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Abstract In this paper, new closed form formulae for moments of the (generalized) Student’s
t-distribution are derived in the one dimensional case as well as in higher dimensions through
a unified probability framework. Interestingly, the closed form expressions for the moments
of the Student’s t-distribution can be written in terms of the familiar Gamma function, Kum-
mer’s confluent hypergeometric function, and the hypergeometric function. This work aims to
provide a concise and unified treatment of the moments for this important distribution.

Keywords Normal distribution, Student’s t-distribution, moment, raw moment, absolute
moment, multivariate
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1 Introduction

In probability and statistics, the location (e.g., mean), spread (e.g, standard deviation),
skewness, and kurtosis play an important role in the modeling of random processes.
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One often uses the mean and standard deviation to construct confidence intervals or
conduct hypothesis testing, and significant skewness or kurtosis of a data set indi-
cates deviations from normality. Moreover, moment matching algorithms are among
the most widely used fitting procedures in practice. As a result, it is important to be
able to find the moments of a given distribution. Winkelbauer, in his popular note
[18], gave the closed form formulae for the moments as well as absolute moments
of a normal distribution N (i, 0'2). The obtained results are beautiful and have been
well received. Recently, Ogasawara [13] has provided a unified, nonrecursive formu-
lae for moments of normal distribution with strip truncation. Also see [12, 17] for
the binomial family. Given the close relationship between the normal and Student’s
t-distributions, a natural question arises: Can we derive similar formulae for the fam-
ily of Student’s t-distributions? From the authors’ best knowledge, no such set of
formulae exist for (generalized) Student’s t-distributions. The purpose of this note is
to provide a complete set of closed form formulae for raw moments, central raw mo-
ments, absolute moments, and central absolute moments for (generalized) Student’s
t-distributions in the one-dimensional case and n-dimensional case. In particular, the
formulae given in (2.5)—(2.8) and Proposition 3.1 are new in the literature. In this
sense, we unify existing results and provide extensions to higher dimensions, within
a common probabilistic framework.

Notation. For later use, we denote the probability density function (pdf) of a Gamma
distribution with parameters « > 0, 8 > 0 by

lBa xafl efﬂx

r@ , x €(0,00).

Gamma(x|ao, B) =

Similarly, the probability density function of a normal distribution X ~ N (u, o2) is
denoted by

Neli, 02) = —— exp (—M> x € (—00, +00)
’ N 207 ) T
This is extended naturally to higher dimensional cases.

We will also require two common special functions. The Kummer’s confluent
hypergeometric function is defined by

oo
K, yia)=1Filyi) =)

pl’
n=0 Y

The hypergeometric function is defined by

o wpn n
a'b® z
2F1(a,b,c;z)=2—~—,

" n!
n=0
where

7 Tla+n |1, n=0,
C="T@ la@+...atn—1), n>0.
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2 Student’s t-distribution: one dimensional case

Recall that the probability density function (pdf) of a standard Student’s t-distribution
with v € {1, 2, 3, ...} degrees of freedom, denoted by St(¢]0, 1, v), is given by

+1

-
) , —00 <t <00, 2.1

St(¢]0, 1,v) =

v

redh 1 ( 12
1+
rQ) Jvr

where the Gamma function is defined as
o0
I'(z) = / e ds.
0

More generally, the probability density function of a location-scale (or generalized)
Student’s t-distribution with v > 0 degrees of freedom is denoted by

P (o o 2\~
St(t|w, o, v) = (—) (1 +Z0¢-w ) . —co<t<oo, (22)
rG) \vr v

where . € (—o0, 00) is the location, 0 > 0 determines the scale, and v € {1, 2, 3, ...}
represents the number of the degrees of freedom. The thickness of its tails is de-
termined by the degrees of freedom. When v = 1, the pdf in (2.2) reduces to the
pdf of Cauchy(u, o), while the pdf in (2.2) converges to the pdf of the normal
N(tlu, (1//0)%) as v — oo.

While the tails of the normal distribution decay at an exponential rate, the Stu-
dent’s t-distribution is heavy-tailed, with a polynomial decay rate. Because of this,
the Student’s t-distribution has been widely adopted in robust data analysis includ-
ing (non)linear regression [9], sample selection models [10], and linear mixed effect
models [14]. It is also among the most widely applied distributions for financial risk
modeling, see [11, 16, 8]. The reader is invited to refer to [7] for more.

