑔(𝑋𝑏𝑡 ) |𝜏 > 𝑡] − 𝜈( 𝑓 )𝜈(𝑔)

=
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 )𝑎𝑡 ( 𝑓 𝑒 (𝑏−𝑎)𝜆1𝑡𝑃𝑏𝑡−𝑎𝑡 (𝑔𝑒
(𝑡−𝑏𝑡 )𝜆1𝑃𝑡−𝑏𝑡1), 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

−
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 )𝑎𝑡 (𝜈( 𝑓 )𝜈(𝑔)𝑒 (𝑡−𝑎𝑡 )𝜆1𝑃𝑡−𝑎𝑡1, 𝜑𝑖)𝜑𝑖}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 ) (𝑏−𝑎)𝑡 ((𝑔𝑒 (𝑡−𝑏𝑡 )𝜆1𝑃𝑡−𝑏𝑡1, 𝜑𝑖) 𝑓 𝜑𝑖 , 𝜑1)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌{

∑︁∞
𝑖=2 𝑒

−(𝜆𝑖−𝜆1 ) (𝑡−𝑏𝑡 ) (((1, 𝜑𝑖)𝑔𝜑𝑖 , 𝜑1) 𝑓 𝜑1, 𝜑1)𝜑1}

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

The desired conclusion is completed by performing calculations similar to (i).
(iii) The proof is almost precisely like that of Theorem 2(ii). □
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Theorem 4. Assume H1 and H2. For any 𝑝 ∈ [1,∞] and 𝜌 ∈ 𝒫 (𝐷), we have

lim 
𝑠→∞

lim 
𝑡→∞

𝑒 (𝜆2−𝜆1 )𝑠 sup 
𝑓 ∈𝔹𝑝

|𝔼𝜌 ( 𝑓 (𝑋𝑠) |𝜏 > 𝑡) − 𝜈( 𝑓 ) | = sup 
𝑓 ∈𝔹𝑝

⃓⃓
⃓⃓ 𝜅+1 ∑︂
𝑖=2 

( 𝑓 𝜑1, 𝜑𝑖)𝜌(𝜑𝑖)

𝜌(𝜑1) 

⃓⃓
⃓⃓.

Assume in addition H3. Then the limit above is uniformly convergent w.r.t. (𝜌, 𝑓 ) ∈
𝒫 (𝐷) × 𝔹𝑝 .

Proof. For any 𝑡 > 𝑠 ≥ 0, 𝜌 ∈ 𝒫 (𝐷) and 𝑓 ∈ 𝔹𝑝 with 𝑝 ∈ [1,∞], the Markov 
property and Lemma 2(i) yield

𝔼𝜌 ( 𝑓 (𝑋𝑠) |𝜏 > 𝑡) − 𝜈( 𝑓 ) =
𝜌(𝑒𝜆1𝑠𝑃𝑠 ( 𝑓 𝑒

𝜆1 (𝑡−𝑠)𝑃𝑡−𝑠1)) − 𝜌(𝑒𝜆1𝑠𝑃𝑠 ( 𝑓 𝜑1))𝑚(𝜑1)

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜌(𝑒𝜆1𝑠𝑃𝑠 ( 𝑓 𝜑1))𝑚(𝜑1) − 𝜈( 𝑓 )𝜌(𝜑1)𝑚(𝜑1)

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 

+
𝜈( 𝑓 )𝜌(𝜑1)𝑚(𝜑1) − 𝜈( 𝑓 )𝜌(𝑒𝜆1𝑡𝑃𝑡1)

𝜌(𝑒𝜆1𝑡𝑃𝑡1) 
.

We now claim that, for any fixed 𝑠 > 0,

lim 
𝑡→∞

sup 
𝑓 ∈𝔹𝑝

|𝔼𝜌 ( 𝑓 (𝑋𝑠) |𝜏 > 𝑡) − 𝜈( 𝑓 ) | = sup 
𝑓 ∈𝔹𝑝

⃓⃓
⃓⃓ ∞ ∑︂
𝑖=2 

𝑒−(𝜆𝑖−𝜆1 )𝑠 ( 𝑓 𝜑1, 𝜑𝑖)𝜌(𝜑𝑖)

𝜌(𝜑1) 

⃓⃓
⃓⃓. (20)

