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Abstract The expected exit time from the interval [—1, 1] is investigated for an autoregres-
sive process defined recursively by

Xo 1 =f(Xy)+ebuyr, n=0,1,2,..., Xg=0.

Here, ¢ is a small positive parameter, f : R — R is usually a contractive function and {&;},,>1
is a sequence of i.i.d. random variables. In this paper, previous results for a linear function
f(x) = ax are extended to more general cases, with the main focus on piecewise linear func-
tions.

Keywords Exit time, first passage time, autoregressive process, large deviation principle
2020 MSC 60G17, 60F10

1 Introduction

Consider a stochastic process {X;,}°° ; of autoregressive type, defined by
Xop1 = f(X5) +e&nv1, Xo=0, 1)

where f is a continuous mapping from R to itself with a fixed point at the origin,
{€4);2 is a sequence of i.i.d. random variables and ¢ is a small positive parameter. It
is a Markov chain, and under suitable assumptions on {&,}°° ; and f, it is interesting
to investigate how long it takes for the process to leave a neighbourhood of the origin.

The original motivation behind our work is to study the time until extinction of a
population. A stochastic process that models a population may be positive recurrent
and stay at a certain level (or carrying capacity) for a very long time, and when extinc-
tion happens, the process first leaves a neighbourhood around that level. Populations
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2 G. Hognds, B. Jung

can be modeled by, for example, branching processes (such as those treated in [5] and
[6]) or models such as the Ricker model which we will use as an example at the end
of the paper; it has been studied in [9].

In [12] and the updated version [13], Klebaner and Liptser used the large deviation
principle to get an upper bound on the exit time from a set for a process. As an
example, they considered the linear autoregressive process, defined as in (1) with
f(x) = ax, |a] < 1, and normally distributed innovations. For this example, they
showed that the exit time 7, from the interval (—1, 1) satisfies
. 5 1 —a?
limsup e”log Ey,(t¢) <

e—0

@)

The corresponding lower bound has been found by other methods [18]. This means
that the upper bound on the right-hand side above is the best possible one.

We have studied a corresponding multivariate case [11], and the results were ex-
tended to the ARMA model in [15]. Exit times for autoregressive processes with
other noise distributions have also been studied, in [8]. Different aspects of the exit
time problem for linear autoregressive processes are treated in, for example, [2—4]
and [17]. A related exit problem in a different setting was treated in [14]. A case with
piecewise linear function f(x) was studied by And¢l et al. in [1].

In this paper we extend the previous results from the linear case to some cases
with piecewise linear functions. We will show that the large deviation principle gives
explicit (asymptotic) upper bounds on the expectation of the exit time also in these
cases. We also apply the methods used to other nonlinear functions, such as quadratic
functions and the Ricker model.

In Section 2, we summarize how the large deviation method results in a sum that
should be minimized for an upper bound of the exit time. This is based on the methods
used in the proofs of Theorems 2.2 and 3.1 in [13]. In Section 3 we study how the
minimization can be done over more restricted sets. In Section 4, which contains the
main results of this paper, we get the explicit upper bounds in several piecewise linear
cases. In Section 5 we explore some other nonlinear cases. In Section 6 we point out
a connection between the results and the stationary distribution of the process.

2 Large deviation tools and bounds for exit times

In this section, which is based on work by Klebaner and Liptser in [12] and Jung
in [11], we summarize how the large deviation principle (LDP) can be used to get an
upper bound of the asymptotics of an exit time from a set for a process. The definition
of the LDP used in [12] is as follows (this follows Varadhan’s definition in [19], with
the addition that the rate of speed g(¢) is a function of ¢ such that g(¢) — 0 as
g — 0).

