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Abstract The paper is devoted to the study of the short rate equation of the form
d

dR(#) = F(R(t))dr + Z G;(R(t-))dZ;(#), R(0)=Rp=0,1>0,
i=1

with deterministic functions F, G 1, ..., G4 and a multivariate Lévy process Z = (Z1,...,Zg)
with possibly dependent coordinates. This equation is assumed to have a nonnegative solution
which generates an affine term structure model. Under some mild assumptions on the Lévy
measure of Z it is shown that the same term structure is generated by an equation with affine
drift term and noise being a one-dimensional @-stable process with index of stability a € (1, 2).
For this case the shape of possible simple forward curves is characterized. A precise description
of normal, inverse and humped profiles in terms of the equation coefficients and the stability
index « is provided.

The paper generalizes the classical results on the Cox—Ingersoll-Ross (CIR) model [Econo-
metrica 53 (1985), 385—408], as well as on its extended version where Z is a one-dimensional
Lévy process [SIAM J. Financ. Math. 11(1) (2020), 131-147, Bond Markets with Lévy Fac-
tors, Cambridge University Press, 2020]. It is the starting point for the classification of affine
models with dependent Lévy processes, in the spirit of [J. Finance 5 (2000), 1943-1978] and
[Classification and calibration of affine models driven by independent Lévy processes, https://
arxiv.org/abs/2303.08477].
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1 Introduction

Let us consider a bond market with a family of stochastic processes describing zero
coupon bond prices P(z,T), t € [0,T], parametrized by the maturity time 7 > 0 and
the short rate process R(f), t > 0. The processes are defined on a probability space
(Q, F,P) with a filtration (F;), ¢ > 0. The bond maturing at T’ pays its owner at time
T a nominal value assumed here to be 1, i.e. P(T,T) = 1. The discounted value of 1

paid at time ¢ > 0 equals D(t) = e~ Jy R()ds The short rate process R is supposed to
satisfy, for each T' > 0, the condition

E[e—ftTR(s)ds |J,—_-t] — e—A(T—I)—B(T—Z)R(t)’ t e [O, T], (11)

with some deterministic functions A(-), B(-). Interpreting I as a risk neutral measure,
one recognizes in the left side of (1.1) the price at time ¢ of the bond with maturity
T, that is P(¢,T). Thus (1.1) means that the short rate R generates an affine term
structure.

The concept of modeling bond prices in the affine fashion was introduced by
Filipovi¢ [17] and Duffie, Filipovi¢ and Schachermeyer [14]. It was motivated by
the results of Kawazu and Watanabe [19] on continuous state branching processes
with immigration. Further developments on regularity of affine processes are due
to Cuchiero, Filipovi¢ and Teichmann [11] and Cuchiero and Teichmann [12]. The
aforementioned results are settled in the general Markovian setting and the description
of affine processes is given in the form of their generators. A class of particular
interest are short rates given by stochastic equations. An equation with a solution
which generates an affine model is called a generating equation. The precursors of
generating equations are two classical equations — one due to Cox, Ingersoll and Ross
(CIR) [10]

dR(t) = (aR(t) + b)dt + cVR(t)dW (1), (1.2)
witha € R, b > 0, ¢ > 0, and another due to Vasicek [25]
dR(t) = (aR(t) + b)dt + ¢ dW (), (1.3)

with a, b,c € R — both driven by a one-dimensional Wiener process W. To make
the behavior of the short rate process more realistic and to improve the accuracy of
calibration to market data more involved equations are considered in the literature. Into
account are taken multidimensional noises, including those with jumps, with possibly
correlated variates. Passing to more general types of noise offers more flexibility to the
arising bond market which is required from the pricing perspective. Dai and Singleton
[13] consider factorial models perturbed by correlated Wiener processes and examine
the influence of the correlation structure on the resulting affine model. In the case
when W is replaced by a Lévy process, it was shown in Barski and Zabczyk [5] that
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the generalization of (1.2) must be of the form
dR(¢) = (aR(t) + b)dr + C - (R(t=))/2dZ* (1), (1.4)

witha e R, b > 0, C > 0, where Z? is an a@-stable process with index a € (1,2].
For a comprehensive study of a-stable processes we refer to Samorodnitsky and
Taqqu [24]. It was also shown in [5] that the counterpart of (1.3) in the Lévy setting
allows preserving the positivity of R, which clearly lacks in (1.3) like in each Gaussian
model. Jiao, Ma and Scotti [18] modify the CIR model by adding an independent a-
stable component to the Wiener process. Their a-CIR model reveals better fitting to the
European sovereign bond market than the CIR model and the stability index a allows
controlling the tail heaviness of the bond prices. Models driven by a multivariate Lévy
process with independent coordinates appear, among others, in Duffie and Garleanu
[15], Barndorft-Nielsen and Shephard [3], Barski and L.ochowski [4]. Similarly as in
[13], it is noticed in [4] that different equations may generate identical affine models.
This fact motivated a classification of all generating equations into several classes
which are representable by the so-called canonical equations having tractable forms.
The case when the coordinates of the multivariate Lévy process are dependent is an
unexplored field entered by this paper.
We consider an equation of the form

d
dR(1) = F(R(0)dt + )" Gi(R(1=))dZi(1), R(0) =x >0, 1> 0, (1.5)
i=1

where F,G := (Gy,...,Gy) are deterministic functions and Z = (Zy,...,Zy) is
a multivariate Lévy process and a martingale. As the coordinates of Z may be de-
pendent, the Lévy measure v of Z is not necessarily concentrated on axes. Its polar
decomposition

+00
= [ [ eove@n e, aesrh. ae)
with a finite measure A on a unit sphere S~ := {x € R : |x| = 1} called a spherical

component of v and a family of measures {yz;¢ € S97'} on (0, +0) called radial
components of v, will play a central role in the sequel. The radial decomposition is
known to exist and to be unique for any Lévy measure, see [2], Lemma 2.1 and [22],
Proposition 4.2. Let us recall that any a-stable process in R¢ with index a € (1,2)
admits radial decomposition with identical radial measures given by the density

1 d-1
ye(dr) =y(dr) := rlTadr, r>0,&es4, (1.7

and arbitrary spherical measure A. In fact, the radial decomposition can be explicitly
determined in the case when v has a density with respect to the Lebesgue measure,
say g. Then the radial measures are of the form

yeldr) =g(rer® 1= 1= (G +8) .. 1= @+ 48 ) ar,

for & = (&1,...,&4) € S7!, r > 0, and the spherical measure A is the image of
the Lebesgue measure by the polar transformation, see Section 3.1.2 for details. We
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examine the question which affine models can be generated by equation (1.5) and our
analysis of this problem is based on the radial decomposition (1.6).

In Example 2.3 we show that if (1.5) is a generating equation and Z is an R?-valued
a-stable process then the resulted affine model is identical with the model generated
by (1.4). This means that (1.4) can replace the initial equation, which may be of a
complicated form, preserving the bond prices unchanged. In this case we call the initial
equation to have the reducibility property. This extends the observations from [13]
and [4] to the case with dependent noise coordinates. The main result of this paper,
Theorem 3.3, provides conditions for (1.5) to have the reducibility property. We prove
that if G is a continuous function for which the limit

im S
=07 [G()]

exists and the Laplace exponents associated with the radial measures

+00
Jye (D) := / (e —1+bryys(dr), b=0,&es
0
satisfy the condition

sup J,.(b)<K- inf J,.(b), b>0, (1.8)
;”esupg(/l) 76( ) £ esupp() )’g( )

with some 1 < K < +oo, then any equation with such G and Z can generate only the
same affine model as the one generated by (1.4) with some a € (1,2). Condition (1.8)
is shown to be satisfied in the class of fempered stable distributions and in the case
when Z is R?-valued and its jump measure has a density g such that the functions

g(r) = ‘)icr‘l:frg(x), g(r) == sup g(x), r=0,

lx|=r

satisfy the integrability conditions

+00 +oo
0< / min{r?, r*}g(r)dr < / min{r?, r*}g(r)dr < +oo,
0 = 0

and

1 2~ 1/8 3=
reg(r)dr r g(r)dr
m fsf <+oc0o and lim /17 < o0,

1 1/
&l0 fs rzg(r)dr |0 /1 8r3§(r)dr
For details and extensions in cases where d > 2, see Section 3.1.2.

Remark 1.1. Condition (1.8) seems to be fundamental in this regard as there exist
Lévy martingales Z for which (1.5) generates an affine short rate model but has no
reducibility property; see [4, Theorems 3.1, 3.8] and Section 3.1.