Indeed, the Cauchy–Schwarz inequality gives rise to

|𝜌{𝑒𝜆1𝑠𝑃𝑠 [ 𝑓 (𝑒
𝜆1 (𝑡−𝑠)𝑃𝑡−𝑠1 − ∥𝜑1∥1𝜑1)]}|

≤ 𝑒𝜆1𝑠 ∥𝑏𝑠 ∥∞(𝑏𝑠 , | 𝑓 (𝑒
𝜆1 (𝑡−𝑠)𝑃𝑡−𝑠1 − ∥𝜑1∥1𝜑1) |)

≤ 𝑒𝜆1𝑠 ∥𝑏𝑠 ∥∞∥𝑏𝑠 ∥𝑝∗ ∥ 𝑓 (𝑒𝜆1 (𝑡−𝑠)𝑃𝑡−𝑠1 − ∥𝜑1∥1𝜑1)∥𝑝

≤ 𝑒𝜆1𝑠 ∥𝑏𝑠 ∥∞∥𝑏𝑠 ∥𝑝∗ ∥ 𝑓 ∥𝑝 ∥𝑒
𝜆1 (𝑡−𝑠)𝑃𝑡−𝑠1 − ∥𝜑1∥1𝜑1∥∞,

proving the claim. Finally, we multiply both sides of (20) by 𝑒 (𝜆2−𝜆1 )𝑠 and then perform 
simple calculations similar to the proof in Theorem 1. □

4 Examples

In this section, we present three typical processes -- a Lévy process with a Gaus
sian component, killed Brownian motion, and a symmetric 𝛼-stable process with no 
Gaussian component -- to demonstrate how Theorems 1--4 in Section 3 apply to these 
cases.

The first example is the usual Lévy process whose long-term behavior has been 
analyzed in [29], but it seems that our results are more straightforward.
Example 1. Let 𝑌 = {𝑌𝑡 : 𝑡 ≥ 0} be a symmetric Lévy process on ℝ𝑑 with a Gaussian 
component. 𝑌 has a smooth transition density 𝑞(𝑡, 𝑥, 𝑦) w.r.t. the Lebesgue measure 
𝑚. Its regular Dirichlet form (ℰ ,𝒟(ℰ)) is given by

ℰ (𝑢, 𝑣) =
∫
ℝ𝑑

(∇𝑢(𝑥), 𝐴∇𝜐(𝑥))𝑑𝑥 +

∫
ℝ𝑑×ℝ𝑑

(𝑢(𝑥) − 𝑣(𝑦))2𝜐(𝑑𝑦 − 𝑥)𝑑𝑥,
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and 𝒟(ℰ) = 𝐶0 (ℝ𝑑)
ℰ1 , where 𝐴 is a symmetric positive definite 𝑑 × 𝑑 matrix, 𝜐 is 

the Lévy measure of 𝑌 and ℰ1(𝑢, 𝑢) = ℰ (𝑢, 𝑢) + (𝑢, 𝑢). Let 𝐷 be a bounded connected 
open subset of ℝ𝑑 and 𝑋 = {𝑋𝑡 : 𝑡 ≥ 0} be the process on 𝐷 obtained by killing 𝑌
upon exiting 𝐷.

It is known, cf. [29, Example 4.2], that (ℰ ,𝒟(ℰ)) satisfies the Nash inequality,

∥𝑢∥2+4/𝑑
2 ≤ 𝑐1

∫
ℝ𝑑

|∇𝑢(𝑥) |2𝑑𝑥 · ∥𝑢∥4/𝑑
1 ≤ 𝑐2ℰ (𝑢, 𝑢)∥𝑢∥4/𝑑

1 , 𝑢 ∈ 𝒟(ℰ).

Thus, 𝑋 has a strictly positive continuous density 𝑝(𝑡, 𝑥, 𝑦) and there exists a 𝑐 > 0
such that

𝑝(𝑡, 𝑥, 𝑦) ≤ 𝑞(𝑡, 𝑥, 𝑦) ≤ 𝑐𝑡−𝑑/2, 𝑡 > 0, 𝑥, 𝑦 ∈ ℝ
𝑑;

consult, e.g., [9, Theorem 2.4.6] or [26, Theorem 4.1.1]. This also suggests that 
Lemma 2 holds for the transition semigroup of 𝑋 . If furthermore the Lebesgue measure 
𝑚 and Lévy measure 𝜐 meet H3, then Lemma 3 holds for the transition semigroup 
of 𝑋 .