Let { P;} be a family of probability measures on the Borel subsets of a complete
separable metric space Z. The family { P;} satisfies the large deviation principle with
a rate function [ if there is a function I from Z into [0, oo] that satisfies the following
conditions: 0 < I(z) < oo Vz € Z, I is lower semicontinuous, the set {z : 1(z) <}
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is a compact set in Z for all / < oo and

limsup g (¢e)log P.(C) < — ing I(z) forevery closed set C C Z and
zZ€

e—0

lim i(r)lfq(s) log P.(G) > — in(f; I(z) forevery openset G C Z.
E—> zZ€e

In [12] and [13], Klebaner and Liptser considered a family of processes of the type

Xopr =8(X0 o Xo - ns). 3
where g is a continuous function on R™, {§,}°2 is a sequence of i.i.d. random vari-
ables and xo, ..., x,,—1 are given starting values. They gave conditions under which
the LDP holds for the family €& (where £ is a copy of &,,) and proved that when &
obeys an LDP with rate function 7 (z), it follows that (X)) obeys an LDP with a rate
function J(y) that can be written explicitly using 7 (z):

]
IG) =) inf () whenuo = xo..... -1 = Xn-1. (4)
femm V=S Gkt Yhem Vi)

and J(y) = oo otherwise.

Klebaner and Liptser also showed in [12] and [13] how the LDP can be used to
get bounds of the asymptotics of the expected exit time of the process. Let the exit
time 7, of the process be defined as

T :=min{t > m: X}, ¢ Q} 3)
for a set 2. For the expected exit time it holds that

2M

lanOvm’xmflGQ Px0w~~axmfl (Ts = M)

for any set of starting points xp, ..., X,—1 € 2 and any integer M > m (for de-
tails, see [11]). If the infimum in the denominator is attained for the starting points
X3, ..., Xy € 2, the inequality above implies that

limSUPCI(€) 10g Exo ..... x,,,,l(fs) =< _sli_r)%Q(S) 10g Px(’)‘ ..... x;71(778 <M), (6)

e—0

if the right-hand side limit exists. Since

,,,,, v (T < M) =Py .+ (X[ ¢ Qforsomet € {m, ..., M}),
the limit on the right-hand side in (6) may be calculated if we have a large devia-
tion principle for the family of probability measures induced by {X/},>0 and if the
function f and the set 2 are suitable.

From this point onward in the paper, we consider a process of autoregressive type,
where

Co = f(XE) +eburt, n=0,1,2,..., ©)
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and Xo = 0. Here f is a continuous function on R and {,},>1 is a sequence of

1.i.d. standard normal random variables. Then I (z) = % and the function g in (3) is
reduced to

gn-1,..., Yn—m+1, Zn) = f(Yn=1) + 2n-

We consider exit times from the interval (—1, 1), so Q = (—1, 1).

Klebaner and Liptser considered this case as an example in [12] and [13] (other
examples were Poisson distributed noise, and sums of normally distributed and Pois-
son distributed random variables), and showed that this family of processes obeys the
large deviation principle with ¢ (g) = &2 and

1 oo
[0y, 32,0 = 3 Z ) @®)

For the exit time
rgzmin{n21:|Xi|21}, 9)

we then have

l1msup5 log Eyy7e < — IIII%)S log P, (rg < M)

e—0
l & 5

= inf TG0y ! )

maxi<p<p |ynl= (v, y1. 72 )= maxl<n<M |yn|>1 22_: = f(n 1))

Yo=x; Yo=x =
1Y 5

= inf inf — _ _ 7 10

I=N=M ynl=1 2Z(y" S on-0) (10)

)70:)((”)‘ n=1
[ynl<l,n=1,...,.N

where the last equality holds because one can choose y, = f(y,—1) foralln > N+1
and get the same infimum.

