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1 Introduction

The theory of large deviations gives an asymptotic computation of small probabili-
ties on exponential scale (see [3] as a reference of this topic). In particular a large
deviation principle (LDP from now on) provides asymptotic bounds for families of
probability measures on the same topological space; these bounds are expressed in
terms of a speed function (that tends to infinity) and a nonnegative lower semicontin-
uous rate function defined on the topological space.

The term moderate deviations is used for a class of LDPs which fills the gap
between the two following asymptotic regimes: a convergence to a constant xg (at
least in probability), and a weak convergence to a nonconstant centered Gaussian
random variable. The convergence to xg is governed by a reference LDP with speed
vy, and a rate function 7, say, that uniquely vanishes at xo (i.e. I (x) = 0 if and only if
x = xg). Then we have a class of LDPs which depends on the choice of some positive
scalings {a; : t > 0} such that a; — 0 and a,v; — oo (as t — 00).

In this paper the topological space mentioned above is the real line R equipped
with the Borel o-algebra, xo = 0 € R and v; = t; thus we shall have

a, —> 0 and a;t > 00 (ast — o). @))]

In some recent papers (see, e.g., [4] and some references cited therein), the term
noncentral moderate deviations has been introduced when one has the situation de-
scribed above, but the weak convergence is towards a nonconstant and non-Gaussian
distributed random variable. A multivariate example is given in [10].

A possible way to construct examples of moderate deviation results is the fol-
lowing: {C; : t > 0} is a family of random variables which converges to zero as
t — oo (and satisfies the reference LDP with a certain rate function and a certain
speed v;); moreover, for a certain function ¢ such that ¢(x) — oo as x — o0,
{¢p(v;)C; : t > 0} converges weakly to some nondegenerating random variable; then,
for every family of positive scalings {a; : t+ > 0} such that a; — 0 and a;v;, — o0
(as t — 00), one should be able to prove the LDP for {¢(a;v;)C; : t > 0} with a
certain rate function and speed 1/a,. We remark that, according to this approach, one
typically has ¢ (x) = /x for central moderate deviation results (i.e. for the cases in
which the weak convergence is towards a normal distribution); moreover, to give an
example with a different situation, we have ¢(x) = x for the noncentral moderate
deviation result in [7] (note that r and y, in that reference plays the role of ¢ and ¢, in
this paper). The results in this paper follow this approach with ¢ (x) = x# for some
B € (0, 1); more precisely § = «a(v) (see (7)) in Section 3 and 8 = a1 (v) (see (12))
in Section 4.

We aim to present some extensions of the recent results presented in [1] and [9]. In
particular, we recall that a subordinator is a nondecreasing (real-valued) Lévy process.
Throughout this paper we always deal with real-valued light-tailed Lévy processes
{S(¢) : t = 0} described in Condition 1.1, with an independent random time-change
in terms of inverse of stable subordinators.

Condition 1.1. Let {S(¢) : + > 0} be a real-valued Lévy process, and let xs be the
function defined by
ks(0) := log E[¢?SD].
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We assume that the function «g is finite in a neighborhood of the origin 6 = 0. In
particular the random variable S(1) has finite mean m := Ké (0) and finite variance

q = kg(0).

We recall that, if {S(¢) : # > 0} in Condition 1.1 is a Poisson process and {L,(¢) :
¢t > 0} is an independent inverse of a stable subordinator, then the process {S(L,(t)) :
t > 0} is a (time) fractional Poisson process (see [11]; see also Section 2.4 in [12] for
more general time fractional processes).

The aim of this paper is to provide some extensions of recent noncentral moderate
deviation results published in the literature. More precisely we mean:

(1) the generalization of the results in [1] by considering a general Lévy process
{S(t) : t = 0} instead of a compound Poisson process;

(2) the generalization of the results in [9] by considering the difference between
two nonnull independent subordinators {S(#) : # > 0} instead of a Skellam
process (which is the difference between two independent Poisson processes).