The term structure models are calibrated to market data which may contain, for
instance, swap or swaption prices or some spot rates. Empirical curves understood
as functions of maturities representing market quotes should be well approximated
by the resulting model curves. Therefore, understanding which curve shapes can be
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generated by the model is of prime importance. We examine possible shapes of the
simple spot curve defined by

1 1
F(X):)_C(P(O,x)_1>’ )CZOy

in the model (1.4) and provide a precise description of normal (increasing), inverse
(decreasing) and humped (possesing one local maximum) shapes in terms of the model
parameters. Characterization of yield curves

1
x = ——1InP(0,x),
X

in affine models is known in the literature, see [20, 21], but it does not imply the
shape of simple spot curves. Our characterization in Theorem 4.3 helps to decide if
the model can be calibrated to market reference rates like LIBOR or other like SONIA,
SOFR, SARON and ESTER. In particular, it helps to decide if the possible simple spot
curves produced by the model, which are normal, inverse or humped, fit the shapes
of empirical spot curves obtained from these reference rates. Also, comparing (1.4) to
the CIR model with a Wiener driving process, we see that the stability index « offers
additional fit flexibility.

The paper is organized as follows. In Section 2 we present some basic facts on Lévy
processes and the Markovian characterization of generating equations. Section 3 on the
reducibility problem contains formulation of the main results including Theorem 3.1
and Theorem 3.3, examples and illustrative analysis of the case when v has a density,
resulting in Theorem 3.8. The proof of Theorem 3.1 and associated auxiliary results
are postponed to Section 5. Section 4 is devoted to the description of shapes of simple
spot curves.

2 Preliminaries

2.1 Basic facts on Lévy processes
Let Z := (Zy,Z,,...,Z4) be a Lévy process in R4, d > 1, on some probability space
(Q, F,P) with afiltration {;, ¢ > 0}. If Z is a martingale, then it admits the following
unique representation

Z()=W(@) +X(t), t=0,
where W is a Wiener process in R with a covariance matrix Q and X is the so-called
Jjump martingale part of Z. It is independent of W and can be described in terms of
the jump measure of Z defined by

m(t,A) :=#{s € (0,1] : AZ(s) € A}, >0, 2.1)

where AZ(s) := Z(s) — Z(s—) and A c R is a set separated from zero, i.e. 0 does
not belong to the closure of A. With (2.1) at hand one defines the Lévy measure of Z
by

v(A) :=E[rn(1,A4)].

Then X can be written as

X(¢t) = /0 /Rd y (m(ds,dy) —ds v(dy)), >0,
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and its properties can be formulated in terms of the measure v. The integrability of X
is equivalent to the condition

L, 0P A by (a) < oo 22)

while the variation of paths of X is almost surely locally finite if and only if
/ [y v(dy) < +c0. 2.3)
lyl<1

In our notation |-| stands for the standard norm in R and (-, -) for the standard scalar
product.
By the independence of X and W we see that, for A € RY,

E [e—u,zu»] -E [e—u,wa»] E [e—u,xu»] ’
so the Laplace exponent Jz of Z defined by
E [e—u,zo»] _ oz
exists at A if and only if Jx (1) is finite. The latter property is equivalent to the condition
/ e~ y(dy) < +oo. 24
[y[>1
If (2.4) holds, then
5@ = [ (@ =1 @i, 5)
and, consequently,
Jz() = Jw () +Jx(1)
= %(Q/l, )+ /R d(e-“’y> — 1+ {4, y)v(dy). (2.6)
It follows, in particular, that the process Z is uniquely determined by the pair (Q, v).

2.2 Markovian characterization of generating equations

It was shown in [17, Theorem 5.3] that the generator of a general nonnegative Marko-
vian short rate generating an affine model is of the form

Af(x) = cxf”(x) + (Bx + ) f(x) 2.7
+/ (f(x+v)—f(x)—f’(x)(1 /\v))(m(dv)+x/1(dv)), x>0,
(0,+00)

for f € L(A) U C?(Ry), where L(A) is the linear hull of A := {f; := e, 1 €
(0,+00)} and C2(R,) stands for the set of twice continuously differentiable functions
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with compact support in [0, +00). In the equation above ¢,y > 0, 8 € R and m(dv),
pu(dv) are nonnegative Borel measures on (0, +o0) satisfying

/ (1 /\v)m(dv)+/ (1 Av?)u(dv) < +oo. (2.8)
(0,+00) (0,40)

Moreover, the functions A(-), B(+) in (1.1) are uniquely determined by the form of the
generator (2.7), for details see [17].

The application of the above given characterization to the case when R is given
by (1.5) leads to necessary and sufficient conditions making (1.5) a generating equation,
for the proof see Proposition 2.2 in [4]. To formulate these conditions we need to
introduce a family of measures related to the pair (G, Z). For x > 0 we define the
measure

vG(x)(A) = v{y € R?: (G(x),y) € A}, A€B(R),

which is the image of the Lévy measure v under the linear transformation y
(G(x),y). This measure may have an atom at zero and therefore its restriction
VG (x)(dv) |v20 is used below. The aforementioned conditions are as follows.

e The drift is affine

F(x)=ax+b, wherea€R, bz/

(1,400

)(v - l)vG(g)(dv). (29)
* The covariance matrix of the Wiener part of Z satisfies

1

E(QG(x),G(x)) =cx, x2=0, (2.10)

with some ¢ > 0.

* The jumps of Z and the function G are such that

(G(x),aZ(t)) 20, x=0,1>0, (2.11)
vG(0)(dv) = m(dv) and / v vg (o) (dv) < +oo, (2.12)
(0,+00)
/ (v AvEu(dv) < +oo, (2.13)
(0,+00)
VG (x) (AV) [(0.400)= G (0) (AV) [(0,400) +xp(dv), x> 0. (2.14)

Moreover, (2.7) reads

Af(x) =cxf”(x) + [ax+b+/

(1,+00)

(1= ) {7 (o) (@) +xa(@)}] £ ()
. /( o, ) = 100 = S W1 A {0y (@) + (@)

(2.15)

In particular, with the parameters a, b, c and the measures v g)(dv), u(dv) from

(2.15) at hand one can determine the zero coupon bond prices, for details see [17].
Note that the integrability requirements (2.12), (2.13) for the measures m(dv),

p(dv) are stronger than in (2.8). They appear due to the fact that Z is a martingale.
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Remark 2.1. Conditions (2.10)—(2.14) describe the law of the family of one-dimen-
sional Lévy processes Z% ™) (1) := (G(x), Z(t)), x > 0. Conditions (2.10) and (2.14)
can be reformulated in terms of their Laplace exponents

J 4600 (b) = Jz(bG(x)) = cb® + Jyg, o (b) +xJu(b), b >0, (2.16)
where J,(b) := O+°°(e‘b" — 1+ bv)u(dv) and J
Remark 2.2. For the equation (1.4) with @ € (1,2) one can show that

v (o 1s defined analogously.
1
c=0, vG() =0, u(dv) = 1{v>0}mdv7

hence u(dv) is an a-stable measure, for details see [5] or [6].

We start with an example of (1.5) where Z is an a-stable martingale in R%, d > 1,
with @ € (1,2). Recall that its radial measure is given by (1.7). Since Z has no Wiener
part, the Laplace exponent of the jump part X of Z is identical with the Laplace
exponent of Z and admits the following representation:

Jx(z) = /Sd_l A(df)/om (e‘<“f> -1 +<z,r§>) rllﬂ,dr

= / A(d¢) / h (e”<z’~f>—1+r<z,f>) llmdr
gd-1 0 r

= <o [, @O, @17)

where ¢, :==T(2—a)/(a(a —1)) and I stands for the Gamma function. In the above
equation, we used the formula

+00 1
/ (e_“V -1+ uv) —odv = cqu®.
0 v +a

In the following example, assuming that Z is an a-stable martingale in R, we compute
the condition ((2.19)) for the function G in (1.5) so that this equation generates an
affine model. This condition is sufficient and necessary when we assume that Z is
a-stable and G (0) = 0.