For the autoregressive case with a linear function f(x) = ax, |a| < 1, and 7, as
above, Klebaner and Liptser showed that

2
lim sup &2 log Ex, (t) < —— (11)
e—0
by minimizing the sum. This was done by considering the telescoping sum
N
> a" T (= aya1) = yn
n=1
when yp = x¢ = 0 and applying the Cauchy—Schwarz inequality to get
32
Z(yn —ay,—1)* = X (12)

n=1 anaNn
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Here, |yny| = 1, and the result in (11) follows since M can be arbitrarily large. Note
that if we instead were to study exits from a scaled interval (—c, ¢), ¢ > 0, so that
¥ =min{n > 1:|X]| > c}, then |yy| = c and the upper bound would be

(1 — a?)c?

limsupe? log Eyy(7f) < ————. (13)
e—0 2

3 Minimizing the sum

In the previous section we saw that the asymptotics for the exit times of processes of
the type defined in (7) with N (0, 1)-normal white noise is determined by the function
f through the infimum of the sum of squares in (10). In this section we study some
properties of these sums for particular classes of autoregression functions f. Since
the infimum of the sum is attained for |yy| = 1, it does not matter how the function
f is defined outside of the interval [—1, 1], and we only focus on how it is defined on
[—1,1].

Lemma 1. If f is increasing on [—1, 1] and f(0) = 0, the sum can be minimized
separately over positive and negative values:

N
2
Jnf 5 2 (n = S On-1) "
\;](\)]:6 n=1
| )
= min inf - ),
1 ynv=1,y0=0 ZZ(y” f())n 1))
ya>0,n=1,...N—1 "=l
N
in Z _ - '
yy=—1L,y0=0 2 Yn Yn—1
ya<O,n=1,..N—1 7=l

Proof. Assume that the infimum of the sum is attained for { y;f}f:’:(), where y; = 0
and yy =1, and let
N
s =Y (= £ i)™
n=1
Then §* < 1. We will show by induction that y* > Oforn =1,..., N — 1. We show
first that yy,_; > 0.If yy,_, <0, then f(yy_;) <0Oand (1 — fyn_1)? = 1. Also,

2 2

$* = (1= fa-)) + 07)
where L = min{i|y; # 0}. It follows that S* > 1, which is a contradiction. Thus,
Yy-1 =2 0.

Now, assume that yx, yy_;»-- - y;‘i,fKH > 0 for some K < N.Make the con-
trary assumption that yy,_ . < 0. Then f(yy_g) < 0and

§* = (1~ f(y;:/—l))z +o (Vg2 — f(y;:/—K-&-l))z
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+ (ki = FOT )+ Ok = FOh k) 4432

> (1 - f()’zf/—l))z oo (Vyokan — f(y;:/—KH))z
+ (Vhoks1 —OD?H0+--- +0.

In fact, the inequality above is strict, since

§* = (1~ f(y;:/—l))z ot (Wvekg2 — f(y;f/—KH))z
+ (Y k1 — O+ (yi)2

where L = min{i < N — K|y’ # 0}. Thus, $* is not the minimal sum, which is a
contradiction. It follows that yy_ . > 0.

If we assume instead that the infimum on the left-hand side in (14) is attained for
a sequence {)’;/1},11\;0’ where yj = 0 and y), = —1, one can show that y, < 0 for
n=1,..., N in a similar way. O

Lemma 2. If f is increasing on [—1, 1], f(0) = 0 and f is odd, so that f(—x) =
—f(x) on [—1, 1], we can minimize over only positive values:

N N

1 2 . 1 2

— — _ = f - - - . 16
Lt Eﬁ (v = fGn-1) il 32 (n = fOn-1)". (16
Yo=0 1=l yu>0n=1,.,N—1 "=l

Proof. This follows immediately from Lemma 1, since the two infima on the right-
hand side in (14) have the same value. O

Lemma 3. If f is increasing, f(0) = 0 and | f(x)| < |x| on (=1, 1)\{0}, the sum
should be minimized separately over positive values and increasing sequences or
negative values and decreasing sequences:

N N
: 1 2 . 1 2
f — — _ = f - _ _
dmt Sy fonen) = it Y (e = fOne)
w20n=l, . N—1 "=l Yo<yi<y<-syy =1
17)
and
1 ¢ 2 1 2
inf = — — = inf = — -1)".
Mo 32t FOn) =it 5 (n = S One)
0=l N1 "=I YoZyiznzezyy =l
(18)
Proof. We prove equality (17). Assume that the sum Zr}z\;l (yn — f(yn,l))2 is min-
imized by the sequence {y,’f}ﬁ’zo, where yj = 0, yy = 1 and y; € [0, 1] for
n =1,...,N — 1. We show by induction that yy, > yy_; > --- > y] > y;. It

is given that yy, > yy,_;. Assume that yy, > y§_; > -+ > yy_; for some k. We
show that yy_; .| > yy_;-

