Modern Stochastics: Theory and Applications 12 (3) (2025) 347-373
https://doi.org/10.15559/25-VMSTA276

Limit theorems for random Dirichlet series:
boundary case

Alexander Iksanov*, Ruslan Kostohryz

Taras Shevchenko National University of Kyiv, 01601 Kyiv, Ukraine

iksan@univ.kiev.ua (A. Iksanov), kostogriz2909 @gmail.com (R. Kostohryz)

Received: 4 November 2024, Revised: 25 January 2025, Accepted: 6 March 2025,
Published online: 25 March 2025

Abstract Buraczewski et al. (2023) proved a functional limit theorem (FLT) and a law of
the iterated logarithm (LIL) for a random Dirichlet series 3 >0 %—Qﬁ?nk as s — 0+, where
a > —1/2 and 51,13, . .. are independent identically distributed random variables with zero
mean and finite variance. A FLT and a LIL are proved in a boundary case @« = —1/2. The
boundary case is more demanding technically than the case @ > —1/2. A FLT and a LIL
for ), p % as s — 0+, where the sum is taken over the prime numbers, are stated as the

conjectures.
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1 Introduction

Recently there has been a surge of activity around limit theorems for random Dirichlet
series and their zeros. Throughout the paper, by random Dirichlet series, we mean a
random series parameterized by s > 0:

(log k)
Z k1/2+\ ks
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where @ € R and 5y, 772, . . . are independent copies of a random variable 1 with zero
mean and finite variance, which live on a probability space (Q, &, P). By Kolmogorov’s
three series theorem, the series defining X, (s) converges almost surely (a.s.) for each
s > 0. Furthermore, if @ < —1/2, the series X,(0+) converges a.s. by the same
theorem. Thus, as far as limit theorems for X, (s) as s — O+ are concerned, the case
a < —1/2 is not interesting, hence excluded in the sequel.

The following functional limit theorem (FLT) and law of the iterated logarithm
(LIL) were known in the case @ > —1/2. We write = for weak convergence in a
function space, and C(0, c0) and C[0, o) for the spaces of real-valued continuous
functions defined on (0, o) and [0, o), respectively. It is assumed that the spaces
C(0,00) and C[0, c0) are endowed with the topology of locally uniform conver-
gence.

Proposition 1. Assume that E[n] = 0, 0% = E[n?] € (0,0) and let a > —1/2.
Then

1/2+a (lng)Q @ —t
(S Z K/ 2est Tk . = |0 [Om)y e "YdB(y) = s — O+,

k>2

on C(0, ), where (B(y))y>0 is the standard Brownian motion.

Proposition | follows from Corollary 2.3 in [5]. In the cited article, the result was
derived by a specialization of a FLT for X, (s), with a complex-valued 7, in the space
of analytic functions.

For a family (x;) of real numbers denote by C((x;)) the set of its limit points.

Proposition 2. Assume that E[n] =0, 0> = E[?] € (0, o) and let @ > —1/2. Then,
almost surely,

22(1 Sl+2a (10g k)(t . 5 B
C(((a'zl“(l +2a) loglogl/s) Z o 1/2+s Me =S € (O,e ))) =[-1.1],

where T is the Euler gamma function.

Proposition 2 can be found in Theorem 3.1 of [5]. A classical form of the LIL in
terms of limsup and lim inf was earlier obtained in Theorem 1.1 of [2] in a rather
particular case P{n = +1} = 1/2 and « = 0. Nevertheless, we stress that the work [2]
gave impetus to both [5] and the present paper.

Our purpose is to formulate and prove counterparts of Propositions 1 and 2 in a
boundary case @ = —1/2.

In the case a = 0, real zeros of random Dirichlet series have been in focus of the
recent papers [1, 3, 9] (it is assumed in [9] that the distribution of 7 is symmetric
v-stable for y € (0,2]). In the case @ > —1/2, limit theorems for complex and real
zeros of s — X, (s) were proved in [5]. Although we do not directly investigate zeros
of s = X_1,2(s) in the present paper, our LIL stated in Theorem 2 below entails that,
a.s., s — X_y2(s) has infinitely many real zeros in any right neighborhood of 0.
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2 Main results

We start by stating a FLT for X_;,(s), properly scaled, as s — 0+. If o > —1/2, the
variance of X, (s) exhibits a polynomial growth, whereas the growth of Var [X_; »(s)]
is logarithmic. This partly justifies the facts that the scaling of time in Proposition 1
is st, that is, standard, whereas the scaling of time in Theorem 1 is s’.

Theorem 1. Assume that E[n] = 0 and o> = E[*] € (0, o). Then

1 (log k)~1/2
((1og1/s)1/2kzz ) = (B(1)) 50 §— 0+,
> >

on C[0, o), where (B(t));>0 is the standard Brownian motion.

Observe that the limit process in Theorem 1 is nowhere differentiable a.s., whereas
the limit process in Proposition 1 is infinitely differentiable a.s. This distinction is a
manifestation of intricacy of the boundary case a = —1/2.

We proceed with a LIL for X_1,5(s) as s — 0+. The FLT given in Theorem 1 was
used for guessing the LIL’s form, namely, the factor logloglog 1/s in the normaliza-
tion.

Theorem 2. Assume that E[n] = 0 and 0> = E[*] € (0, o). Then

! 2 & (logk)~'?
C : 0,e¢
(((20'210g1/s logloglogl/s) Z J1/2+s M-S € ( © )>)

=[-1,1] as. (1)
In particular,
1 12 (log k)72 1/2
li —= = (207 s (2
lsnl,%lip(log 1/s logloglogl/s> kl/2+s Tk ( 7 ) a.s. (2)
and
1/2 -1/2
o 1 (log k) n1/2
1 f — i =—(2 8. 3
o (logl/s logloglogl/s) ;2 T (207) as. ()

Since Var [X_1/2(s)] ~ o2 log 1/s as s — 0+ (see the beginning of Section 3), we
infer

log log Var [X_l/z(s)] ~logloglog1/s, s — O+,

where, as usual, f(s) ~ g(s) as s — 0+ means that limy_,0+(f(s)/g(s)) = 1. Thus,
formulas (2) and (3) are indeed laws of the iterated logarithm.
One of the referees has kindly informed us that the results of Theorems 1 and

-1
2 should hold with 3}, % replacing >};>» %

summation over the prime numbers. Based on this comment we formulate the following
conjectures.

Nk, where 3, denotes the
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Conjecture 1. Assume that E[n] = 0 and o* = E[5?] € (0, ). Then

1 .
((log 1/s)1/2 Z pl/2+s')t>0 d (O'B(f))rzo, s — 0+,
P >

on C[0, o), where (B(t)):>0 is the standard Brownian motion.