Example 2.3. Let Z be an a-stable martingale in R with the Laplace exponent (2.17)
and G : [0, +c0) — [0, +00)9, G(0) = 0. Then the equation

dR(?) = (aR(2) + b)dt + (G(R(t—)),dZ(?)), (2.18)

with a € R, b > 0, generates an affine model if and only if the function G satisfies

/ (G(x),&)*A(d¢) = ch, x>0, (2.19)
gd-1 a

with C > 0. To prove this fact we need to show that (2.19) is equivalent to (2.16)
with some measure u(dv). Since Z has no Wiener part and vg(g)(dv) = 0, we see
that (2.16) takes the form

Jz(bG(x)) = Ix(bG(x)) =xJ,(b), x,b2>0.
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By (2.17)

WG = [ 66w, =cab” [ (G060,

Consequently,
cab” [ (G678 = 21, (5,

holds if and only if

sy =cor. [ (G0 =

for some C > 0. Hence, u is an a-stable measure and G can be any function satisfy-
ing (2.19). It follows from Remark 2.2 and (2.15) that the generators of equations (2.18)
and (1.4) are identical, so are the related bond markets.

To see that already for d = 2 there are many possibile forms of the function
G = (G1,Gy), let us take 4 = 1,0y + d(0,1) (04 denotes Dirac’s delta measure
concentrated at the point a). Then condition (2.19) reads

C
Gi(x)+Gr(x)* = —x
c

a

and is satisfied, for example, for

<

1/a
s (1- s1n(x))x) .

C 1/a
Gi(x) = (?(1 + sin(x))x) , Gy(x) = (

3 Reducibility of equations with multivariate noise

In this section we specify conditions for the equation (1.5), written now for convenience
in the form

dR(?) = (aR(2) + b)dt + (G(R(t—-)),dZ(t)), R(O0)=x>0,1>0, 3.1

to have the reducibility property. The affine form of the above drift is justified by (2.9).
This means that (3.1) is supposed to generate the same bond prices as the equation

dR(t) = (aR(t) + b)dr + C - R(1-)"/*dZ? (1), (3.2)

witha € R, b > 0, C > 0 and an a-stable real-valued Lévy process Z¢ with some
a € (1,2). Recall that from Example 2.3 we know that each generating equation (3.1)
with Z being an a-stable process in R? has the reducibility property.

In (3.1), G : R, — R? and Z is a Lévy process and martingale in R%, called a
Lévy martingale for short. It is characterized by a covariance matrix Q of the Wiener
part and a Lévy measure v with polar decomposition

= [ [ ey ao. acsrd, 63



10 M. Barski, R. Lochowski

with a finite spherical measure A on the unit sphere S~ and some radial measures

{ye;:€ € gd-1 }. To avoid technical complications we can assume, and we do, the
nondegeneracy condition for the radial measures, i.e.

& € supp(d) = yg # 0. 3.4

If (3.4) is not satisfied, one can modify A by cutting off the part of its support where
the radial measures disappear. This operation clearly does not affect (3.3). Since Z is
a martingale, it follows from (2.2) that

LR atsvan= [ [ are? alrelyyeanacs < oo

which means that
+00
/ (r> Ar)ye(dr) < 400, & € supp(d). (3.5)
0

If the jump part of Z has infinite variation, then it follows from (2.3) that

1
'/|y|<1 vividy) = /84_1/0 rye(dr) A(d§) = +oo. (3.6)

We consider a condition stronger than (3.6), namely, that

ATy >0, wherel') := {f € supp(Q) : /O1 rye(dr) = +00} . 3.7
Consequently, if we assume that I"; is not contained in any proper linear subspace of
RY, i.e.

Linear span (I'y) = RY, (3.8)
then we obtain that
G(0)=0. (3.9)

To see this, let us notice that, by (2.11) and (3.3), 1 {¢€ € $97' : (G(0),£) <0} =0
which implies that
(G(0),&) =0 forany & € supp (A4). (3.10)

By (2.12) we have
/ Y VG0 (dv) = / (G(0), y)v(dy)
0 R4

- / (G(0).6) / r e (dP)AdE) < +oo,
gd-1 0

which, in view of (3.7), (3.8) and (3.10) implies (3.9). Obviously, (3.8) also implies
that
Linear span (supp (1)) = Linear span (supp (v)) = R?. (3.11)

Notice that, for example, the measure A = §( gy + J(0,1) from Example 2.3 with
Y,0(dr) =y, (dr) = rY1=2dr, @ € (1,2), satisfies (3.7) as well as conditions
(3.8) and (3.11).
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3.1 Main results
For & € supp(A) let us consider the Laplace exponent related to the measure y¢, i.e.

+00
Jye (D) = ‘/0 (e —1+br) ye(dr), b=0.

We need the condition that there exists K > 1 such that

sup  Jy, (D) < K- fesijlf

J,.(b), b>0. (3.12)
&esupp(A) pp(4) e

In Section 3.1.1 we show that (3.12) is satisfied in the class of tempered stable
distributions, which is of great importance in finance, and formulate some more
general sufficient conditions for (3.12) to hold, see Proposition 3.6 and the resulting
Example 3.7. Condition (3.12) seems to be fundamental in this regard as there exist
Lévy martingales Z for which (3.1) generates an affine short rate model without the
reducibility property. Clearly, for such martingales (3.12) is not satisfied. An example
of such a martingale and an equation (3.1) is the following:

dR(t) = (aR(t) + b)dr + (R(1-)/dZ, (1) + (R(t-))"*2dZs (1),
R(0)=x>0, >0,

where a € R, b > 0,1 < a) < ap < 2 and Z(¢), Z,(¢) are independent, real
stable martingales, with stability indices @ and «@;, and the Lévy measures v (dx) =
103 ™17 dx, v2(dx) = 1gys03x ™'~ @dx, respectively; see [4, Theorems 3.1, 3.8].
The main result of the paper is the following theorem.

Theorem 3.1. Let Z be a Lévy martingale with a covariance matrix Q of the Wiener
part and a Lévy measure v admitting the decomposition (3.3) with a spherical measure
A satisfying (3.11) and radial measures {yz;¢ € S94=1Y satisfying (3.5) and (3.12).
Let us also assume that (3.7) and (3.8) are satisfied or that (3.9) holds. Moreover, let
G : [0,+c0) — R? be a continuous function such that

G(x)
Gy = s
0= B0 1G]

(3.13)

exists.
Then if (3.1) generates an affine model, then for any x > 0 the Laplace exponent
of the process ZC¥) = (G (x), Z) has the form

J 7Gx (b) =Jz(bG(x)) = J 760 (b) + be2 + yxb", b=>0,

withc,y >0, a € (1,2).

The proof of Theorem 3.1 is presented in Subsection 5.2 and is preceded by some
auxiliary results presented in Subsection 5.1.

From Theorem 3.1 the following corollaries and theorem follow.

Corollary 3.2. Let the assumptions of Theorem 3.1 be satisfied. If (3.1) is a generating
equation, then for any x > 0 the Laplace exponent of the process Z°™) = (G(x), Z)
has the form

J 7Gx (b)) =Jz(bG(x)) = yxb", b >0,
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withy > 0, a € (1,2). This means that the continuous (Wiener) part of the process
Z9™) vanishes for all x > 0.

Proof. It follows from (2.10) that the Wiener part of Z¢*) satisfies
1
§<QG(x),G(x)) =cx, x >0forsomec >0. (3.14)

Either directly by assumption (3.9) or by the assumptions (3.7) and (3.8) we get that
G(0) = 0. By this and Theorem 3.1, the Laplace transform of the jump part of Z
satisfies

Jx(bG(x)) = yxb®, x =0forsomey >0,a € (1,2). (3.15)

By (3.11) it follows that y > 0. Condition (2.11) guarantees that for Gy defined
by (3.13), (Go,y) = 0 for any y € supp v and condition (3.11) guarantees that y
(Go,y),y € supp v, does not vanish, hence Jx(Gy) > 0. Consequently, from (3.15)
we obtain

G(x)

. yx o B
G am X (|G(x)|> = Jx (Go) € (0, +c0).

From this, lim,_,¢+ |G (x)| = 0 and from (3.14) we further have

<QG0,G0)=1ir8+M_ L yx )y _{0 ife=0,

IGOE  +20: [G)I7 G  |+eoife > 0.

Since (QGo, Gg) # +oo, we necessarily have ¢ = 0 which, in view of (3.14), means
that the continuous (Wiener) part of Z G(*) vanishes. |

Theorem 3.3. For each generating equation (3.1) satisfying the assumptions of The-
orem 3.1 the generators of (3.1) and of (3.2) are identical for some C > 0, so (3.1)
has the reducibility property.