. If yy_ 4 = 0; it is*clear that the *minimum 2f the sum is attained for yy_, =
YNkt ==Y =Yg =0.Thenyy 1 = Yy



Exit times for some nonlinear autoregressive processes 7

If yy_ry1 > 0, make the contrary assumption that yy_, ; < yy_;- Then

Y-k € ON_pm> yl’i,_mH] for some m € {1, ...,k — 1}. It follows that

N

Z(y: - f(y:f—l))z = (1 - f(y;f—l))z +o (y;/—m-ﬂ - f(y;/—m-&-l))z

n=1
+ (yl)t/fm+l - f(yl»\}fm))2 + (y;t/fm - f(yl)‘;’fmfl))2
ot (WNkgr — f(y}kv—k))z + (VN — f(y;t/—k—l))z
o (= SO 07)

> (1- f(yj(,_l))z ot (WNem2 — f(y;l—m-&-l))z 19

(it = FOE_ ) +04+--40
+ (Rt = L Oh—i) -+ 01

because yy_,, .1 — fFON_pm) = YN—my1 — f On_i)- Equality is attained if

f(y;:/—m) = f(y;:/—k) and yy_, = f(y;/—m—l)» S YXI—k—H = f(y;i,_k)(.ZO)

If this is true, f is constant on the interval [yx_, ., yy_;1. and f(yy_,) = y;:,fkﬂ.
Also,

FORem) = F(FORmat) == F(FC (FONrr1))) < YN—rtts

because yy,_, 41 > 0. Thus, (20) does not hold, which implies that equality is not at-
tained in (19). Then, the sum fo:l (¥n — f (yp—1))? is not minimized by the sequence
{y:{}f:’:O, which is a contradiction. Thus, yx _, > YNk O

Remark 1. If f and g are as in Lemma 3 and | f (x)| < |g(x)| on [—1, 1], then

N N
. 1 2 . 1 2
f 3 —8n-1)" < inf - — fn-D)" 21
Jnf 23 n = gOnn)’ < inf 3 (= fOn)’ @D
y=0 "=l y=0 "=l

Proof. By Lemma 3, the minimum on the right-hand side is attained for an increasing
sequence { yn}zvzo:

N N

i ! 2 . 1 ,
ity 3 20— SOn0) =t 2 D O = fOwn)
yn>0,n=1,...,N—1 n=1

yv=1Ly=0 2

yosyi<—<yy "=l

Now, foreachn =1,..., N,
o= fn=1) = yn — yn—1 =2 0,

and the same is true when f is replaced by g. Since f(x) < g(x) on [0, 1],
Yn = FOn=1) = yn — &(¥n-1),

and it follows that 5 5
(= FOn-1)" = (3n — gn-1))".
The statement of the lemma then follows. O
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4 Piecewise linear functions

Consider the process
i1 = F(X5) + e€ntr, (22)

where Xo = 0, {£,},>1 is a sequence of i.i.d. standard normal random variables, &
is a small positive parameter and f is a continuous piecewise linear function. We
consider exit times from the interval (—1, 1), so 2 = (—1, 1) and

Te :min{n >1:1X5| > 1}. (23)

As in Section 3, the definition of f outside of [—1, 1] does not have an impact on the
results in this section.