Conjecture 2. Assume that E[n] = 0 and o> = E[5*] € (0, ). Then

| 1/2 -
C :s € (0,e°
(((20‘210g1/s logloglogl/s) Zp:p‘/zﬂ s€(0e )))

=[-1,1] a.s.

In particular,
1 12 Mp 12
I TP _ _ (207 s
lslg,%gp(logl/s logloglogl/s) > plizts ( o ) a.s
and

lim inf 1 172 Mp (2 2)1/2
imin E —— =—(20 a.s.
s—0+ \ log1/s logloglog1/s > plizes

At the moment we do not see a way to effectively estimate the difference

2p % ) (lofll/(%mnk. Thus, Conjectures 1 and 2 do not seem to follow
from Theorems | and 2. On the other hand, we think that both conjectures can be
justified by a proper modification of the proofs of Theorems 1 and 2. Some of the
modifications required are nonobvious and need a substantial technical work. As
a consequence, proofs of these conjectures will be given elsewhere. Once Conjec-
ture 2 has become a theorem, it provides a significant improvement over Theorem 1.3
in [6].

The remainder of the paper is structured as follows. Theorems 2 and | are proved
in Sections 3 and 4, respectively. The reversed order of the proofs is necessitated by
the fact that our proof of Theorem 1 uses some arguments and calculations from the
proof of Theorem 2. At the first glance it looks plausible that an economical proof
of the LIL may be based on a strong approximation by a Brownian motion of the
standard random walk generated by 7, that is, the random sequence (7},),,>0 defined
by To :=0,T,, :=n; +---+n, forn € N. In Section 5 we explain that this naive idea
fails.

3 Proof of Theorem 2

Put

logk)~12 \? log k)~!
g(s) :=E[(Z %r]k) ] =O'ZZ ((/)CgTz?\-’ s> 0.

k>2 k>2
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We start by showing that g(s) ~ 0% log(1/s) as s — 0+. By monotonicity,

% (logx)~! (logk)~! _ (log2)~! ~ [* (logx)~!
2 x1+2s _Z J1+2s - 21425 + 5 xl+2s dx

k>2
Plainly, limg_,o4 % = 0. Changing the variable we infer
(e 1 -1 0o -y
/ %dx:/ e—dy~10g1/s, s — 0+.
2 xi+es 25log2 Y

It is convenient to split the presentation into two pieces. We proceed by proving
one half of Theorem 2. In what follows we write log®) for log log log.

Proposition 3. Under the assumptions of Theorem 2,

1 log k 1/2
lim sup(—) Z Qoel) o <20 a5 @
s—0+ \log1/s log® 1/s kl/2zes

and

1/2 -1/2
1 log k
liminf(—%> %Uk > —(20'2)1/2 as. (5)
s=0+ \log 1/s log® 1/s k1/2+s

Replacing 7 with 1, /o we can work under the assumption that > = 1. For

s € (0,e7°), put
| 12
s) = .
/) (210g1/s log® l/s)

Let M : (0, 00) — Ny denote a function satisfying limg_,0+ M (s) = +oc0 and

M(s)
i log l/s

(6)

Here, as usual, Ny := N U {0}.

InLemma 1, we remove from the series in focus an initial fragment with a vanishing
contribution. In all the lemmas given below we assume without further notice that the
assumptions of Theorem 2 are in force.

Lemma 1. The following limit relation holds:
M (s)

(log k)~
11m f(s) Z kgl/2+y =0 a.s.

Proof. Recall that Ty =0and T,, =iy + - - - + 17, for n € N. According to the LIL for
standard random walks,

|T,| < max |Ty| = O((nloglogn)'/?), n— oo as. (7
k<n
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Observe that

MZ(‘) (logh)'2 / a7
kl/2+s - (3/2.M(5)] (10gx)1/2x1/2+~"'

Integrating by parts we obtain

(logx)~'/?
1/2+s dTix)
(3/2,M(s)] X

_ (og M(s)™ Ty s)  (log3/2)" !y

(M(s))1/2+s B (3/2)1/2+s
M) ((logx)™32/2+ (1/2 + s)(logx) "V/2)T 4,
+//2 x3/2+s dx.

Relation (6) entails limy_,g. (M (s))* = 1. This in combination with (7) enables us to
conclude that, as s — O+,

(log M(5))™" 2Ty ()| 5 (log M ()™ 2| Ty 5|
(M (s5))1/2+s (M(s))'/2
= 0((logM(s))_1/2(loglog M(s))l/z) =o(1).

Since limg_,0+ f(s) = 0, the latter ensures that

(log M ()™ 12T ()

1 =0 a.s.
WO iy .
To complete the proof, it is sufficient to show that
M) (logx)™'/2|T) 4|
ILI&f(s) de =0 a.s.

To this end, write

/M(s) (Ing)‘1/2|T|_xJ|dx - ( max [T |) /M(s) (logx)—l/zdx
3/ 3/2+s = \k=mis) k 32 3/2+s

= 0((M(s) loglog M(s))l/z)O(l)
= 0((M(s) loglog M(s))1/2), s — 0+ as,

having utilized (7) for the penultimate equality. Since (6) entails

m M(s)loglog M(s)
s—0+ Jlog 1/s log® 1/s

the claim follows. ad
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Fork € N, p > 0and s € (0,e7°), define the event

2

p /<‘+251<>gkg(S)>1 }
A s) = > .
() {lnkl loglogl/s( log® 1/s

Next, we demonstrate that the second (remaining) part of the series also vanishes
if the variables i, are properly truncated.

Lemma 2. Forall p > 0,

~ (logk)~!/
IHBL Wh?k“lzxk,p(s) =0 a.s. ®)
* k>M (s)+1
and
: (logk)~'/2
ILHOL W]EHUHL\W(S)] =0. )
* k>M (s)+1

Proof. Put i(s) := (loglog 1/s)(log® 1/s)'/2. Observe that, for k > 3 and s > 0,
k% log k > 1. Hence, for s € (0,e7°),

(log k)~1/2
Z — Mkl LA, (s)

12+
k>M (s)+1 kt/2es
< Z el 4
= K2 Rl >p(g(s) A (h(s))~1y &S
k>M (s)+1
The assumption E[7?] < oo entails limg_0 k~'?|nx| = 0 a.s. and thereupon

supgs1 (kK712|nx|) < oo as. Since limy—0+ ((g(5))/2(h(s))~") = +o0, we infer

L1 >p (a2 )71y = Lsupiey (21 >p(e(0) 2501y = 0

a.s. for small 5. We have proved that the sum in (8) is equal to 0 a.s. for small enough s.
Relation (9) is justified as follows:

(log k)~1/2
> R EllmlLa,, 0]

1/2+:
k>M (s)+1 kt/2es
< DL KPEILgr gy mnim=kn]
k>M (s)+1
L7 (8(5))_ (k)] p
<E|ln] > K2 <207 B[] (8(9)) " h(s)

k=1
=2p7! (g(s))_l/zh(s) — 0, s—> 0+

The proof of Lemma 2 is complete. O



354 A. Iksanov, R. Kostohryz

In what follows, (Ax ,(s5))¢ denotes the complement of Ay ,,(s), that is, for k € N,
p>0ands € (0,e7°),

) 0 K25 log k g(s5) | '/*
A K = S ’
( k,p(y)) {|77k| log log 1/s ( log(3) 1/s

Our next result is related to the fragment of the series giving the principal contribution.
However, this is a lighter version of what we really need, for the convergence here is
only along a sequence.