The mean and variance of a Student’s t-distribution 7" are well known and can be
found in closed form by using the properties of the Gamma function. Specifically for
v > 2, we have (see, for example, [5]):

1
E(T) = pu,  Var(T) = ———.
ov—2

However, for higher order raw or central moments, the calculation quickly be-
comes tedious.

We note that one can use the fact that the Student’s t-distribution can be written
as T = X//Z/v where X ~ N(0,1), Z ~ XE’ X, Z are independent. From there,
one can derive the probability density function of 7. We adopt the mixture approach
which is surprisingly simple and will be very useful in later derivations. It provides
a representation of a conditional Student’s t-distribution in terms of a normal dis-
tribution, see, for example, [3, page 103]. More specifically, we have the following
lemma.

Lemma 2.1. Assume that forv > 0, A ~ Gamma(,|v/2, v/2). Additionally, given
A = A, assume further that T |\ is a normal distribution with mean | and variance
1/(oX). Then T is a St(t|u, o, v) Student’s t-distribution.
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Proof. As the proof is very concise, we reproduce it here for the reader’s conve-
nience. Let f7(¢) be the probability density function of 7. We have

Fr o) /Oon L\ Gamma(a/ 2, 2yar
= —)Gamma(A| =, =
T 0 M’ O’A‘ 2’ 2

/OO VoA — () pv/2
= —e 2 M) S
0 27 221 (v/2)
1
_ Yo v regh
Vom 2PT0/2) (3 4 9 — ) F

)\'v/2—le—%)\d)\'

e v+1 v o 2
X Gamma()\|—,—+§(t—u) )dA
0

2 2
R R e
Var 2T /D) (4 4 5 — )T
= St(t|lu, o, v).
This completes the proof of the lemma. O

The equalities in Theorem 2.1 below are well known.

Theorem 2.1. We have:
1. If X ~ N(0, 02), then

0, ifm=2k+1,keN

E(X™) = omml
W’ lfm = 2k, k € N.

2. If X ~ Gamma(a, B), then E(XV) = %(;;ra)for —a<veR

With this and Lemma 2.1 above, we are able to find moments of the Student’s
t-distribution. More specifically, we have the following comprehensive theorem in
one dimension.

Theorem 2.2. Fork € N4, 0 < k < v, the following results hold:

1. For T ~ St(¢t|0, 1, v), the raw and absolute moments satisfy

régh S T k even
ETH =3 V* TPg-» ’ (2.3)

i=1

0, k odd;
VE2D ((k + 1)/2)T ((v — k) /2)
Vrl(v/2)

E(TI%) = (2.4)
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2. If T ~ St(t\u, o, v), the raw moments satisfy

ré&hre -5 kv k1 2
k/2 - ___ _._=-
(v/o) NG r() 2F1(— 25 3 T, )s
E(TF) = k even,
2oy b DRI IO 20, (Ao, g kL 5, it
k odd;
(2.5)
o U+ EDYH o T T
E(T —w)") = 5 (v/o) J7 T (2.6)
3. If T ~ St(t|u, o, v), the absolute moments satisfy
ré&hre -5 kv k1
ky _ k/2 - - .=
E(T[*) = (v/o) Jx T —=——2Fi( 25T T, ), 2.7
I resh
E(T — %) = k2l TG . 2.8
(I ul*) = /o) J7 T (2.8)

In general, the moments are undefined when k > v.

Proof. First assume that 7 ~ St(¢|0, 1, v); we will find E(|T [¥). The proof for E(T%)
follows from similar ideas in combination with the result obtained in Theorem 2.1.
Assume A ~ Gamma(X|v/2, v/2). Additionally, given A = A, assume further that
T'|X is a normal distribution with mean 0 and variance 1/A. From the equation (17) in
[18], we have

T 1, Tkt ko1
E(T %0 = tFEN@E0, HYdt = —22 -2 "k (= Z.0]).
(T1*0) /II (10, %) 2 N 75
—o0

Hence we have

E(TI*) = E@E(T[*1))

k+1 /2
_ sz/ZF( 2 )K _]f’l;() .L)Lvﬂ—lexp(_ﬂ)\) d
Ak/2 T 2°2 2"/21"(%) 2
0

o

1 v/2

5 0)- % )\,U/Zilik/z exXp ( — E)\) dr
22T (%) 2

0

_pp P (kL N e
- 272’ 2v20 (%)

—ky v—k
. F(VT)/ (3)2 5 0—h)/2-1 exp(— K;\) o
@ | T 2
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_MF(%K( k1 ) v TR

Jr 22 PG ()
V2T ((k+ 1)/2)T (v — k) /2)
ST (v/2) ’
where we have used the fact that K ( O) =1.