Proposition 1. Let f be a function on R that satisfies

a(x+b) if —1<x=<-b,
f(x)=40 if =b <x <b,
ax—=b) ifb<x<l,

where 0 < a < 1and 0 < b < 1. Then, forany M > 1,

N
1 a a—a b)Z
. 2 L. . 2 T—a
hrsns:)lps log Ey, 7 < > m1n<1,2§1]\r/1£M<(1 —a )71 — N )) 24)

Ifa=1and0 <b < 1,

, 1. (14 (N — 1)b)?
lim sup &2 log Ex,7e < = in —_— 25)
50 2 1sN<M N
forany M > 1.
2 - 2 4 a=04
@ | o |
=} = b=04
2 4 2 4 b=0.2
b =0.005
< <
o o
~ b = 0.005 ~
o o
T T T T T T T T T T T T T T T T
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
N N

Fig. 1. The upper bound on the right-hand side in (24) illustrated for different values of a and b
and N = 1 (when the value is 1/2) and N = 2, ... 8. The dotted line shows the value (1 —a2)/2
in each case
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Proof. We have

N

. 2 2
|yn}£1 (yn - f(yn—l)) = 1nf E f(yn—l))
NIZ
y=0 "=l \yol = =)

= 1nf Z yn - f(yn—l))zs

because f(0) = f(b) and it is enough to take the infimum over positive values be-
cause of Lemma 2. If yy =1, yg=b and ¢, = aV""forn=1,..., N, we have the
following telescoping sum:

> ulon = fOn-1) = 1 ifN =1,
=TI T a5 N =2,
n=1 L

By the Cauchy—Schwarz inequality,

al N

? =1 n( (n-1))

Z(y" - f(yn—l)) > Zn_l nn — f Yn ’

n=l (Zn 16 n

where equality can be attained. Since Z =({1- a*N )/ - az) it follows that

n=1¢ n

li 21og E Loin(1, inf ((1 =
< — - — 1 9N
1in_)s(t)1pa og Ex T < > min ’2511{/15M ( a ) 1 — a2N ’

for any M > 1. The value of the infimum, as well as for which N it is attained,
depends on the choices of a and b; in some cases the minimum is 1 and in some cases
it it less than one.

Ifweleta =1and 0 < b < 1, we can use the same method as above with the
telescoping sum. Then ¢, = aV""=1forn=1,...,N,

N
D enlyn = fn-1) =1+ (N —1)b

n=1
and the result is

1 14 (N — 1)b)?
lim sup &2 log Eyy7e < = inf M (26)
e—0 2 1<N=<M N

Here, the infimum is 1 (which is attained for N = 1) if b > 1/3. For b < 1/3, the
optimal A is either |+ | — L or | 1 ]. O

Note that if » = 0 in expression (24), the infimum is attained for N = M. The
inequality holds for any M > 1 and also as M — oo. Then the right-hand side in
(24) becomes (1 — a?)/2, the result for the autoregressive process (11).



10 G. Hognds, B. Jung

Proposition 2. Leta € (0, 1) and ¢ € (0, 1] and let f be a function that satisfies

—ac if —1 <x < —c,
f&x)=qax if-c=<x=c,

ac ifc<x<lI.
Then

limsupe? log Et, <
e—0

{%((1 —ac)+ (1 —adc?), ifc<a, o

11 —a?), ifc>a.

0.5
|

04

0.3

0.2
|

0.1

Fig. 2. The upper bound on the right-hand side in (27) drawn as a function of ¢ for some chosen
values of a. The dotted lines show the value (1 — a2) /2 for each a

Proof. By Lemma 2 and Lemma 3 we only need to minimize over positive and in-
creasing sequences. We determine the infimum of

N

> = =)’

n=1

forygo =0,y < y; <--- < yny—1 < yy and yy = 1. The set of sequences which
we minimize over can be split into two parts: Either yy_1 < ¢ or the d last elements
in the sequence are larger than c: yy_g > c. lf yv—g > c,

N N—d
2 2
D (n— fOu-1)” = A —ac) + @ —D(c—ac) + Y (ya — f 1)) "
n=1 n=1
and this lower bound is attained for yy_4+1 = - -+ = yny—1 = ¢. Minimizing the sum

on the right-hand side above when 0 < y; < .-- < yy_4g_1 < cand yy_g > cis the
same minimizing problem as in (13), since f(y,—1) = ay,—1 when y,_1 < c. We get

inf N ( f( ))2 (1 )2+(d 1)( )2+ (1 — a2)c2
m E — _ = — — — _ X
yn=Ly0=0.yny_q>c o -l ac crac 1 — g2(N=a)

yosyi<-<yy =1
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This value is smallest if d = 1, and it is then

(1 —a?)c?