Lemma 3. Fixanyy € (0, (V5 = 1)/2), pick any p = p(y) satisfying

(1-=Y)(1+7)?(2-exp(2V2(1 +y)p)) > 1 (10)

and put s,, := exp(—exp(n'~7)) forn € N. Then

Z (log k)_l/zﬁk,p(sn)

1275, <l+y as,

limsup f(s,)

n—oo

k=M (s,)+1
where ﬁk,p(s) = nk]l(Ak,p(s))C - E[nk]l(Ak’p(s))c]for k e Nands € (0,e7°).

Proof. Since (1 —7)(1+7%)% > 1 whenever y € (0, (V5 — 1)/2), p satisfying (10)
does indeed exist.

Put f*(s) = (2g(s) log® 1/5)"1/2 for s € (0,e7°). Since f*(s) ~ f(s) as
s — 0+, we can and do prove the result, with f* replacing f. Put

(log k)™ 7 (5)
kl/2+s

X(s)=f(s) ), , se(0,e7™).

k>M (s)+1
Using e* < 1 +x + (x2/2)el*! for x € R and E[7k p(s)] = 0 we deduce, for u € R,

-1/2=
E[eux(s)] = 1_[ E [CXP (”f*(s) (log k)k1/2+7sik’p(S) )]

k=M (s)+1

20 £ 2 -1
S (1 , ()2 (logk)
2 kl+2s
k>M(s)+1

log k)~'/2|7,
xE[(ﬁk,p<s))2exp(|u|f*<s>(Og )kl/zfj"’p(”‘)'ﬂ).

The inequality

75,0 ()] < Ml Lar,(s))e +ELMlLiag, 5))<]

2pk1/7+s (logkg(s))l/2 < 2pk!/%s (M)l/z as., (11

which is valid for integer & > 2 and s € (0, e~°), implies that

., (log k)™ 2|7 p(s)] V2pul
exp(|u|f (s) /2 < exp m
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Together with the inequalities E[ (77 »(s))*] < 1 and 1 +x < e* for x € R this gives,
foru € R,

Eer @] <[] exp<u2(f*(S))2 (log k)”! exp( V2plul ))

k=M (s)+1 2 ks log™ 1/s

2 2
Sexp( u exp( Vaplul )) (12)
410g® 1/s log® 1/s

An application of Markov’s inequality yields, for u > 0,

P{X(Sn) > 1+’y} < e_(1+7)uE[euX(Sn)]

<ex (—(1+ Ju + u? ex ( Vapu ))
=P 4 410g® 1/sp P log® 1/s./ )"

Putting u = 2(1 +7) log® 1/s,, we conclude that

P{X(sn) >1+ 7} < exp(—(l +y)2(2 - exp(Z\/E(l +y)p)) log® l/sn)
~ 1
T (=) (149)2 2-exp(2V2(147)p)) |

Thus, in view of (10), 3,1 P{X(sn) > 1 + ¥} < oo, and invoking the direct part of
the Borel-Cantelli lemma completes the proof of Lemma 3. O

Now we present our final, and the most involved, preparatory result. It shows that
the convergence along a sequence discussed in Lemma 3 can be lifted to the full
convergence along the real numbers.

Lemma 4. Let (s,)nen be as defined in Lemma 3, where vy € (0,1/2), and M (s) =
llog1/s/loglog1/s] for s € (0,e7°). For s € [sp+1, Snl, the following limit relation
holds:

. (log k)12 (loghk)~'72 "\ _
,}5&“”( Z K 2es kT Z e k| =0 as.
k>M (s)+1 k=M (sp41)+1

Proof. Using the fact that M is a nonincreasing function for the arguments close to
0, write, for s € [$+1, Snl,

Z (log k)~ 2ne (log k)~
k1/2+s J 1/ 248n41
k>M (s)+1 k>M (sp41)+1
M(Sn+l)

_ (IOg k)_l/zﬂk -1/2 1 1
- Z s T Z (log k) 2rs 2 )TE
k=M (s)+1 k>M (sp+1)+1

=ip1 (S) + In,Z(S)-
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Analysis of I,,1(s). Actually, we shall prove that

lim sup |[,1(s)|=0 as.
nqmse[‘yn-ﬂ’sn]

This relation is even more than we need because limg_,o; f(s) = 0. We obtain with
the help of summation by parts

(log M (5041)) ™ 2 Tas 5,01 _ (log(M(s) + D)) Tag )

I, =
1) (M (sp41)) /24 (M(s) +1)1/2+s
+M(Sn+1)—l((10gk)—1/2 ~ (10g(k+ 1))—1/2) s
e J1/2+s (k + 1)1/2+s ’
where, as before, 7, = n; + --- + 1, for n € N. Invoking formula (7) and

limy— 00 (M (8541))**! = 1 we obtain

(log M(Sn+l))_1/2|TM(sn+1) |

(M (sp41)) 11745
< (log M (5n+1)) ™ | T sy | _ (log M (5241)) ™ 2| Ths (s,00) |
(M (sp41)) 1/7+sm (M (5p41))'/?

= 0((log M(s”+1))_l/2(loglog M(s,,+1))l/2) —0, n—ooco as.

By a similar argument we conclude that

fim (log(M () + 1) |Tpr ()|
=9 selspe1s Snl (M(S) + 1)1/2+S

0

Further, for s € [s,41, 5,] and large n,

k1/2+s (k+ 1)1/2+s

M(Sn+1)—1<(10g K12 (log(k + 1))'/2)
k

k=M (s)+1

M (sp41)—1 -12 -12
< ((log k) 3 (log(k + 1)) ) 7|

1/2+: 12
k=M (s)+1 /s (k+ 1)1/

M (sp+1)—1 -1/2 -1/2
(log k) (log(k + 1))
< ( sup |Tj|) Z ( k1/2+s - (k+1)1/2#s

J<M (sp+1) k=M (s)+1

log M -1/2

<(_sw ) dog MCs,)) 12
J<M (sp+1) F<M (Sna1) (M(Sn)) [2+Sp41

= 0((10g M(s,,+1))_l/2 (log log M(s,,+1))l/2) — 0, n—o oo as.