Next, assume that T ~ St(t|u, o, v) and A ~ Gamma(\|v/2, v/2). Additionally,
given A = A, assume further that T|A is a normal distribution with mean p and
variance 1/(oA). Using the following facts (obtained in [18])

E((T — k) = / (t — Wk NGl L) di

ka1 k2 DD
= (14 (=1 )/\k/22 N
and
—k/2 F(k+1)
kigy k 1 _ ¢ k/2 2
E(T — ul*I2) = f [t — pl* N(t|p, 75) dt = i 2 T

—00

the derivations for E((T — 1)) and E(|T — u|¥) follow similarly.
Next assume that 7 ~ St(¢|u, o, v) and we would like to compute the absolute
raw moment E(|7|¥) of 7. From the equation (17) in [18], we have

k k L k2 o2 (kzl) k1o
_ / .
E(T[*[A) = flll N(#|p, Aa)dt ;k/22 T K( 2 UA)'

Hence, using Part 2) of Theorem 2.1, we have for k < v
E(T1*) = EE(TI*|2)

k+1 2
= k1
/—Zk/2 _k/zgl( (—— =; —M—ak> Gamma(M;, %)dk

AK/2 ﬁ 2’2 2
A A ot
7 F(\kgl) F(rij) i ((_1]72?_ (_Mzﬁ)nan @2y RG-S

rhrg -9

_ _—k/2~k)2 k2t U7)
=0 2%%(v/2) N F()
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o0 _kzﬁ_Zznn k -
3 CHEI RN iy

< (172"
k+1 k 2
r % k k1
— oy TCD G ) kv kL e
ﬁ r'(3) 2°2 22 v
Lastly, from the equation (12) in [18], we have
o0
k k 1
E(T"|)) = /t N(t|p, 55) dt
—0o0
_ r 2
[ ot ko K even,
- r(5+1) 2
o~ k=D/20Gk+1)/2 (ﬁ K (55, 3 —%50oh), kodd.
Similar to the calculations done for E(|T'|¥), we have
BLhyreg-£ k ko1 2
(v/o)k?—== reIrG )2F1(——,K——,—;——MU), k even,
E(T*) = ﬁ ') 22 2°2 v
ré+yrg-5h - - 2
2p(v/o) kD12 ﬁ)%ﬁzml—k,g—%,%;—’%’), k odd.
This completes the proof of the theorem. O

Remark 2.1.

1. The formulae given in (2.5)—(2.8) are new in the literature. Also when 7' ~
St(t]0, 1, v), E(T*) is well known. Moreover, one can directly use the defini-
tion to find E(|T|¥) through the class of B-functions defined in Section 6.2 of
[1] and arrive at the same formula. However, this direct approach no longer
works for expectations of the forms E(|T|%), E(T¥) when T ~ St(t|u, o, v),
or for higher dimensional moments considered in Section 3. Also, clearly (2.5)
is reduced to (2.3), and (2.7) is reduced to (2.4) when u = O and o = 1.

2. If T ~ St(t|u, o, v), and once E((T — u)’),0 < i < k, have been computed,
we can use them to compute E(T¥) for k < v using the expansion

k
_ifk i
E(T) = E(T = p+ " =) u* '(JE((T — ")
i=0
3. We also note that an alternative proof of the central moment formula (2.6) was
later provided in [2] based on a recursive formula.
3 Higher-dimensional case

Now we consider the case when n > 2. Denote t = (t1, 2, ..., t;) € R". Denote the
pdf of n-dimensional Normal random variable as

N 5) = — L dew' s emn g
Quy 2z}
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where p € R” and |X| is the determinant of the n x n symmetric positive definite
matrix X. Similarly to the 1-dimensional case, we have the probability density of the
n-dimensional Student’s t-distribution defined as
o° -1 v v
St(tlp, X,v) = N(t|lp, (A X) )Gamma(kli, E)dk, 3.D
0
where u is called the location, X is the scale matrix, and v is the parameter, the

degrees of freedom. Similarly to Lemma 2.1, we have

o0 1 v oy
St(t |, T, v) =f N(t | g, WE)~")Gamma (A |2 —) i
0 2°2

[ Az 1 T VA 1 VA2
—fo Wexp{—za—m (xzxt—u)—?}m/z)(z) A

B (U/z)u/2|2|l/2 o0

S A ek _l _wT _ _ﬂ n/24v/2—1
T @) 2rw)2) Jo exp{ Z(t w AX)(t—p) 2}k da.