Proof. Itfollows from Theorem 3.1, Corollary 3.2 and Remark 2.1 that each generating
equation (3.1) satisfying assumptions of Theorem 3.1 satisfies conditions (2.10)—(2.14)
with |
¢=0, vg) =0, u(dv) = 1o50y mdv, a € (1,2).
O

Remark 3.4. In the formulation of Theorem 3.1 the assumption (3.13) can be replaced
by the existence of the limit limy_, 4o % Under the latter condition, however, we

were unable to prove Corollary 3.2.

3.1.1 Examples

Here we present some examples concerned with Theorem 3.1 and, in particular, with
condition (3.12). We start with a class of tempered stable distributions. Recall that the
Lévy measure of a tempered stable distribution has the form

+00 e—h(.f)r
v(A) = / / LA(rée)——A(dg), A€ B(RY), (3.16)
sd-1.Jo
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where h : S9! — (0, +c0) is a Borel function called a tempering exponent and
a@ € (1,2) is the stability index. In fact, the range of values for a can be extended to
(=00, 2) if one relaxes the requirement for the corresponding process to be a martingale.
Tempered stable distributions were introduced in [23], but special cases were known
earlier in finance. Of particular interest were one-dimensional processes, for instance,
Variance Gamma Process [7] or the CGMY process of Carr, Geman, Madan and Yor,
see [8]. The tempering function allows to flexibly control the tail heaviness, with the
use of the value h(¢), passing from light tails of the Gaussian case to the case of
heavy-tailed a-stable distribution. The multivariate tempered stable distributions also
appear in finance by exponential Lévy models and by pricing basket options, see [27]
and [1].

Example 3.5 (Tempered stable distributions). Let v(dy) be given by (3.16) with a
bounded tempering function, i.e.

0<A<h(é)<B<+o0, ¢&e8i (3.17)

We show that then condition (3.12) is satisfied.
By (3.16) we see that for & € S9! the radial measure has the form

o—h(E)r
yf(dr)=err, r>0,

a

and its Laplace exponent equals
o e~ h(&)r
Jyf(b):A (e —1+br)'rler

- I'(-a) [(h(g) +b)" = h(&) - abh(g)“-l], b>0,
see [9], p.121. By (3.17) we clearly have
F(B,b) < J,,(b) <F(A,b), b>0, &es?, (3.18)

with F(A, b) := ['(~a) [(A +b) T - A - abA“‘l] ,F(B,b) :=T(-a) [(B +b)" -
B¢ — abB“‘l]. It follows from (3.18) that

sup Jye (D) F(A,b

: Eesupp(d) Vve < sup ( )’

1nf§€supp(/l) J)/g (b) b>0 F(B’ b)
so to show (3.12), it is sufficient to show that the quotient F (A, b)/ F (B, b) is bounded.
It is however continuous, so we need to show that it has finite positive limits at zero
and at infinity. But

F(Ab) . (A+D)"—AY—abA"! (A) a2
im ———= = lim < = ,
b=0 F(B,b)  v>0 (B+b)" = B* — abB*"!

B

and
F(A.b) _ . (A+0)" - A? — abA™!

m = lum
b= F(B,b)  b—+x (B+b)" — B* — abB~!

so the conclusion follows.

>



14 M. Barski, R. Lochowski

The following result provides some sufficient conditions for the condition (3.12)
to hold.

Proposition 3.6. Ler y(dr) and I'(dr) be two measures on (0, +co) such that for any
& € supp(A)

Y(A) <vg(A) <T(A), A e B((0,+)), (3.19)

and
0< /+m(r2 Ar)y(dr) < /+Oo(r2 A1) T(dr) < +oo. (3.20)
0 0

If (/81 ry(dr)) A (/11/‘9 rzy(dr)) > 0 for all £ > 0 sufficiently close to 0 and there
exist the limits

/1 rI'(dr) /11/8 r*I'(dr)
qo := lim sup 817, goo = limsup e

£—0+ /8 r'y(dr) £—0+ fl rzy(dr)
and both are finite, then (3.12) is satisfied.

Proof. Under (3.19) we clearly have

Jy(b) < inf J,.(b) < sup J,.(b) <Jr(b), b=0,
HB) s int D) S s T (8) < ()

where
+0o
Jy(b) :=/ (e7P" =1+ br) y(dr),
0
+00
Jr(b) = / (e_br —1+br)I(dr), b=0.
0
Therefore (3.12) is implied by the condition
Jr(b) <K-J,(b), b=0. (3.21)

Since the functions J, (-), Jr(-) are continuous, hence bounded on compacts, (3.21) is
satisfied with some K > 1 if and only if

) Jr(b)
oo = lim su < 400, 3.22
P b—>+oop Jy(b) ( )
and T(b
po = lim sup r(b) < +o00. (3.23)

b—0+ Jy(b)

In what follows we show that (3.22) and (3.23) indeed hold.
Let us notice that for x > 0

e X —1+x~xAx2
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where the relation ~ means that there exist universal positive numbers k and K such
that
k-xAx?<e™—1+x<K-xAx’

Thus, to prove (3.22) it is sufficient to prove that
‘ S5 min(br, b2 (dr)
lim sup
b—>+00 fo min(br, b2r?)y(dr)
1/b 00
S BT (dx) + Eb brI(dr)

= limsup 75 T~ < 400,
b—+0o /0 b2r2y(dx) +A/b bry(dr)

Let us define the functions
6= [ @ em=[ @ yso
(y,+0) (y,+o0)

By integration by parts,

1/b 1/b 1/b
/ P2T'(dr) = / r(=dG(r)) = —r- G(r)|y/" + / G(r)dr.  (3.24)
0 0 0

We fix &€ > 0 and for y € (0, &) estimate
+0co &E
y-Go) =y [ rman = [Cyman+y-Ge)
y y

< ‘/08 rZF(dr) +y-G(e).

From this it follows -
limsupy-G(y) < / r(dr)
0

y—0+
and by the finiteness of /01 r2I"(dr) and arbitrary choice of &, we get

limsup yG(y) = 0.
y—0+

Thus, (3.24) takes the form

1/b 1/b 1/b
/0. r2I(dr) 2-/0 r(=dG(r)) = _é -G (%) +/(; G(r)dr.

Similarly,
Y 1/b 1 1 1/b
/ rzy(dr) = -3 -8 (E) +/ g(r)dr.
0 0

1/b o
Jo " BPAT(dx) + [, brI(dr)
1/b

Now we calculate

lim sup
b—+
—+oo fo

b2r2y(dx) + /Jjj bry(dr)
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where the last estimate follows from the assumption

fl rI'(dr)
qo = limsup yli < 400
y—0+ fy rI'(dr)

and the finiteness of f1+°° rI'(dr), which yields that the ratio G(r)/g(r) is separated
from +oo for r sufficiently close to 0.
To prove (3.23) it is sufficient to show that

. S min(br, 2r?)L(dr)
lim sup —
b0+ fo min(br, b2r?)y(dr)
1/b 00
» L BT () + [ brT(dr)
= limsup —— - T~ <
b=0e [77 b2y (dx) + [y, bry(dr)

+00.

We define
00y) = / 2L, q(y) = / Py(dr), y> 0.
(0,y] (0,y]

By integration by parts,

[oman= [ lien=Tomigs [ e @29
1 /b T r 1/b

/b r
We fix M > 0 and for y € (M, +00) estimate

1 1 [, 1M, Yr
-Q(y)=- r°T(dr) = — reT(dr) + —rI’(dr)
y Y Jo Yy Jo MY

1 +00

< -0(M) +/ rI(dr).
y M

From this it follows

limsuplQ(y) < /+wrr(dr)
M

y—+00

and by the finiteness of [rm rI'(dr) and arbitrary choice of M, we get

1
limsup —Q(y) = 0.
y

y—+00
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Thus, (3.25) takes the form

/+°° rI'(dr) = -bQ (l) + ~ Q(Zr) dr
1/b b i T

1/b 1 +00 (r)
2 _ 1 q\r)
/0 rey(dr) = -bg (b>+//b r2

S b2 PL(dv) + [ 77 brI(dr)

Similarly,

Now we calculate

bo0e [P p2r2y(do) + [ bry(dr)
00 (3) +5 (b2 () + [y 0)%)

= lim sup

b=0e p2g (£)+b (~bg (3) + i1 a()%)
» s Q%

msup ————— < +09o,

b—0+ f/b q(r)

where the last estimate follows from the assumption

) /11/y r2I(dr)
g = limsup o St
y=0+ [F2 P20 (dr)

and the finiteness of /01 r2I"(dr), which yields that the ratio Q(r)/q(r) is separated
from +oo for sufficiently large r. O

Example 3.7 (Spherically balanced Lévy measure). Let us consider the case when
the radial measures satisfy

Y(A) < v¢(A) < K-y(A), A€ B((0,+)),

with some finite constant K > 1 and a measure y such that
+00
0< / (r> A7) y(dr) < +o0
0

and (/51 ry(dr)) A (/1 e 2y(dr)) > 0 for all £ > 0 sufficiently close to 0. Then
qo < K and g < K, so by Proposition 3.6 condition (3.12) is satisfied.