Next we discuss the one-dimensional killed Brownian motion on a finite interval.
Example 2. Let 𝐷 = (𝑎, 𝑏) be a finite open interval. Consider the operator 𝒜 = − 1

2
𝑑2

𝑑𝑥2

on 𝐿2(𝐷) and define a bilinear form (ℰ ,𝒟(ℰ)) as

ℰ (𝑢, 𝑣) = (𝒜𝑢, 𝑣) =
1
2
(𝑢′, 𝑣′), ∀𝑢, 𝑣 ∈ 𝒟(ℰ),

where 𝐷 (ℰ) stands for the closure of 𝐶∞
𝑐 (𝐷) w.r.t. the norm ∥ · ∥ℰ1 , 𝐶∞

𝑐 (𝐷) denotes the 
space of infinitely differentiable functions with compact supports in 𝐷 and ℰ1(𝑢, 𝑢) =
ℰ (𝑢, 𝑢) + (𝑢, 𝑢).

(i) (ℰ ,𝒟(ℰ)) is a regular Dirichlet form on 𝐿2(𝐷), (−𝒜,𝒟(𝒜)) and {𝑃𝑡 := 𝑒−𝒜𝑡}

are its generator and semigroup, where 𝒟(𝒜) = 𝒟(ℰ) ∩ {𝑢 : 𝒜𝑢 ∈ 𝐿2(𝐷)}.

(ii) (𝒜,𝒟(𝒜)) has discrete spectrum 𝜆𝑖 = 𝑖2𝜋2/[2(𝑏 − 𝑎)2] with the eigenfunction

𝜑𝑖 (𝑥) =
√︁

2/(𝑏 − 𝑎) sin
(︂
𝑖𝜋

𝑥 − 𝑎 
𝑏 − 𝑎

)︂
, 𝑥 ∈ 𝐷, 𝑖 ≥ 1.

(iii) We have |𝜑𝑖 (𝑥) | ≤ 𝑖𝜑1(𝑥) for any 𝑖 ≥ 1, and the heat kernel of 𝑃𝑡 admits the 
expansion

𝑝(𝑡, 𝑥, 𝑦) =
∞ ∑︂
𝑖=1 

𝑒𝜆𝑖 𝑡𝜑𝑖 (𝑥)𝜑𝑖 (𝑦) ≤
∞ ∑︂
𝑖=1 

𝑒−𝜆𝑖 𝑡 𝑖2𝜑1 (𝑥)𝜑1(𝑦) < ∞, 𝑡 > 0, 𝑥, 𝑦 ∈ 𝐷.

By (iii) and the definition of intrinsic ultracontractivity, {𝑃𝑡} is intrinsically ul
tracontractive. Therefore, Theorems 1--4 are satisfied by 𝑋 .

The last example is the symmetric 𝛼-stable process with no Gaussian component.
Example 3. Let 𝑌 = {𝑌𝑡 : 𝑡 ≥ 0} be a symmetric 𝛼-stable process on ℝ𝑑 with 𝑑 ≥ 2
and 0 < 𝛼 < 2. Its regular Dirichlet form (ℰ ,𝒟(ℰ)) is given by

ℰ (𝑢, 𝑣) = 1
2

∫
ℝ𝑑

∫
ℝ𝑑

(𝑢(𝑥) − 𝑢(𝑦))(𝑣(𝑥) − 𝑣(𝑦))

|𝑥 − 𝑦 |𝑑+𝛼
𝑑𝑥𝑑𝑦, 𝑢, 𝑣 ∈ 𝒟(ℰ),
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𝒟(ℰ) =
{︃
𝑢 ∈ 𝐿2(ℝ𝑑) :

∫
ℝ𝑑

∫
ℝ𝑑

(𝑢(𝑥) − 𝑢(𝑦))2

|𝑥 − 𝑦 |𝑑+𝛼
𝑑𝑥𝑑𝑦 < ∞

}︃
.

For any bounded connected open subset 𝐷 ⊂ ℝ𝑑 , we use 𝜏 = inf{𝑡 > 0 : 𝑌𝑡 ∉ 𝐷} to 
denote the first exit time of the symmetric 𝛼-stable process 𝑌 from 𝐷. Adjoin an extra 
point 𝜕 to 𝐷 and set

𝑋𝑡 =

{︄
𝑌𝑡 , if 𝜏 > 𝑡,

𝜕, if 𝜏 ≤ 𝑡.

The process 𝑋 = {𝑋𝑡 : 𝑡 ≥ 0} is called the symmetric 𝛼-stable process killed upon 
leaving 𝐷, or simply the killed symmetric 𝛼-stable process on 𝐷.

Denote by {𝑃𝑡} the transition semigroup of 𝑋 , then [8, Theorem 2.5] asserts that 
{𝑃𝑡} is ultracontractive. Therefore, Lemma 2 holds for the transition semigroup {𝑃𝑡}.
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