Let’s define

A=t —-wTE@—p),
A

= Z(A? ,
Z 2( +v)

then we have

dz

2/2 1% (1/2 'S} 2 n/24+v/2—1 2
St(r | . T vy = DI < )

= e by TP (AZ T ATt

2 1/2 n/24v/2
_ w2 < 2 ) /“exp(_z)zn/z+v/z_1 dz
0

T @m)n2T(v/2) \ A2 +v
_ (V/Q,)V/2|E|l/2 < 2 )”/2+V/2F(v+n)
T Qm)"2T(v/2) \A2 +v 2
vin 1 S
. . ) 2] 4 (1+l(t—u)TE(t—u)> " (3.2)
') (vm)2 v

Note that in the standardized case of 4 = 0 and X = I, the representation in (3.1) is
reduced to

R 1 v v
St(t)0, I,v) = / N (|0, —I)Gamma(A|=, =)dA. (3.3)
0 A 2°2

Let’s write T = (Ty,T>,...,T,),and k = (ky, kp,...,k,) with O < k; € N. For
v > 2, it is known that (see, for example, [3, page 105]),

E[T] = p, Cov(T) = —— 3.
v—2
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For the rest of this section, we are interested in higher moments of T'. The k
moment of T is defined as

E(T*) = f AN Sut e, 2, v)d . dy

Similarly,
E(T|% :f|t1|k1|t2|k2...|tn|k" -St(t|p, T, v)dt ... dt,

To simplify the notations, in the following, we use Y k;, [ k; to denote >/, k;,
[T/_, ki, respectively. From the authors’ best knowledge, the following results are
new.

Theorem 3.1. For Y k; < v, we have:
1 IfT ~ St(t)0, I, v), then
e the raw moments satisfy

0, if at least one k; is odd,
V00 WS DL R (Y

v 2 , ifallk; are even;

L) 26 [Tk /2)!

E(T*) =

e the absolute moments satisfy

Z _Zkl)

o Zh l—v(k,+1
(T = v =7

2. If T ~ St(t|p, X, v), denote T~ = (@ij)ande; = (0,...,1,...,0), theith
unit vector of R". Then we have the following recursive formula to compute the
moments of T':

n
. v _ —e:
E(T**) = wB(T*) + —— 3 7k BT,
j=1

Proof. For 1), first from (3.3), we have

o0
1
E(T*) = / E(X*|0, —~1)Gamma(|~, 2dt,
0 t 2°2

where ]E(Xk|0, %I) is the k moment of a N (0, %I). Using Theorem 2.1, we have

1 n | 0, if at least one k; is odd,
E(X*|0, n= [TEx 0. o= = Sk 2 [T (ki)!
i=1 2 kD/2 [ (ki /2)!

if all k; are even.



vV
—)dt,
2

10
As aresult,
07
[T(k:)!
E(T*) = 2Tk T](ki /2)!
X ¢~ 2k /zGamma(tI—
0
O’
= ser=E5) k)
v 2 ,
Ly 25 [k /2)!

Similarly, we have

J. L. Kirkby et al.

if at least one k; is odd,

if all k; are even,

if at least one k; is odd,

if all k; are even.

o0
1
E(|T*)) = / E(1X1 51 Xa0% .1 X, 70, ;1)Gamma<r|§, §>dt
0

where
1 " 1 1 NGRS
E(X 1M1 X2%2 . X, %00, =) = T[E( X510, =) = [ | —528/2—2—=.
(X1 1X[2 X 10, D) ]1 (X110, ) =[] 7 N
Therefore,
k ki/2 F(TH) * ki/2 v
E(T*)) — 2 ki/ 1_[7/ 2k Gamma(t|5,§)dt
Sk F V— Zkz T k+1
=v 2 )l_[ ( if Zki < .