(log M(s5))~'/?
1) = < (

We have used (7), lim,, 0o (M ($p41) /M (s,)) = 1 and lim,, oo (M (55,))**! = 1 for the
equality.
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Analysis of I, 2(s). One can show that

. _ 1 1
lim * sup Z (log k) 1/2(—](1/2””1 __kl/z_m)mkm{77k|>k1/210gn}

§2Sn+1 k>M (sp41)+1

=0 as. (13)

and

1 1
. -1/2 _
lim sup > (logk) ( 2 /2w )

SZSntl ko> 0 (spe1 ) +1
X E[10k|1(| 15612 10g 3] = O- (14)
For instance, relation (13) follows from sup,; (k~!/?[n«]) < co a.s. and

1 1
~12 _
(log k) (k1/2+sn+1 k1/2+s)|nk|]l{|’7k|>k]/zl°g"}

kM (5pe1)+1

7|
< Z K12 L1z >togny @S-
k> M (sia1)+1

The summands on the right-hand side are equal to O for large enough n. Here, we have
used k>»+1 logk > 1 for k > 3 and n € N. More details can be found in the proof of
Lemma 2.

Put iy (n) := nk]l{mk\sk‘/zlogn} - E[nk1{|nk|gk‘/zlogn}] for k,n e N.Forn € N
and small positive u, put

(log k)~ 27y ()

Y;(u) = k1/2+u

kZM(Sn+1)+1

In view of (13) and (14), it suffices to demonstrate that, for each s € [s,41, 51],
1im £(5) (Y5 (5) =Yy (ss1)) =0 s

By a technical reason to be explained below, we shall show that, for each v € [v,41,v,],
1 f(5) (Ya () = Ya(va)) =0 as., (15)

where Y,,(v) := Y (exp(=1/v)), v, := 1/(log1/s,) = exp(-n'~7) for n € N and
v > 0.
For j € Np and n € N, put

F;(n) := {tj,m(n) =Vl + 279 m(vy = vpe) 10 <m < Zj}.

Note that Fj(n) C Fj+1(n) and put F(n) := ;>0 F;(n). The set F(n) is dense in the
interval [v,1,v,]. Forany u € [v,41,v,], put

zj(u - Vn+1)J

ujr=max{v € Fj(n) :v <u} =vu +27 (v = vps1)
Vn — Vn+l
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Then lim; . u; = u (we omit the dependence on n in the notation). An important
observation is that either u;_1 = uj or u;_; = u; — 27/ (v = vpy1). Consequently,
uj =tj, forsome 0 < m < 2/, which implies that either Uj | =1tjmOruj_| =
tj m-1. Since ¥, is a.s. continuous on [v,1, v,], we obtain

|Yn(u) - Yn(Vn+l)| = lll)n; |Yn(ul) - Yn(Vn+l)|

]
= lll)n;lo Z(Yn(u]) - Yn(uj_l)) +Yn(’40) - Yn(vn+l)

J=1

>0

1
< 1im > max [V, (tj,m) = Yaltj,m1)|
= 1<m<2J

= § maX_|Yn(tj,m)_Yn(tj,m—1)|-
— 1<m<2J
Jj=0
Thus, our purpose is to prove that, for all € > 0 and sufficiently large ny € N,

2 P{;)lgnasxyf<sn>|n<r,,m> = Yoty m-)| > e} <.

nxngp

Puta; = (j + 1)277/2 for j € Np. In view of 2j>0a; < oo, it suffices to show that,
forall € > 0,

> Sr{ max sty Yl > 0} <o (16)

nxzng j>0

Now we proceed similarly to the proof of Lemma 3 and refer to that proof regarding
any missing details. Write, for # € R and sufficiently large n,

E[exp(iu(Yn(tj,m) - Yn(l‘j,m—l)))]
1 1 1 ~
=E|exp| xu - n
[ p( kzM%n)ﬂ (klogk)lﬂ(ke"l’("/tf'"") ke"p(_'/’-f~”’“))nk( ))]

21 1 1 2

< | | (1+— ( - )
—1/tj m —1/t; -
k=M (5741)+1 2 kloghk \ kexw(=1/tim) o1 /tjm-1)

- 2 u| 1 1 —~
XE[(nk(n)) eXp((k IOg k)l/Z (kexp(—l/tj,m) - kexp(—l/tj,m1)>|nk(n)|):|'

Now we prove that, for large n, all j € Ny and integer m € [0, 27 1

2
1 1 1
A(j,n) = ( — — )
k>M(an:+1)+lklogk kexp(=1/tj,m)  fexp(=1/tj m-1)
zij(vn = Vntl)
<——
Vn+1
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For fixed a, b > 0, the function x +— x~'e™*(e™%* — e72¥)? is decreasing on (1, ).
Indeed, x — xe™* is decreasing on (1, o), and

X - e—min(a,b)xx—Z(l _ e—(max(a,b)—min(a,b))x)2

is decreasing on (0, co) as the product of two positive decreasing functions. As far as
monotonicity of the second function is concerned, observe that, up to a multiplicative
constant, it is the Laplace—Stieltjes transform of the Lebesgue—Stieltjes convolution
of the uniform distribution on [0, 1] with itself. Using this argument with x = log k,
a =exp(=1/tj ) and b = exp(—1/t; ,,—1) we conclude that the function of argument
k under the sum defining A(j, n) is decreasing, whence

A(j.n) < “ 1 1 N 1
]’n - e xlog_x xzexp(_l/tj‘mfl) xzexp(_l/tj,m)

2
- dx
P11, 1) +exp(~1/t7.m)

[eS) e—x o e—x
- / e+ / e
Zexp(—l/tqu,]) x ZCXP(—I/fj,m) X

00 e—x 1 e—x
—2 /  dr= = dx
exp(=1/tj, m-1)+exp(=1/t; m) X 2exp(=1/tj,m-1) ¥

1 —-X 1 —-X
+ / € dr-2 / ¢ dr
2exp(=1/t ) X exp(=1/t} m1Jrexp(~1/t; m) X

Put I(y) := [ x!(1 —e )dx for y € [0, 1] and observe that

1
/ xle™¥dx = —logy —I(1)+1(y), ye€ (0,1].
y

The function x — x~'(1 — e™*) is decreasing on (0, ) as the Laplace—Stieltjes
transform of the uniform distribution on [0, 1]. Hence, I is concave on [0, 1] and
thereupon, for a, b € [0, 1], I(2a) + I(2b) — 2I1(a + b) < 0. As a consequence,

1
A(J, n) < —210g2+ + — +210g(e_1/tj,m,] +e_l/tj‘m)
Li,m-1  Ljm
tj,m — [j’m_l < 2_j(vn - Vn+l)

. . - 2 ’
ti,m=1Lj,m Vsl

a7

which proves the claim.
Next we work towards estimating

_ |t 1 1 —~
B(u k,n) := exp((klog k)12 \ gexp(=1/t;.m-1) Ckexp(=1/tj,m) 7k ()]

for k > M(s,41) + 1. Assume first that 2/ > v;fl(vn — V1) Observe that, fora > 0
and0 < s <t,