3.1.2  Jump measures with densities

In this subsection we formulate conditions required for the reducibility of (3.1) in the
important case when the Lévy measure of Z has a density, i.e. v(dx) = g(x)dx. Let
us consider the polar transformation & : P := [0, 7]972 x [0, 2n] — S¢~! given by

&1 =cosay,
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& =sinag - cos ay,

&3 =sinag - sina; - cos @z,

£g_1 =sina; -sinay - ... sinag_y - cos ag_1,

&g =sinap -sinap - ... Sin@g-2 - Sin@g-1.

The change of variables for polar coordinates x = r¢ yields

/ FOv(dx) = / F()g()dx

/ / () (ré) -9~ sin 2 0y - sin®= a
- sin@g— 2) drda;---dag_q, (3.26)
for a v-integrable function f. Noting that
sin? 2 aq - sin?3 a - sin?~* @3 -...-sinag_»

=J1-8 1-@+8) . 1-@ 448

we write (3.26) in the form

/S /0 - fr&)g(réyrd™ \/@

NI \/1 — (e + £ ) dr A(dE). (3.27)

In the above equation, A stands for the image of the Lebesgue measure on P under the
transformation & : P — S9! restricted to the set

G={ces¥ " :g(r&) 20, r > 0}. (3.28)
This definition of A is consistent with (3.4) and implies that
supp(d) =G

Theorem 3.8. Let Z be a Lévy martingale with a covariance matrix Q of the Wiener
part and a Lévy measure with density v(dx) = g(x)dx satisfying the following condi-
tions:

a) Joa (X1 A Lx]) g(x)dx < +oo,
b) Linear span(G) = R¢ with G given by (3.28),
¢) 2 (g €G: [ rig(ré)dr = +oo) > 0.

Let us define the functions

) X7+ X3 XXy H xS
g(r):= inf g(x)4[1- 2 R (L 5 —, r=>0,
- lxl=r |x] |x] |x]
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- X7+ X3 XTAxF4 Xt
g(r):= sup g(x) 1——2 1= 5 , r=0,
|x|=r |x] |x] |x]

(3.30)
and assume that they satisfy
+00 +oo
0< / (r Ar®hy g(rydr < / (r? Ar®h) g(r)dr < +oo, (3.31)
0 = 0
and
L ds e dvig
rég(r)dr r (r)dr
lim sup ‘/‘917 < +oo and limsup /11/—g < 400, (3.32)
£—0+ /8 rdg(r)dr -0+ /1 srd+1g(r)dr

and the denominators in (3.32) are positive for all € > 0 sufficiently close to 0. Let us
also assume that G : [0, +00) —s R¥ is a continuous function such that

G(x)

Go:= li s
0= B0 160

exists.
Then, if (3.1) generates an affine model, then it has the reducibility property.

Proof. The proof is based on Theorem 3.1, so we check the required assumptions.
By (a) we see that (3.5) holds while the assumption () on the spherical measure A is
equivalent to (3.11). In view of (3.27) the radial measures have the form

yeln) =g 1-8 \1-@+&8)- . I-@+ 8 ) ar
(3.33)

which implies the following equivalence, for & € G,

1 1
/ ryg(dr) =+00 & / rdg(ré)dr = +co.
0 0

This means that (¢) implies (3.7). Now, with the use of Proposition 3.6, we argue
that (3.12) is also satisfied. In view of (3.33), (3.29) and (3.30) we have

g(r)rd’ldr <ye(dr) < g(r)rd’ldr,

so we see that the radial measures are bounded from below by the measure y(dr) :=
g(r)r¢~'dr and from above by the measure and I'(dr) := g(r)r?~'dr as required in
Proposition 3.6. Moreover, by (3.31), these measures satisfy (3.20) and the assump-
tion (3.32) implies that the limits

~ [hran . e
qo := limsup ~5———, G :=limsup e
-0+ /s r'y(dr) -0+ ‘/i rzfy(dr)

are finite. It follows from Proposition 3.6 that condition (3.12) is satisfied. |
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Remark 3.9. In the case d = 2 the functions g(r), g(r) take a simple form, i.e.

g(r) = |11|1=frg(x)’ g(r) := sup g(x), (3.34)

[x|=r

and therefore (3.31) and (3.32) in Theorem 3.8 provide simple conditions for the
reducibility of (3.1).

Example 3.10. Let us consider the following density on the plane

g(x,y) = f(x?) - h(x*> +y?), with f(x) =1 e h(z) = ZL'B’ Be (%,2) .

We show that this density meets the assumptions of Theorem 3.8. Denoting ¥ := (x, y)
and using the fact that f is bounded by 2 we obtain

1 1
(|f|2A|)z|)g<f>dfs2(/ |)z|2-~—dx+/ |)z|-~—df)
/RZ [%l<1 | % | [Z]>1 | & |8
1 1
) / Nidi+/ Nidi)<+oo,
( %<1 | X %82 15)>1 | X |21
3

because 8 € (5,2). Hence (a) is satisfied. Since g is strictly positive, we see that
G = S' and that (b) is satisfied. For any & = (£1,&;) € G we have

1 1 1
1
Pereydr= [ Pfrenh(Adr= [ (1+e )2 dr = +oo,
0 0 0 r2p-2
so condition (c) is satisfied as well. Since f is decreasing we obtain, for » > 0,
1
(= inf ORGP = inf DR = FP)A) = (1+e ™) 5,
= x2+y2:r2 XZE[OJZ] }"Zﬁ

and ,
g = sup fOHRGE+y%) = fORG?) = 5.

x24y2=r2

Condition (3.31) follows from the estimations

L L2 I
g(r)dr = C—=dr = ——=—dr < +oo,
./o r’g(r)dr ‘/0 rapdr /0 s dr <+eo

+00 ) 1 2
g(r)dr = ——dr < +o0,
/1 reg(r)dr /0 252" o0

which are true because 8 € (% 2). From the inequality
g(r)y<2-g(r), r>0,

we deduce (3.32).
It is clear from the above analysis that f can be replaced by any function separated
from 0 and +oo.
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4 Shapes of simple forward curves

We would like to characterize the shape of a simple yield curve at time zero defined

by
1 1
F()C)Z;(P(O’x)—l), XZO,

P(O,x) — e—A(x)—R(O)B(x)

where

stands for the price at time O of a zero-coupon bond maturing at x in the affine model.
The short rate R(-) starting from R(0) > 0 is a process given by a generalized CIR
equation

dR(¢) = (aR(t) + b)dt + C - R(1-)"/*dZ (1), 4.1

driven by a one-dimensional stable process with index @ € (1,2]. As we already
mentioned, the functions A(-), B(-) are uniquely determined by the form of the
generator of (4.1) and in our case it follows from [17] that they solve the following
differential equations:

A'(x) = F(B(x)), A(0)=0, “4.2)
B’ (x) = R(B(x)), B(0)=0, 4.3)
where
F(A) :=bA, 4.4)
R(A) :=1+ad—-na?, 4.5)

witha € R, b 2 0,a € (1,2] and 0 < p := $C2 if @ € (1,2) while  := C* - L=

for @ = 2. Note that the function R(-) starts from 1 and has only one root 1y > 0. Its
monotonicity depends on the sign of the parameter a. We have two cases.

e Ifa < 0then

R is positive on [0, 19) and decreasing with R(0) = 1, (4.6)
‘R’ is negative and decreasing with R’ (0) = a. 4.7

e If a > O then

R is positive on [0, Ag), increasing on [0, 1g] and decreasing on

[0, 20), R(0) = 1, (4.8)
R’ is decreasing on [0, 1g], positive on [0, 1o) and negative on
[0, 40), R'(0) = a, (4.9)

with some point 1o € (0, o).

It follows from the above and (4.3) that the function B is increasing and
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lim B(x) = Ag.