F( )
For 2), from (3.1),

o0
1
E(T%) =/0 E(XH|p, -5

where E(X¥) = E(X¥|u, 13-
pdf of N (u, %E_l) is given by

1

1
N(xlp, =2 h=

Similar to Theorem 1 in [6], we have

NGl ;27D
0ox

ON (x|, 12!
_kade _
x

Hence

h v
)Gamma(t| -

Q2| Lz-1)3

1
kat)l(x ~ WN IR, %7

v
5)dt,

23 34

1) is the kK moment of N (u, %Z’l). Recall that the

e 2= IE—p)

1
=1tX(x — WN(x|p, ;z*‘y

Ddx.
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By integration by parts, we arrive at

k—e; 1 -1 _ k _ l -1
kjx -/N(xI/L,t): )Ydx = x"t¥(x u)N(xI/L,tZ )dx.

Or equivalently,

k | J— | — k—e; | J—
x(x—;L)N(xl;L,;Z )dx:;Z kjx 1N(x|;l,,;2 )dx.

This in turn implies that

_ I e,
E(XH) = wiB(X9) + - ) ik B,
j=1

Plugging this into the equation (3.4), we have the following recursive equation

n o0
1
B(T*e) = W B(T*) + Za-,-kjE(T"‘”f)f ~Gamma(|3, 2)di
f 0o t 2°2

v -1 G e
= w BE(T* + Eﬁ § ik E(T )
2 j=1

n
k v _ k—e:
= w;E(T )+EX;O'UIC]E(T e/).
J=

This completes the proof of the theorem.

11

O

Lastly, fora = (a1, az,...,a,) and b = (b1, by, ..., b,) € R", let a(j) be the
vector obtained from a by deleting the jth element of a. For ¥ = (o)), let gl_z = 0jj
and X; (;) stand for the ith row of X with its jth element removed. Analogously, let

X(i),(j) stand for the matrix X with ith row and jth column removed.
Consider the following truncated k£ moment

b
F(a,b; [L,Z,v):/ t*St (x|, T, v)dt
a

bl hn
k
E/ / 0t St el X, v)d L diy.
ai an

‘We have

00 1
FI'(a, b; u,):,v)zf E[l{afxib}Xk‘;L,?ZI]Gamma(t%,%)dt, (3.5)
0

where X¥ ~ N(x|p, Lx71). Using Theorem 1 in [6], we have forn > 1

t
n 1 —1 n 1 —1
E(Xgie:a b1, ;Z ) = E | Ta<x<p) X ¢, |1 ;Z
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I I 5
= WE | Tasxn) Xj i 27 |+ 2e/ T e (3.6)
where ¢ satisfies
1
ek j = kjE(XG g @ b, 271
kj 1—2 n—1, -~a I
taj Najluj. 2opDEXG 5 ag), bj). 15, —Zj)

kj 1_, -1, b ls .

—b/N®bjln;, aj)E(XZ(j) sagy, by, 1wy, ;E/‘), Jj=L12,...,n,

with
aj—p
I —"<1>+Zu>/ ]—21’
51 b
B =ne+ (,), = (3.7
]
1 —1
=2 —2):(1) iZiGy

Thus, we have the following recursive formula

Jaid b . X = u: F'(a. b: Y Txd
k+ei (as ) ILs ) V) - I‘Ll k (a! ’ I’l’? _ Zel k>

where
k. o _ . o~
dij = kj Fi_e (. b1 . B, v) +a; St(ajlj. 55,0 Fg - @g). by 85, 2, )
kj _ —1 ~bh .
—bj-’St(b,-mj,a?, V) F @), bey: A2.E.v), j=1.2...n

Note that by convention the first term, second term, and third term in the expression
of di,; equal O when k; = 0, a; = 0o, b; = —00, respectively.

4 Conclusion

‘We have derived the closed form formulae for the raw moments, absolute moments,
and central moments of the Student’s t-distribution with arbitrary degrees of freedom.
We provide results in one and n dimensions, which unify and extend the existing lit-
erature for the Student’s t-distribution. It would be interesting to investigate tail quan-
tile approximations or asymptotic tail properties of a higher (generalized) Student’s
t-distribution as done in [15] and [4]. We leave this as an interesting project for future
studies.
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