0< exp(—ae_l/s) - exp(—ae_l/’) < aexp(—ae_l/‘y)e_l/’(l/s - 1/1).
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Using this inequality with a = logk, t = t; ,,_1 and s = t; ,, we obtain

1 1 log k “1t; 1 1
S - S e Jj.m - ).
kexP(=1/tm-1)  pexp(=1/t;.m) = pexp(=1/t; m-1)

ti,m-1  ljm

In view of the inequality xe™** < (ea)~! for x > 0, we conclude that the right-hand
side does not exceed

lel/tj,mfl_l/tj,m (; — L)
e Lj,m-1

tiom
1 277 (v =) N 277 (Vi = vna1) 27 (v = vaa)
< —exp 5 3 < 5 ,
c Vn+l Vn+l v

n+l
where the last inequality is justified by our present choice of j. Thus,

|27/ logn v, —
B(u,k,n) < 7 — n _ =: Cj(u,n)
( og (Sn+1))

whenever k > M (s,41) + 1.

Assume now that 2/ < v,ﬁl (v — vpe1) for nonnegative integer j. Using a trivial
estimate

1 B 1 <1
Jeexp(=1/tj,m-1) kexp(=1/tj,m)

we infer

Blu.k.n) < |u|logn B

Tog M s, 12 - Citm

whenever k > M (s,41) + 1.

Using now 1 +x < e* for x € R we arrive at

E[exp(i”(yn(tj,m) - Yn(tj,mfl)))]

T
< exp( L2000 ZVus) cium ) e R,
2 12

n+l

By Markov’s inequality and the inequality e*/*! < e** + ¢~ for x € R,

P{f(sn”Yn(tj,m) - Yn(tj,m—])l > <9aj}

< exp(_u;(“sf )E[exp(umoj,m) Yty m))]

. 29-j
< 26xp(— uea; N u_2 J(vn2— vn+l)ecj(u’n)).
flsn) 2 Vil
Put
g2/ V%z+1 . 1 Vﬁ+l
= ———— and &k, =
f(Sn) Vi = Vi

N (f(sn))2 Vn = Vn+l .
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In view of

12
(log M (sp) ™2 ~ 72712, (Vv_ni;ll) ~ (=) P2 - o,
n n+

and

fim (log 1 /s,)vns1 = 1,
n—oo

we conclude that, for j satisfying 2/ > v;lfl (Vi = V1),

C.(uum) [u|277logn v, — Vi 2772 logn

i\u,n) = =

! (log M(spa )2 V2, f(sn)(log M(sps1))'/?
eglogn Vit

= F5m (108 M(5me) 172 (v — vpar) 12
_ 82'2((log 1/5,)vur1) *(l0g® 1/5,)! P logn ( vper V2
- (log M (sps1))'/2 (v )
~&2'2n" 12 (1ogn)?3? -0, n— oo.

n — Vn+l

For nonnegative integer j satisfying 2/ < v;fl (vn = vns1), Cj(u,n) admits the same
upper bound:

|u| log n £2/2 logn vi,

(log M (sus1))'2  f(52)(10g M (5241))1/2 Vir = Vs
elogn Vil

= ) (108 M(sma ) (v = v 12

Cj(u,l’l) =

— 0, n—> oo,

Therefore, for sufficiently large n such that k,, > £~ 21log2 and €/ (") < 3/2,

Zp{lgnasxzj f(sn)lyn(tj,m) _Yn(tj,m—1)| > saj}

70

< Z 2jzexp(_gz(j + l)kn) exp(382kn/4) =
j=0

2exp(—82k”/4)
1 —2exp(—&2k,)’

Since k,, ~ 2n” logn as n — oo, (16) follows.

Now we comment on the reason behind the passage from Y, to Y;, via a logarithmic
transformation. In order to have in the present context a successful approximation
with the help of a dyadic partition of an interval [A,+1, 4, ], say, the endpoints should
satisfy lim, o (A, /An+1) = 1. This is the case for 4, = v, and not the case for
Ap = Sy O

We are prepared to prove Proposition 3.

Proof of Proposition 3. We only prove (4) because (5) follows from (4) by replacing
1% with —n. Recall our convention that o> = 1.
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Choose any y > 0 sufficiently close to 0, put s, = exp(—exp(n'~7)) forn € N
and select p = p(7y) such that (10) holds true. Let M(s) = |log1/s/loglog1/s] for
s € (0,e7%). By Lemmas 2 and 3 and the fact thatE[T]k]l(Akyp(s))c] = —E[nx ]lAk,p(S)],

(log k)~1/2

12w <l+y as. (18)

limsup f(sn) Z

e k>M (s,)+1
Lemma 4 in combination with relation (18) secures

(log k)~1/2

lim sup f(s) Z L 1/2rs

s—0+ k>M (s)+1

nk < 1l+y as.

Finally, by Lemma 1,

(log k)~1/2
lim sup f(s) Z kgl/ﬁnk <l+y as,
s—0+ k=2
which entails (4) because the left-hand side does not depend on 7. m|

Proposition 4. Under the assumptions of Theorem 2,

1/2 (log k 1/2
im up g ) 2\ 1/2
fim s Too 175 loe® 1/ k= (20 a.s. (19)
(logl/s 10g(3) 1/s> kz J1/2+s ( )

s—0+
and

o 1 12 log k)~1/2 1/2
11m1nf<—(3)) Z %Uk < —(20’2) / a.s. (20)
s=0+ \log1/s log®) 1/s & ke

Proposition 4 will be proved by using Lemmas 1 and 2, together with two additional
lemmas. In the first of these, we show that an initial and a final fragments of the series
in question do not contribute to the LIL.

As before, we assume without further notice that the assumptions of Theorem 2
hold true and that o> = 1. When proving Proposition 4 we use the sets Ag p(s) and
the corresponding variables 77z ,(s) with p = 1.

Lemma 5. Fix any y > 0 and put s, = exp(—exp(n'*?)) for n > 1. Let N,
and Ny be functions which take positive integer values, may depend on y and
satisfy Ni(s) =2 for small positive s, limg_ o, (loglog Ni(s)/logl/s) = 0,
limg 0+ (loglog N1 (s)/log 1/s) = 1 and limg_,g4 s log N2 (s) = 0. Then

Ni(sn) (log k)~ 1/2

nlglgo f (&) = K 1/2+5n — o Mk1(sn) =0 as. Q21
and .
logk)™ /- _
Jim_ f(n) %Um(%) =0 as. (22)
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Proof. As in the proof of Lemma 3, we obtain the result, with f* replacing f. For
s > 0 close to 0, put

N (s) -1/2
. log k ~
29 =1 Y, CEL ).
k=2

The reasoning used to derive both (21) and (22) is similar to the one applied in the
proof of Lemma 3. Therefore, we give a proof of (21) and indicate the only minor
change needed for a proof of (22).