X—+00
Our aim is to characterize the shape of the function
eA(x)+R-B(x) -1

)= S

(4.10)

where R := R(0) in terms of the parameters R > 0,a e R,b > 0,7 > 0,a € (1,2].
First, by direct computations, one can characterize the behavior of F(-) at zero and

at infinity.
Proposition 4.1. The function F(-) satisfies

lim F(x) =R,
x—0+

1
lim F(x) = 3 [R2 +aR + b]

x>0+
and

lim F(x)=

X—>+00

0 ifb=0,
+oo  ifb > 0.

Proof. By L'Hopital’s rule, (4.2) and (4.3) we have

lim F(x) = lim eAHRBE) (pB(x) + R - R(B(x))) = R.
x—0+

x—0+

For the case b > 0, by (4.10), we have

A(x) = A(0) +/ A'(v)dv =b- / B(v)dv — +oo,
0 0 X—+00
and therefore

lim F(x) = lim A B (pB(x) + R - R(B(x))) = +oo.

X—+00

If b = 0 then (4.10) implies that
eR-B(x) -1
lim F(x)= lim —— =0
X—+00 X—+00 X
Since

F'(x) = )% (eA<X>+R'B<X> [x(A"(x) +R - B'(x)) — 1] + 1) . x>0,

the application of L"Hopital’s rule yields

eA(x)+R~B(x)
lim F'(x) = 1i
xLII(}+ (X) er{)l+ 2x

eA(X)+R-B(x)

x—0+ 2

@11

4.12)

(4.13)

(4.14)

(4.15)

[x (A'(x) + RB'()C))2 +x (A”(x) + RB"” (x))]

—fim & [(A’(x) + RB’(x))2 + (A”(x) + RB"(x))].
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By (4.2)-(4.5) we obtain
A”(x) = bB'(x) = bR(B(x)),  B"(x) =R'(B(x)) - R(B(x)),
and, consequently,
eA(x)+R-B(x)

lim F’(x) = li
Al F) = lim =

2
[(bB(x) +R- R(B(x)))
+b-R(B(x)) +R-R'(B(x)) - R(B(x))]

[R* + b+ Ra].

N =

O

The monotonicity of F(-) will be studied with the use of the auxiliary function
defined by

H(x) 1= e 0l BOI®-RE() _y +x(bB(x) +R- R(B(x))), x>0. (4.16)

with the following properties.

Proposition 4.2. (a) For x > 0 the functions F’(-) and H(-) have the same roots and
F'(x) >0 <= H(x) >0. 4.17)
(b) IfH(x) =0, x > 0, then
H' (x) =x-G(B(x)), (4.18)
where
G(1) = (m +R- R(ﬂ))z + R (b +R- R’(/l)), 1€ (0,d0).  (4.19)
Proof. (a) By (4.15) the condition F’(x) = 0, x > 0, is equivalent to
AIRED) (x4 (x) + RE (1) ~ 1) = -1,
which, in view of (4.2), (4.3) and (4.4), yields H(x) = 0. In the same way one

proves (4.17).
(b) It follows from (4.16) that

H'(x) == P b BB (pp) 4 R B (1)) + b(B() +3B (1))
+R (R(B(x)) +xR’(B(x))B’(x))
- [H(x) +1- x(bB(x) +R- R(B(x)))] : (bB(x) + RB’(x))
+b(B0) +3B (1)) + R(R(B(x)) + 3R (BB (), x>0,
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If x is a root of H(-), then we obtain

H'(x) = — bB(x) - RB' (x) +x(bB(x) + RB'(x))2
+bB(x) +xbB’(x) + RB’ (x) +xR - R'(B(x))B’(x)
- x(bB(x) + RB’(x))Z +xB'(x) (b +R- R’(B(x)))
=x-G(B()).

O

Motivated by the asymptotic behavior of F, which depends on the parameter b,
see (4.13), we distinguish two cases: b =0 and b > 0.

Theorem 4.3. I) Letb =0.

(a) If a < 0 and R + a < 0 then the curve F(-) is inverse, i.e. decreases in
(0, +0).

(b) Ifa < 0 and R + a > 0 then the curve F(-) is humped, i.e. increases in
(0,x1) and decreases in (x1,+o0) with some x; > 0.

(c) If a > O then the curve F(-) is humped, i.e. increases in (0,x1) and
decreases in (xy,+c0) with some x; > 0.

1) Letb > 0. If
b+R-R (1) >0, (4.20)

then F(-) increases in (0,+00). In particular, for any fixed model parameters
aeR b>0n>0, ac€ (1,2] the curve is normal for small initial values

F(0) =R, i.e. such that R < _R’I(O/lo)'

In view of the result above, we see how the curve shapes depend on the parameters
a, b, C in the equation (4.1). They also depend on the initial value of the short rate R
and on the noise characteristics, which are hidden in the function R.

Proof. (I) For b = 0 the function G(+) given by (4.19) simplifies to
G() = R-RW[R-RW +R' (D], 1€ (0.0,

so it follows that the sign of G (1) is the same as the sign of the factor R- R (1) +R’(1).
By (4.6), (4.7), (4.8) and (4.9) we see that the function A — R - R(1) + R’(1) is

¢ decreasing in (0, p) ifa < 0,
* positive in (0, 1o] and decreasing in (g, Ag) if a > 0.
Consequently, the function G (-) may change the sign at most once. Since

G(0) = R(R +a),
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we obtain the following.

Ifa <0and R+a <0, then G(1) < 0,1 € (0, o). 4.21)
Ifa<0and R+a >0, then G(1) > 0,4 € (0,1), and G(1) < 0,2 € (1%, Ag),
(4.22)

where 1* is the unique solution of the equation R - R(12) = =R’ ().
Ifa > 0then G(1) > 0,1 € (0,2%), and G(1) < 0,1 € (1*, A), (4.23)
where 1* > A is the unique solution of the equation R - R(1) = —R/(A).

By (4.11), (4.13) and (4.12) we have
1
lim F(x)=R >0, lim F'(x) = =[R(R+a)], and lim F(x)=0. (4.24)
x—0+ x—0+ 2 X—>+00

(a) If R+a < 0, then F(-) is decreasing close to zero. If xy > 0 were a point where
the monotonicity of F changes then F’(x¢) = 0. By Proposition 4.2, H(x() = 0. But,
by (4.18) we have that then

H’ (x0) = x0 - G(B(x0)).

However, (4.21) implies that H’ (xg) < 0, so H(x) < 0 for x > xq close to xo. Again,
by Proposition 4.2, we obtain that F’(x) < 0, which means that F(-) does not change
its monotonicity.

(b) Since R + a > 0, by (4.24), F starts to increase from the value R at zero.
The monotonicity of F must change at some point x( as F disappears at infinity, due
to (4.24). If xq is such that B(xg) < A* then

F'(x0)=0 = H(xp)=0 = H'(xo) =x0:G(B(xp)) > 0.

Consequently, H(x) > 0 for x > x¢ close to xo and thus F’(x) > 0, so F does not
change the monotonicity at xo. So we conclude that xq is such that B(xg) > A2*. Using
similar arguments as above but based now on the negativity of G in (1%, Ap) it can be
shown that there is no point where F changes the monotonicity again.

(¢) One repeats the arguments from (b).

(II) By (4.7) and (4.9) the function A — b + R - R’(1) is decreasing, so (4.20)
implies that

b+Ra=b+R-R'(0)>0 (4.25)
and
2
G(1) = (b/l +R- R(/l)) + R (b +R- R’(/l)) >0, 1€(0,). (4.26)

By (4.12) and (4.25) we see that

[R*+aR +b] >0,

N —

lim F’(x) =
x—0
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so the function F is increasing in the vicinity of zero. The monotonicity of F cannot
change at any point. Assume to the contrary that F’(xp) = O for some x¢ > 0. Then
by Proposition 4.2 and (4.18) we have

F'(x))=0 = H(x9)=0 = H'(xg) =x0-G(B(xg)) >0,

where the last inequality is a consequence of (4.26). This means that F’ increases close
to xg. O

5 Proofs of the main results

5.1 Auxiliary results

Let us consider the generating equation (3.1) with some function G and a Lévy
martingale Z with the Laplace exponent of its jump part Jx (), see (2.5) for definition.
Our first aim is to estimate the function Jx(bG(x)), b,x > 0, with the use of the
function Jx(bGy), b > 0, for x such that G(x)/|G(x)]| is close to Gg. The solution of
this problem is presented in Lemma 5.1, Proposition 5.3 and Proposition 5.4.