T (28)

(1 —ac)® +

On the other hand, if yy_1 < c,

N
. 2
inf Yn = f(n—1)
yv=1,y0=0,yn-1<c Z( 8 " )
YOSY1=--=YyN
l1—a

N
= inf D O —ayu1)’ = —5

yn=L,y0=0,ynN-1<c l1—a
YOSYI="=VN

n=1

2
n=1

if a < ¢, because the minimizing problem then coincides with the same problem for
the autoregressive process. If a > c,

N

. 2
inf > (= FOn-1)
yn=1,y0=0,yn-1<c ( )
YOSYI="=YN

N—-1
= inf <(1 — aynfl)2 + Z(}’n - f()’nl))z)
n=1

yn=1,30=0,yn-1<c
YOSY1=:=YN

n=1

where it is optimal to have yy_ close to ¢, and we get the same infimum as in (28).
To summarize,

N

i 2
YN=1P,£0:0 Z(y” - f()’n—l))

yo<y1<--<yy "=I

— mind (1 ,, I—ahc? 1-a?
= minjy (1 — ac) +1_a2(N—1)’1_a2N '

Since

N
. . . 2
limsup&? log Eyyte <  inf inf Z(yn — fn-1)
) I=N=M yy=l.y=0 =
yosyi<-=yy "=

for any positive integer M, we can let M be arbitrarily large. We get

IA
2

1 2 2.2 :
(1 —ac)y*+ (1A —a*)c”), ifc
limsups2 log Exyte < 2

e—0 %(1 —az), ifc>a.
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Proposition 3. Let 0 < a < 1 and let f be a function that satisfies

0 if —1<x <0,

X) =
Fe0 —ax if0<x<l.
Then .
li 210g ExyTe < = 29
e logEat = 37 )
Proof. We study the sum
Y 2
Sn= ) (v — fOn1) "
n=1

If yw = 1, then Sy > 1, since f(x) < Oforall x € [—1, 1]. Also, if yy = —1 and
yN—1 < 0, we have Sy > 1. In the case when yy = —1 and yy_1 > 0, it is optimal
to have yy_2 = --- = y; = yp = 0. The smallest value that the sum can take is the

minimum of (—1 + ax)? + x? for x € [0, 1], which is 1/(1 4 a?). Thus,

N ) 1
inf inf _ ~ -
ISN=M lyyl=l0=0 Z(yn fOn-n) 1+a?
YiooyN—1€(=1,1) 1=1
and it follows that

1
lim sup &2 log E,, O

Tg < ———.
e—0 fT21+a?

Note that if @ = 0 in Proposition 3, we have f(x) = 0 on [—1, 1], which is a
special case of the autoregressive process with @ = 0. The upper bound is then just
1/2 which agrees with the result in the autoregressive case.

Proposition 4. Let f be a function that satisfies

—bx if —1<x <0,

—ax if0<x<1,

f(X)={

where) <a < 1,0 < b < 1. Then

1 1 —(ab)* 1— (ab)?
limsups2 log E,,7¢ < = min (ab) , (ab) . 30)
e0 2 1+ a2 1+ b2
Proof. Let
Al 2
S = Z(yn - f(yn—l)) .
n=1
Consider the cases yy = 1 and yy = —1 separately. First, let yy = —1. Clearly, the

sum S is smallest if the sequence {yn}ﬁ: | has alternating signs: yy_1 > 0, yv 2 <

0, . ... Putting the derivative of S with respect to y, equal to zero gives

Yo — fn—1) = f/(yn)()’nJrl - f()’n))7
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where f'(y,) = —bif y, <Oand f'(y,) = —aif y, > 0. Lets, := y, — f(Yn_1).
Then, if N = 2M so that N is even, it is optimal to have y; > 0. Then

Sk = —aikbfkﬁsl,
a1 = a Fb sy,
and it follows that
yy = _Sl[aMbM—l Lo gM=2pM=1 | M=2pM=3 | M—dpM-3
+ qMA2p—M+] _I_a—Mb—M-H].