Regarding (21), in view of the direct part of the Borel-Cantelli lemma, it is
sufficient to demonstrate that, for all € > 0,

ZP{Zl(sn) > g} < oo, (23)

n>1
To this end, we obtain a counterpart of (12), for u € R,

E[e“zl(ﬁ)]Sexp< (£ ()R (logh) ! ( V2Jul ))

“~ kl+ZS log(3) I/S

For each fixed s > 0, the function x — (logx)~!'x~1=2% is decreasing on (1, ).

The assumption lim,_,¢; (loglog Ny (s)/log 1/s) = 0 entails lims_,0+ slog Ni(s) =0
Hence,

Ni(s)

(ogh)”' _ (log2)™! M) (logx)!
= J1+2s - 21+2s 2 x1+2s

2slog N1 (s)

:0(1)+/ y_le_ydyzO(loglogNl(s)), s — 0+.
(2log2)s

24)

Our choice of N| guarantees that there exists an 7 > 0 close to 0 and such that

NL$) (log k)~!
K142 <rg(s)
=

for small positive s, and also (1 — &8)(1 +7v) > 1, where 6 := r(4e?)~ ' exp(V2e~")
with g appearing in (23). Then, for # € R and small s > 0,

uZ (s ru*g(s)(f*(s))* V2ul
E[e Zi( )] < exp( > exp(log<3) 1/s>)

-exp< exp( Va2 ))
410g™ 1/s log® 1/s '

Applying Markov’s inequality with u = (1/g) log® 1/s,, yields, for large n,

P{Z(sn) > &} < e E[e"4 )] < exp(—(1 - r(452)_1e‘5‘5_1) log® 1/s,)
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B 1
T p(1=6)(1+y)”

thereby proving (23) and hence (21).
The proof of (22) is analogous to that of (21). The corresponding version of (24)

reads
(logh)™ _ [~ (ogo)™ [
1425 = N T 12s dx = 5 y e Vdy=0(1) (25

k>N (s)+1 2(s) slog Na(s)

as s — 0+. O

Lemma 6 treats the component of the series in question which gives a principal
contribution to the LIL. Our proof is based on the converse part of the Borel-Cantelli
lemma, which requires independence. The independence requirement complicates to
some extent a selection of the essential component.

Lemma 6. Fix sufficiently small 5 > 0, picky > 0 satisfying (1 +7y)(1 —§%/8) < 1
and let, as before, s,, = exp(—exp(n'*?)) for n € N. Then

N—s00 Je1/2+sn

log k)~1/% _
limsup f(s,) Z (()Lnk,l(sn) >1-6 a.s.
k>2
Proof. Functions s — loglog N;(s)/log1/s in Lemma 5 can tend to O as fast as we
please. Observe that lim,, o ($,,+1/9,) = co. Thus, we can choose N satisfying

loglog N ($,+1) _ loglog Ni($,+1) log 1/8,41
log1/s, log 1/s,41 log1/s,

Let N; be any function satisfying the assumptions of Lemma 5. Since

loglog N2(s,)
n—e logl/s,

we conclude that there exists ng € N such that

loglog Ni(sn+1) _ loglog Na(sn)
log1/s, — logl/s,

for all n > nyg,

whence
Ni($n41) 2 Na(8,), n = no. (26)

In view of Lemma 5, it is sufficient to check that

limsup Z>(s,) =1 -6 as, 27

n—oo
where, for small s > 0,

Na(s)

Zo(s) = f(5) )

k=N (s)+1

(log k)~!/2

K2+ k.1 (5)-
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We shall prove that there exists 5 > 0 such that for all s € (0,),
P{Zy(s) > 1 =} = 371 (1-0"/8)log s, 28)

Asa consequence,

> H{za(en > 1-0} 2371 Y i =
nx>nj

nzni

where n; > ng is chosen to ensure that s, < s for n > n;. In view of (26) the
random variables Z(sy,), Z2(Sn,+1), - - . are independent. Hence, divergence of the
series entails (27) by the converse part of the Borel-Cantelli lemma.

When proving (28) we use the event

Uy = {1-6 < Zo(s) < 1} = {(1 = 6)V(s) < W(s)/(2()"* < V(s)},
where V(s) = (2 log® 1/s5)/? and

No(s
Z(s) Y (log k)12

f(s) J1/2+s

k=N (s)+1

W(s) := Nk,1(5).

For u € R and small s > 0, let Q,_, be a probability measure on (€2, &) defined by

E[etW()/(g()' ] ,]

A
Qsu(A) = E[exW(s)/(2(s)'?]

, Aeg. (29)

Then
E[e W&/ @6DP-VIN]Q, , (U;) = eV SB[ W/ (@6 Py, ]
<P(Uy) <P{Zy(s) > 1 - 6}. (30)
Now we show that by selecting an appropriate u = u(s) = O((log(3) 1/5)'72), the
expectation on the left-hand side of (30) is bounded from below by e (1-8%/8)log™ 1/s

for small positive s. Also, we shall prove that Q_,,(Us) > 1/3, thereby deriving (28).
We start by demonstrating that, with u = O ((log® 1/5)!/2),

E[e" WO/ O] L e/2nch(s) -, 0, 31

for some function /£ satisfying limg_,o4 2(s) = 0. Put

(log k)~!/2

&ls) = (2 (s) 212

Tﬂfk,] (s), k=2, se€ (0, e_e).

As a consequence, for u € R,

Na(s)

uW()/(2() = Y u(s). (32)

k=N (S)+l
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According to the second inequality in (11),
luér(s)| = 0O(1/loglog1/s) =o(1), s— 0+ as.
for each k > 2. Using
e =1+x+x*/2+0(x*) and log(l+x)=x+0(x*), x—0,
we obtain

E[e”W(S)/(g(s))l/z]

Na(s)
=[] Elexp(ux()]
k=N1(S)+1
Na(s)
= ]_[ E[1 +uér(s) +u’EX(s)(1/2 + o(1))]
k=N (S)+1
Na(s)
=exp Y log(1+uB[£(5)(1/2+0(1)])
k=N (s)+1
Na(s) Na(s) 5
= exp (uz(l/Z + 0(1)) Z E[f,%(s)] + u40( Z (E[f,%(s)]) )) .
k=N1(S)+1 k=N (S)+1
(33)

Here, we have used the fact that the o(1) term can be chosen nonrandom. In view of
(24) and (25),

Na(s) -1
(log k)
% ~g(s), s — 0+

k=N (s)+1

The latter, combined with uniformity in the integer k € [N (s) + 1, N»(s)] of the limit
relation

B[4 (9] = B[ Liar, spe] = ElmLiag,snel)’ = 1 s — 04,
results in

Na(s) Na(s)

-1
Z E[g,%@)]:% Z (k]’{ngz)sE[ﬁi,l(s)]_n, s — 0+ (34)

k=N1(S)+1 g § k=N, (S)+1

Finally,
Nz(S) 2 NZ(S) )
2 u (log k) ~ 2
M2 k*NZ: (E[flz(s)]) = (g(S))2 - Z W(E[T}i’l(s)])
=Ni(s)+1 k=N1(s)+1

u? (log k)~2
< ——— =0(1), -0+, (@35
(g(s))? kz,\%‘fv)ﬂ 2 o), s H )
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because both factors converge to 0 as s — 0+. Now relations (33), (34) and (35) entail

@31).