Let p(dv) be an auxiliary Lévy measure on (0, +co) satisfying

/ °°(v2 Av)p(dv) < +co, 6.1
0
and
Jo(2) = / (e7® =1+zv)p(dv), z=0, (5.2)
(0,+00)

The second aim of this section is to provide sufficient conditions for J,, to be a power
function. This problem is solved in Lemma 5.5 and Lemma 5.6.

Lemma 5.1. The function H : [0, +c00) — R given by
H(z)=e *-1+2z,
is convex, strictly increasing and
min{1,7*} - H(z) < H(tz) < max{1,7*}-H(z), z>0,1>0. (53)

Proof. Since H'(z) = 1 —e~* the monotonicity and convexity of H follows. For¢ > 1
it follows from the monotonicity of H that

H(tz) > H(z) = min{l,*}H(z).
Let us notice that the function

o (1-e")t

t k)
el —1+t¢

t>0,

is strictly decreasing, with limit 2 at zero and 1 at infinity. This implies that

(eT"=1+)<(1=-eDt<2(e"=1+1), te(0,+c0). (5.4)
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From (5.4) we obtain

IA

’ _ S
ilnH(s):H(s) - 1-e % s> 0,
N

ds H(s) e *—1+s

and, consequently, we obtain that for ¢ > 1

tz 2

InH(tz) —-InH(z) < / Zds =1Inz%.
s
Z
Thus
min{1, > }H(z) = H(z) < H(tz) < t*H(z) = max{1,*}H(=2). (5.5)

Using the monotonicity of H and (5.5) we see that for ¢ € (0, 1)

H(tz) <H(z) =H (%tz) < tizH(tz),

so also fort € (0,1)

min{1, *}H(z) = t*H(z) < H(tz) < H(z) = max{l, > }H(=2).

]
Corollary 5.2. It follows from (5.3) and the formula
Jy(z) = / H(zv)p(dv) < +o0
(0,40)

that the function J,, satisfies

min {1,12} - Jp(2) < J(tz) <max{1,r*}-J,(z), 2>0,1>0. (5.6)
Proposition 5.3. If (3.1) generates an affine model and G «, is an arbitraty limit point
of the set

G(x) }
x>0
{ G (x)]

then

v{y eR?: (Gw,y) <0} =0.

Proof. Assume that
v{y €R?: (Gu,y) < 0} =v{y eRY\ {0} : <Gm,|§—|> <o} > 0.
Then there exists a natural n such that for
V, = {y e R\ {0} : <Gm, l> < —%}

one has v (V,,) > 0.
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Let x be such that

G(x) 1
‘|G<x>| _G""' =

It follows from the Schwarz inequality that, for any y € R?,

it
1G ()]’

) Gt _
y> <G°°’y>‘ : 'IG(x)I Geo

1
Iyl < n Iyl 5.7
n

Let y € V,,. From (5.7) and the definition of V,, we estimate

G(x) 1 1 1 1
———.y) £ (G, y) + — ——yl+=—|y|=—-=— 1yl <O.
<|G(x)| y> (G, y) o Iyl < " Iyl o Iyl o Iyl
Hence G
X
v yeRd:< ,y><0}2v(V)>0
{ Gl "

which is a contradiction to (2.11). |

Proposition 5.4. Let us assume that (3.1) is a generating equation and that v has the
form (3.3) where A satisfies (3.11) and vy ¢ (dr) satisfies (3.12). Let G be any limit

point of the set
G(x)
{|G(x)| .x>0}.

M () i=dx (-G = [ [ H (b Gor - 00 ve @) a0,

Define

where H(z) := e % — 1 + z. There exists a function ¢ : (0,1) — (0, +o0) such that for

any g9 > 0, any b > 0 and x > 0 such that Igg;‘ — Go| < 6 (&9) we have

(1 - £0) Mg, (bIG()]) < Jx (bG(x)) < (1+&0) Mg, (b |G (x)]). (5.8)

Proof. Let & € (0, 1) be such that

2
(1+¢)? (1 + (14K8)3> <1+eo, ((11;7,‘2) > 1-&. (5.9)
e X

Let us assume that
A{E€S 1 (G &) >0} =2 (S97) —2{e €57 : (G, &) =0} =1, (5.10)
(we can assume this, multiplying A by a positive constant, provided that
2{e €8 1 (G, €) > 0} > 0,
otherwise it follows from Proposition 5.3 that we get a degenerated case

A8 =a{e e s (Gu, &) =0}
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where (3.11) is broken). Let € (0, 1) be such that
AH{ees":10< (G, é) <n} <e. (5.11)

Moreover, by Proposition 5.3,

0=v{rer’: Gon <oh= [ [ rGaerenae)

>1{€S (G, &) <0} sup v (Ry),
§€Sd—l :

so it follows that
A{ €S 1 (G, €) <0} =0.
Let us define
V,={€€8":0<(Gu.&) <n}.

Let x be such that

G(x)

|G (x)]
From Lemma 5.1, for b,r > 0 and £ € S9! such that (Ge,&) € [0,77) we get
estimates

G| <6(g9) i=1m-e.

Hb-r(G(x).£) < H (b G (<Goo,§> + '<& - Gm,f>'))
Gl

< max {H(b r|G(x)|2(Gw,&)) , H <b r- |G(x)|2‘<ﬂ - Gm,§>D}
G ()]

<max{H (b -r|G(x)|2n),H (b -r-|G(x)|2n-&)}

=H(b-r|G(x)|2n)

<4H (b-r|G(x)|n). (5.12)

It follows from (5.12), (5.11) and (3.12) that
/ / H (b - r(G(x).€)) ye (dr) A(d€)
v, Jo
s4/w/0 H(b-r|G)|n) ye (dr) A(de)

+0o
< de sup/ H (b r|G)|m) ye (dr)
£eVy, JO

+00
<4Ke inf / H(b-r|Gx)|n)ye(dr). (5.13)
£eSIN\V, Jo i

From Lemma 5.1, for b,r > 0and ¢ € §9-1 guch that (G, &) € [n, 1], we get further
estimates

H(b-r(GR).&) <H (b 16w ((Goo,§> " '<ﬂ _ Gw,§>'))
G|
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SH(b-r|Gx)] (G, &) + (G, &) )
<(1+&)*H (b -r|G(x)|{Gw, &), (5.14)

and

H(b-r(G().&) > H (b G (<Gw,§> - K% - Gm,§>D)

>2H(b r|G(x)]((Geo, &) = (G, &) €))
> (1-8)H(b-r|Gx)|(Ge, &) (.15

Notice that by (5.10) and (5.11), 2 (S?~1\ V,)) > 1 — &. From (5.15) and then from
A(S?7'\V,) > 1 - & and (5.13) we obtain

Lo [ HG G007 @)
sa-nv, Jo
+00 B ) -
2 [y [ 0= HO G0 Ga e ye @) 2000
2oy [ [ HGoria@inye e

2(1—8)2(1—8)§€S1dmj\v/ H(b-r|G(x)|n)ye (dr)

g (1-g)’

4Ke /V]/O H (b r{(G(x),&)) ye (dr) A(dé). (5.16)

From (5.16) and (5.14) we obtain
Jx (G (x)) = / / H (b r{G(x).6)) ve (dr) A(d€)
sa-1\v, Jo
+ / / H(b-r(G(x).£)) ye (dr) A(d&)

/ / H (b r(G().€)) ye (dr) A(d€)
sd- I\V

4Ke
+ 3
(I-¢)

/ / H(b-r(G(x),&)ve (dr) A(d¢)
Sd_l\Vn 0

2 (1, 4Ke -
<(1+¢) <]+(1—s)3)/sd1 [ HG 160G )
X ye (dr) A(d§)
(142 (1 . (;‘f;) Mo, (b-rIG)).
Hence
Ix (bG(x)) < (1+¢)? (1 + 4f8 3> M. (b-rIGX)D).  (G.17)
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In order to get the lower bound, let us notice that
+00
Lo [ @601 G e @ 28)
sa-nwv, Jo
+00
> [ [ G IGWIn e @ a@
sa-n\v, Jo

+00
S(-e) inf / H(b-r|G()|n) ye (dr).
.fES‘l_l\V;, 0

and

/ / H(b-r|G(x)[(Ge, &) ve (dr) A(dE)
v, Jo
= /v7/0 H(b-r|G(x)[n)ye (dr) A(d8)

+00
< & sup / H(b-r|G(x)|n)ye (dr)
£evy, JO

+00
<Ke inf / H(b-r|G(x)|n)ye (dr).
£esd-1\v, Jo ‘

Hence
/ / H (b r1G()] (Geon €)) ye (dr) A(d8)
sd-n\v, Jo

1-¢
>
€

K

and from this we obtain
/ / H(b-r|G()| (Gon€)) ye (dr) A(dE)
sa-1 Jo
- / / H (b r1G(x)] (Geor £)) v (dr) A(dE)
sa-nv, Jo

+/v,,/o H (b -rG(x0)[(Geo, &) ve (dr) A(dE)

/ / H(b-r|G()| (G €)) ye (dr) A(dE),
v, Jo
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(5.18)

< <1+ Ke )/ /mH(b-rIG(x)l(Gm,f))yf (dr) A(d€). (5.19)
sa-n\v, Jo

1-¢

From (5.15) and (5.19) we get

Ix (bG () = f

Sd—l\v,7

A H (b -r (G(x),£)) ye (dr) A(d8)

=02 [ [T HG 160G ) ye 0 ()
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— 2 +oo
. ((11+ }f_) ; /S /O H (b r1G(@)|{Geor £)) Ve (dr) A(dE)
l-&

_ 2
_ QMGW b-r|GX)).