This is a sum of two geometric sums. Since yy = —1,

_ 1 (ab)™2 -1
T (A +ad@)yNa2b-1 (ab)2N — 1

The value of the sum is

S1

N

1 — (ab)? 1
S = 2 _ . .
an 1+ a2 1 — (ab)zN

n=1
If N is odd, it is optimal to have y; < 0. Then the same calculations as above follow,
if a is replaced by b and vice versa. It follows that the value of the sum is

N

| — (ab)? 1
S = 2 — . )
) s (ab)2N

n=1
The cases when yy = 1 and N is odd or even, give the same values of the sum. The

smallest values are attained when N is large, and the statement of the proposition
follows. O

We note that when a = b in Proposition 4, we have the autoregressive process
with f(x) = —ax on [—1, 1]. The upper bound in Proposition 4 reduces to 1/(2(1 —
a?)) which is the bound for the autoregressive process.

Remark 2. The TAR(1)-model, where f(x) = a|x| for |a| < 1, is another piecewise
linear example. For this model,

. 2 1 — a2
limsupe“log Et, < (€19
e—>0
Proof. If 0 <a < 1,
1Y 1Y

inf = —alyp_1)? = inf — — ayn_1), 32

Jinf 5 2O —alyuiD L 52 On—ay-n? (32

yo=0 1=l yn20n=1,...N—1 =1

and we have the same infimum as in the autoregressive case (which was treated in
[12] and [13]). The case —1 < a < Ois treated in a similar way. O

The upper bound in (31) is sharp; this was shown in [18], where Novikov’s mar-
tingale method was used for this process to get the corresponding lower bound (the
proof was almost the same as for the autoregressive process).
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5 Other nonlinear functions

For a more general function f it is not always possible to minimize the sum and get
explicit upper bounds. Numerical calculations may be needed. It is also possible to
construct (nonstrict) upper bounds by simply evaluating the sum for some sequence
of values instead of actually minimizing it. This is illustrated in the following case.
Consider the case when f is quadratic, so we have the process

wit = F(X3) + &€t (33)

where Xo = 0, {§,},>1 is a sequence of i.i.d. standard normal random variables, ¢ is

a small positive parameter and f(x) = ax?.

Proposition 5. When f(x) = ax?> and 0 < a < 0.5,

—_—

lim sup &2 logEt, < —.
e—0

[\

Ifa > 0.5,

limsupe?log Ez, < (L — L (34)
sﬁop & s = 2\a 4612 ’
Proof. Since f(x) > 0 and f is even, it is optimal to have yy = 1 and y,, > 0 Vn.

‘We have

N N

S = FO)* =D (m—ayt )’

n=1 n=1
=14y (1 =2a)+y2 (1 = 2ay,_1) +--- + y2(1 — 2ay2)
+a2(y,‘1‘71 +y;4172+"'+)’§) > 1

when 0 < a < 0.5, and equality is achieved by putting yj = yp = --- = yy_1 = 0.
Fora > 0.5,
1 2 e 2
inf inf - —ay? < inf = —ay? )%,
I<sN<M [yn[=1,y0=0 2 Z(}’n ayn_l) T n=ly=0 2 Z()’n ayn_l)
[ul<ln=12,...n—1 1=l Iyil<1, n=1
where the infimum on right-hand side is %(% — #) (itis attained for y; = é - 2%2)'
This gives the upper bound in (34). O

This is not necessarily the best upper bound for all @ > 0.5, since we have only
calculated the infimum for N = 2, but at least we get an upper bound. Numerical
calculations suggest that the bound in (34) is the best one for a slightly larger than
0.5, and that the optimal choice of N increases as a increases.