Formula (31), with u € R fixed, reads limg_,o4 E[e”W(“)/(g(S))'/z] = e“z/z, which

implies a central limit theorem W(s)/(g(s))"/? < N(0,1) as s — O+. Here, 4
denotes convergence in distribution and N'(0, 1) denotes a random variable with the
normal distribution with mean 0 and variance 1.

Passing to the proof of (28), put

1/2

u=u(s)=V2(1-5/2)(log® 1/s)
Formula (31) entails
E[eu(W(s)/(g(s))1/2—V(s))] — e—(1—52/4) log® 1/s+0(log® 1/s)

> e—(1762/8) log® 1/s (36)
for small s > 0. Now we show that the Q;_,-distribution of

W(s)/(g(s)) "% = (u +2uh(s))

converges weakly as s — O+ to the P-distribution of A/(0, 1). To this end, we prove
convergence of the moment generating functions. Let Eg, , denote the expectation
with respect to the probability measure Qs ,. Invoking (31) we conclude that, for
teR,

E[e(+0W(s)/(g())'?)

E[exW(s)/(g(s))'?]

= exp((t +u)2 )2+ (t+u)?h(s) — u®)2 — u®h(s) - t(u + 2uh(s)))
=exp((1/2+ h(s))t?) — exp(r*/2) = E[exp(t N(0,1))], s — O+

Eq, ., [et(W(S)/(g(s))]/2—(u+2uh(s)))] N o (ur2uh(s))

As a consequence of the weak convergence, we infer

lim sup Qs,u{W(s)/(g(s))l/2 <(- 6)V(s)}

s—0+

< Slir&Qs,u{W(s)/(g(s))l/z < u+2uh(s)} =P{N(0,1) <0} = 1/2.
Further, the relation limg_,0.(V(s) — (u + 2uh(s))) = +oo entails
lim Q. {W(s)/(s() " < V(9)} =1
and thereupon

Quu(Us) = Q. {W()/ (2()'* < V(5)}
— Quu{W(5)/(2())"* < (1-6)V(5)} = 1/3 (37)

for small s > 0. Now (28) follows from (30), (36) and (37). The proof of Lemma 6 is
complete. O
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Proof of Proposition 4. It suffices to prove (19). To this end, pick sufficiently small
§ >0andy > 0, and let 5, = exp(—exp(n'*?)) for n > 1. We shall invoke a
representation

1/2
Flsn YUY T

1/2
= k1/2+sn
Llog 1/5,)1/2] in
(log k)~"/
= f(sn) ek
k=2
Llog 1/5,)1/2] in
(log k)~
- f(sn) L1 (1L axssane = ElmcLcar sy 1)
k=2
(log k)~'72
+ f(sn) W(nkﬂAk,l(Sn) - E[’]k]lAk.l(Sn)])

k2| (log 1/5,)'/2 | +1

(log k)~!/2 ‘/2
+f(s n)z A (ML Ak snye = EDL (g (s))<])-

Here, we have used that E[r7] = 0. The first three terms on the right-hand side converge
to 0 a.s. as n — oo by Lemma 1, formula (21) of Lemma 5, with Ni(s) = M(s) =
[(log 1/5)"/2], and Lemma 2, respectively. Lemma 6 ensures that

(10 k) 1/2 ( k)—1/2
lim %up f(s) Z :’1/2“ Nk = 11m sup f(sn) Z kgl/Tsnnk >1-0 as.
s—0+ k>2 k>2
Sending 6 to 0+ we arrive at (19). O

Proof of Theorem 2. A combination of Propositions 3 and 4 yields (2) and (3). To
prove (1) we put H := {z € C: Rez > 0} and

X(2) = Z (log k)~

1/2+z
k>2 k

1/2
k&, Z€H,

and note that the so defined X is a random analytic function, see p. 247 in [5]. Hence,
its restriction to positive arguments

s — X(s) = Z(log k)~ V22,
k>2

is a.s. continuous, and so is s — (20-2log 1/s log®® 1/5)~12X(s) on (0,e7¢). In
view of (2) and (3), we obtain (1) with the help of the intermediate value theorem for
continuous functions. o

4 Proof of Theorem 1

It is more convenient to prove the result in an equivalent form

1 (log k)~1/2
(sl/Z Z 1/ 2vexp(—1s) Tk 7 (O'B(t))rzo’ § = +oo,
k>2 120
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on C[0, o). Without loss of generality we can and do assume that o> = 1.

In what follows we write X for X_;,,. We use a standard approach, which consists
of two steps: (a) proving weak convergence of finite-dimensional distributions; (b)
checking tightness.

(@) If t = 0, then, for s > 0, X(e™") = X(1) = Yys,(logk)™1/2k=3/2y;, and
s~1/2X (1) converges in probability to B(0) = 0 as s — +co.
Thus, it suffices to show that, for ¢, #; € (0, o0) (we do not need to consider ¢ = 0),

E[X(e™"*) X (e7*)] ~ min(t1,12)s, 5 — +o, (38)

and check the Lindeberg—Feller condition: for all £ > 0 and each fixed ¢ > 0,

1 (logk)=12 \?
Jim <D E[(m’lk Litogiy=121 e eizeont-e iy | = 0. (39)
k>2

Proof of (38). Using monotonicity to pass from the series to an integral we obtain

(log k)~'/? (log )~ 7 _ (logk)~!
E[Z ke 1/2+exp(—t1s) Mk Z 1/2+exp( 1s) nj| = Z J 1+exp(—t1s)+exp(—125)
k>2 k>2

. (logy)~! e~ (exP(~115)+exp(~125))y
N/ 1 59y =/ dy
e y +exp(—t15)+exp(—tps) ) y

~ —log(e_"s +e"2s) ~min(ty,1)s, §— +oo.

Proof of (39). For each k > 2 and each s > 0, (logk)~!/2k~1/2-exp(=ts) <

(log2)~'/2 =: 1/A. Hence, the expression under the limit on the left-hand side of
(39) does not exceed

(log k)~
Zk1+2exp( —ts) [ ]'{"7|>A~Y]/2}:|'

As shown in the proof of (38), Y5, (log k) 'k~172eXP(=1$) _ t5 a5 § — +oco. Fur-
ther, E[n?] < oo entails lims_>+oo]E[r]2]l{|,7|>Asl/z}] = 0. With these at hand, (39)
follows.