(1+%)
Hence
(1-¢)
(1+1%)
Now (5.8) follows from (5.17), (5.20) and (5.9). |

Jx (bG(x)) = Mg, (b-r|G(x)]). (5.20)
Lemma 5.5. Let J, be given by (5.2) with p(dv) satisfying (5.1). Assume that
Jo(Bb) =nJ,(b), b =0, (5.21)
and
Jo(yb) =60J,(b), b=>0, (5.22)
forsome B> 1,y > 1suchthatinB/Iny ¢ Qandn > 1,0 > 1. Then
Jo(b) =CD®, b =0, (5.23)

for some C > 0 and a € (1,2).

Proof. By iterative application of (5.21) and (5.22) we see that for any m,n € N
Jo(B"y"b) =n"0"J,(b), b 20,

which can be written as

Jp(be™mBrninyy - gminntnln6y (py - p > 0. (5.24)
In Lemma 5.6 below we prove that the set

D:={mInB—-nlny;, m,n €2}
is dense in R. So, for any ¢ > O there exist m,n € Z, m # 0, such that
lmInB —nlny| <4, (5.25)

and then, by (5.6) and (5.24), we obtain that

mlnn J mlnfB
e — (") _ s, (5.26)
enno Jp(enlny)

It follows from (5.25) that

mp_n|_ o
Iny m|~ |m|lny’
and from (5.26) that
Iy _nj__2
In6 m|~ |m|ln@’
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Consequently,
Mg Iyl o 2 _ 6 2
Iny Iné [m|Iny |m|In@® ~ Iny 1In@
Letting 6 — 0 yields
Ing Ingy
Iny  In@’
Let us define
__Iny _Ino

= =—>0,
¢ Ing Iny
and put b = 1 in (5.24). This gives

Jp(emln/?+nlny) — Jp(l) (emln,B+n1ny)a’

which means that J,(b) = J,(1)b® for b from the set e” which is dense in [0, +c0).
As J, is continuous, (5.23) follows. Finally, by Proposition 3.4 in [4] it follows
that the function (0,+c0) > b +— J,/b is strictly increasing, while the function
(0,+00) 3 b Jp/b2 is strictly decreasing on (0, +0), hence @ € (1,2). O

The following result is strictly related to Weyl’s equidistribution theorem, see [26].
Lemma 5.6. Let p,q > 0 be such that p/q ¢ Q. Let us define the set
G :={mp+nqg; m,n,=1,2,...}.
Then for each 6 > O there exists a number M (6) > 0 such that
Vx> M(6) JgeG suchthat|x —g| <6.

Moreover, the set
D :={mp+nq; m,n € 2},

is dense in R.

Proof. Since p/q ¢ Q, at least one of p, g, say g, is irrational. For simplicity assume
that p = 1 and consider the sequence

r(jq), j=1,2,... wherer(x):=xmod]l,

of fractional parts of the numbers jg, j = 1,2, ... . Recall that Weyl’s equidistribution
theorem states that

lim #{j <N:r(jq) € la,b]}
N —+00 N

=b-a (5.27)

for any [a, b] C [0, 1) if and only if g is irrational.
For fixed § > 0 and n such that 1/n < ¢, let us consider a partition of [0, 1) of the
form

n—1
[Ql):lMJAk, Ay = [k/n, (k+1)/n).
k=0
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For a natural number N, let us consider the set Ry := {r(jgq) : j = 1,2,...,N}.
By (5.27), foreach k =0, 1,...,n — 1, there exists Ny such that

Ry, NAr #0.
Then for N := max{Ng, N1, ..., N, } we have
RynNAr#0, k=0,1,...,n-1.
Let M = M(6) := Nq. Then, for x > M, there exists a number N, < N such that

1
[r(Nxq) —r(x)| < o (5.28)
Then for the number

g:=|x] - [Nxql +Nxg € G
the following holds

lx — gl = lx = (Lx] = [Nxq] + Nxq)|
= |lx] +7r(x) = [x] + [Nxq] = Nxq|
=|r(x) =r(Nxg)l < 1/n <,

where the last inequality follows from (5.28).

The density of D is an immediate consequence of the first part of the Lemma.
Indeed, for x < M(6) and g € G such that x + g > M(6) there exists § € G such that
lx+g-2| <é.

The general case with p # 1 can be proven in the same way but requires a
generalized version of Weyl’s theorem, which says that the numbers r,(ng),n =
1,2,...,wherer,(x) := x mod p, are equidistributed on [0, p) ifand only if g/p ¢ Q.
This can be proven by a straightforward modification of (5.27), noticing that

xmodp:p-(%modl).

O
5.2 Proof of Theorem 3.1
By Remark 2.1 and Remark 2.2 the Laplace transform Jx satisfies
Jx(bG(x)) = Jveo) (b) +xJ,(b), b,x >0, (5.29)

where p(dv) is the measure satisfying (2.13)—(2.14). By discussion preceding the
formulation of Theorem 3.1 we have G (0) = 0, hence (5.29) simpilfes to

Ix(bG(x)) = xJ,(b), x = 0. (5.30)

Assumption (3.11) and (5.30) imply that Jx(y),J,(b) > 0, G(x) # 0, for y €
R\ {0}, b > 0,x > 0.
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Let Gy = lim,_ 04 % It follows from Proposition 5.4 that there exists a
function ¢ : (0, +00) — (0, +00), such that for any & > 0 from the inequality

G(x)

IG(x)|

—Go| < 5(8)

follows that for any b > 0

G(x)
Ix (b|G<x>|)

l-e<——F<1+e.
Jx (bGo)
Thus for any € > 0 there exists m(&) > 0, such that for x € (0, m(g))
G(x)
- Go| < 6(e),
|G (x)]

and hence for any b > 0

G(x)

Ix (b|G<x>|)
l-e<———F<1+¢
Jx (bGy)
Letus fix 8 > 1 and take x}, x satisfying 0 < x; < x; < m(g), B|G(x1)| = |G (x2)| >
0 (from the continuity of G it follows that such x; and x; exist). Then for any b > 0

andi = 1,2, by (5.30),

G(xi) b
Ix (b\G(Xf)I) Xid (—\G(m)
1 —& < = <
Jx (bGy) Jx (bGy)

Hence for any b > 0, taking b = 8 |G (x1)| b we get

b
l-¢ ;2<J#(\G(m|) _ Ju(Bb) clte x»
l+e x1 — b T T (b)) T 1-g x;
Tu <—\G<xz>|> g

which yields

1—8.-]/1(1817) PN 1+8.Jﬂ(18b)

l+e Ju(b) ~x1 " 1l=& J,(b) '
Since € > 0 is arbitrary, taking € — 0 and xp, x; satisfying 0 < x; < x; < m(g),
B1G(x1)| = |G(x2)| we obtain that

where 7 = J, (8b) /J,, (b) > 1is independent of b > 0. Hence, for all b > 0 we have

Ju (BD) = nJu (b).

Similarly, take y > 1 such that In3/Iny ¢ Q. Reasoning similarly as before we
get that there exists 6 > 1, such that for all » > 0 we have

J (yb) = 0, (b).

Now the thesis follows from Lemma 5.5 and the one to one correspondence between
Laplace transforms and measures on [0, +c0), see [16], p. 233. m]
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