For another example of a nonlinear case, consider the classical deterministic
Ricker model defined by

r—yXx,
Xptl =Xpe V" n=0,1,2,...,
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where x; represents the size or density of a population at time 7, r > 0 models the
growth rate and y > 0 is an environmental factor [9]. By suitably renorming the
population, we may take y = 1. The model then has a fixed point at x = r (and one
at x = 0). If we introduce stochasticity in the model by adding normally distributed
white noise, and move the fixed point x = r to the origin, we have the process

Z.g.] = f(XZ) + &&nt1,

where f(x) = (x +r)e ™™ — r and {§,},>1 is a sequence of i.i.d. N(0, 1) variables.
We can examine the time until the process exits from a suitable neighbourhood of the
origin.

o

251
02r

0.1

011

-02

0 1 2 3 4 5

Fig. 3. The function f(x) = xe" ¥ for r = 1.5. We have a fixed point at x = r. On the right,
we see a part of the plot with the fixed point moved to the origin

If » = 1.5, consider for example the time until exit from the interval [—0.5, 0.5].
Numerical calculations of the infimum

N
1 2
inf inf — E — _
15113115M |le|nZO~5 B (yn S n 1))
Y0=0 n=l

[yn]<0.5,n=1,....N
give the approximate value 0.09, so that

limsup £? log E7, S 0.09.

e—0

The derivative of f at the origin is 1 — r, so a suitable linear approximation of the
function f is [(x) = —0.5x. By replacing f by /, we have an autoregressive process
for which the upper bound of the exit time is

1-05°
limsup e?log Et, < 0.52T = 0.09375.

e—0

We note that a linear approximation might give good enough approximations of the
upper bounds, in cases when the neighbourhood around the origin is chosen to be
rather small.



16 G. Hognds, B. Jung
6 Connection to stationary distribution

Mark Kac proved in 1947 that the mean return time of a discrete Markov chain to
a point x is the reciprocal of the invariant probability 7 (x). In [7], we explored this
idea by comparing the exit time for the process defined by the stochastic difference
equation

Xpi1 = f(X3) + eknsr (35)

and the return time to a certain set for the same process. We get an upper bound for
the asymptotics of the exit time, and that bound is the reciprocal of the stationary dis-
tribution of the process, evaluated at the point where the level curve of the stationary
distribution touches the boundary of the set (or interval in the univariate case) from
which the process exits.

In the univariate case with f(x) = ax, x € R, (that is, for the autoregressive
process), this method gives the same upper bound as the LDP method:

1 —a?

lim sup g? logEt, <

These methods only give an upper bound, but we know that the bound is sharp in the
autoregressive case; the corresponding lower bound can be shown by other methods
—see [18], where Novikov’s martingale method ([16] and [17]) was used, and [11].

In Section 4, we saw several examples of processes of the type defined in (35)
where f was a piecewise linear function. For these examples, it is not straightforward
to derive expressions for the stationary distributions of the processes. We also note
that in Section 4, where the LDP method was used, the definition of f outside of the
interval [—1, 1] could be ignored. However, when calculating stationary distributions,
the definition of f outside of [—1, 1] matters a great deal.

We observe that there is another piecewise linear case for which the stationary
distribution is known, and this is a TAR(1) process with a threshold of 0, studied by
Andél et al. [1], where

Z.g.] = f(Xﬁ) + e&nt1,

with f(x) = —lax| for |a] < 1. In [1], they gave the following formula for the
stationary distribution of this process:

1/2(1 —a? 172 1 x2 —ax
() en(50-a5)e(5)

where ® is the cumulative distribution function of a N (0, 1) random variable. We
note that

1/2(1 —a?)\? 1 x2 —ax 1—d?
2 2
—&2loe = (22— 2 (1= ol —=)) >
¢ Og(s( b4 ) exp 2( “ )82 e 2

at the point x = —1. This means that in this particular case, the value of the limit of
the stationary distribution, evaluated at the point where the process exits the interval,
coincides with the upper bound achieved by use of the LDP method in Remark 2.

A preprint of a previous version of this paper has been posted on ArXiv [10].
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