(b) We have to prove tightness on C[0,T] (the set of continuous functions defined
on [0,T]) for each T > 0. Since (B());e0,r] has the same distribution as
TI/Z(B(t))tE[O,I] , it is enough to investigate the case 7 = 1 only.

Let M* : (0,00) — Ny denote a function satisfying limy_, 400 M*(s) = +oco and
M*(s) = o(s) as s — +co. We shall need a relation sup,., |Tx| = O(nl/z) in

probability as n — oo, which is a consequence of n~'/? max<, |Tx| — |J\/ 0, )]
as n — oo. Repeating the proof of Lemma 1, with the aforementioned limit relation
replacing (7), we infer

I Y (ogh) 12
st S, Jony | &4 T2ren(Es)

nk| =0 in probability. (40)
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From now on, we choose a particular M* defined as above, for instance, M*(s) =
Ls'/2] and put a(s) := (log M*(s))'/? for s > 0. Arguing as in the proof of Lemma 2
or in the analysis of /,, »(ss) in the proof of Lemma 4, we obtain

(log k)~!/2

lim Sup k1/2+exp(—ts)

(75| L gy 5 k12 =0 as. (41)
ST 1e[0.1] k3 a1 ()41 tnl=kFaton

and
(logk)~'/2

lim Sup k]/2+exp(—ts)

E[|77k|]]-{|nk\>k'/2a(s)}] =0. (42)
ST 1e0.1] s g (s)+1

Put 772(5) = nkl{lﬂklﬁkl/za(s)} - E[nk]‘{‘nklﬁkl/za(‘ﬂ}] fork e Nand s > 0, and
then 1
(log k)~"2n7 ()

172 1/2 —t:
st/ koatisyel K [rre(=ts)

X*(t,s) := , t>0,s5>0.

In view of (40), (41) and (42) it remains to prove tightness of the distributions of
(X*(2,5))sef0,17 for large s > 0. According to formula (7.8) on p. 82 in [4], it is
enough to show that, for all £ > 0,

lim lim supP{ sup | X" (u,s) — X*(v,s)| > 8} =0. (43)
u,vel0,1

7% s—eo A, Ju—v| <27

The proof of (43) follows closely the last part of the proof of Lemma 4. We use dyadic
partitions of [0, 1] by points t =27 mfor j e Ngandm =0, 1,...,2/. Similarly
to the argument preceding formula (16) we infer

sup | X" (u,s) — X*(v,s)|

u,vel0,1], ju—-v|<2-¢

<Z max [X° (1] 08) = X" (£, o105)).

1<m<2J

Thus, it suffices to prove that, for all € > 0,

lim limsupP{Z max |X* (] s 5) —X*(l;,m—1’5)| > esl/z} =0.
7=

120 s 5t00 1<m<2J

Put a* := 277/2j2 for j € Ny. The last limit relation follows if we can show that, for
alle > 0,

lim hmsupZP max |X*(r5 ) - X* (7} >8a*s1/2} 0.

=00 g 400 7 l<m<2/ J.m-1
Denote by A*(j, s) and B*(u, k, s) the counterparts of A(j,n) and B(u, k, n) in the

present situation. Then A*(j,s) < 27/s and, if 2/ > s, B*(u, k,s) < |u|27/s =:
Ci(u,s), if 2/ <5, B*(j,k,s) < |u| = C;(u, 5). With these at hand we obtain

* f k% * f % 27jSM2 C"f(u S)
E[exp(+u(X (tj,m,s) -X (tj,m_l,s)))] <exp — ), u€eR,
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and thereupon

P{\X (] e )—X*(tj. i 1,s)| > ga sl/z}
< exp(-uea}s ) E[exp (1] (1 e5) = X (1 105) )]

J *
< Zexp<—u82 226102 4 2 su? ;u ecf(”"‘)).
Put u = £2//2571/2 Then C;f(u, s) < & and further

oy 4% x 1/2
;P{lirrlnajsz( (J m,s) X (tj’m_l,s)l > eags }
<2exp 5/2 22] e 50, i — o

Jjzi

The proof of Theorem 1 is complete.

5 A failure of approach based on a strong approximation

Our proof of Theorem 2 is quite technical. Naturally we wanted to work out a less
technical argument. One promising possibility has been to exploit a strong approxima-
tion result for centered standard random walks with finite variance, see, for instance,
Theorem 12.6 in [7].

Lemma 7. There exists a standard Brownian motion (W (t))s>o such that
T, -W(@) = 0((t log logt)l/z), t— o0 a.s.

Implicit in the preceding proofs is the fact that the principal contribution to the
LIL is made by the fragment of the original series which has the variance comparable
to the variance of the full series. More precisely, one may reduce attention to the

-2 e .
sum Z]I:ZI(\;: )(S) %nk, where N| and N, are positive integer-valued functions

satisfying limg_,0+ (loglog Ny (s)/log 1/s) = 0, lims_,0; s log N2 (s) = 0 and

lim (loglog N> (s)/log1/s) = 1. (44)
s—0+

The reason is that

Na(s) -1/2 1/2
Z (log k) Z (logk)~'/=
Var( W k1/2+s ~10g1/S, s — 0+.

k=N (s)

We hoped it would be possible to work with Gaussian random variables given
‘ 12
by [N MdW(x) in place of [, Na(s) (oex) " 47, |. Unfortunately, Lemma 7

Ni(s) x1/2+s Ni(s) 1/2+s
does not seem to secure such a p0351bllity. Indeed, after integrating by parts we

intended to show that

NaGs) T ) = Wi(x
lim £(s) T x) ()]

———————dx=0 as.
S0+ Ni(s)  (logx)1/2x3/2+s
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In view of Lemma 7 the latter would be a consequence of

N> (s) log 1 1/2
lim f(s) (og log x) =

— o %7 dx =0. 45
s—0+ Ni(s) (logx)1/2x1+5 @3)

Since

Na(s) (loglogx)l/zdx_ 1 slog N2 (s) (10g1/s+10gz)1/2e‘zd
Ny (lo )1/2 Tes 0 7 L1)2 ] 1/2 z
1(s) gx) X s slog Ny (s) z

(log log N2(s)) "/ /“"gW” e
< == dz
0

$1/2 Z1/2

~ 2(log N> (s) log log Ng(s))l/z, s — O+,

the validity of (45) required limy_,0+ (log N> (s)/log 1/s) = 0, which was incompatible
with (44).

We note in passing that another strong approximation of (7}),>0, this time by
sums of independent Gaussian random variables, has a better error the big O of square
root, see [8]. Revisiting the calculation above reveals that this approximation does not
seem to help either.
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