For the first item, we have only one (independent) random time-change for {S(¢) :
t > 0}, and we can specify the results to the fractional Skellam processes of type
2 in [8]. For the second item, we shall assume that {S(¢) : + > 0} has bounded
variation and is not a subordinator; thus {S(¢) : + > 0} can be seen as the difference
of two independent nonnull subordinators {S1(¢) : + > 0} and {S>(¢) : t+ > 0} (see
Lemma 4.1 in this paper). Then, for the second item, we have two (independent)
random time-changes for {S1(¢) : ¢+ > 0} and {S>(¢) : t > 0}, and we can specify the
results to the fractional Skellam processes of type 1 in [8].

The outline of the paper is as follows. In Section 2 we recall some preliminaries.
The extensions presented above in items 1 and 2 are studied in Sections 3 and 4, re-
spectively. In Section 5 we discuss the possibility to have some generalizations with
more general random time-changes, and in particular we present Propositions 5.1
and 5.2 which provide a generalization of the reference LDPs in Propositions 3.1
and 4.1, respectively. In Section 6 we present some comparisons between rate func-
tions, and in particular we follow the same lines of the comparisons in Section 5 in
[9]. Finally, motivated by potential applications to other fractional processes in the
literature, in Section 7 we discuss the case of the difference of two (independent)
tempered stable subordinators.

2 Preliminaries

In this section we recall some preliminaries on large deviations and on the inverse of
the stable subordinator, together with the Mittag-Leffler function.

2.1 Preliminaries on large deviations

We start with some basic definitions (see, e.g., [3]). In view of what follows we
present definitions and results for families of real random variables {Z(¢) : ¢ > 0} de-
fined on the same probability space (€2, F, P), where t goes to infinity. A real-valued
function {v; : ¢ > 0} such that v, — oo (as t — 00) is called a speed function, and
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a lower semicontinuous function I : R — [0, oo] is called a rate function. Then
{Z(t) : t > 0} satisfies the LDP with speed v; and rate function [ if

1
lim sup — log P(Zit)e(C)<-— 1nf I(x) for all closed sets C,

—00

and |
liminf —log P(Z(t) € O) > — inf I(x) for all open sets O.
1—00 Uy x€0

The rate function / is said to be good if, for every 8 > 0, the level set {x € R :
I(x) < B} is compact. We also recall the following known result (see, e.g., Theorem
2.3.6(c) in [3]).

Theorem 2.1 (Gértner—Ellis theorem). Assume that, for all 6 € R, there exists
1
A6) = lim — logE [e”ff’zm]
t—00 Uy

as an extended real number; moreover assume that the origin 0 = 0 belongs to the
interior of the set D(A) := {6 € R : A(0) < oo}. Furthermore, let A* be the
Legendre—Fenchel transform of A, i.e. the function defined by
A*(x) := sup{fx — A(0)}.
6eR

Then, if A is essentially smooth and lower semicontinuous, {Z(t) : t > 0} satisfies
the LDP with good rate function A*.

We also recall (see, e.g., Definition 2.3.5 in [3]) that A is essentially smooth if the
interior of D(A) is nonempty, the function A is differentiable throughout the interior
of D(A), and A is steep, i.e. |A’(0,)] — oo whenever 6, is a sequence of points in
the interior of D(A) which converge to a boundary point of D(A).

2.2 Preliminaries on the inverse of a stable subordinator
We start with the definition of the Mittag-Leffler function (see, e.g., [6], eq. (3.1.1))

Ev@: kZ Tkt 1)

It is known (see Proposition 3.6 in [6] for the case @ € (0, 2); indeed « in that
reference coincides with v in this paper) that we have

X1/
Ey(x) ~ & as x — oo; )
if y < 0, then %log E,(yx) > 0 asx — oo.

Then, if we consider the inverse of the stable subordinator {L, () : t > 0} for
v e (0, 1), we have

E[/Lr D] = E,(01") forall® € R. ©)

This formula appears in several references with 6 < 0 only; however this restriction is
not needed because we can refer to the analytic continuation of the Laplace transform
with complex argument.
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3 Results with only one random time-change

Throughout this section we assume that the following condition holds.

Condition 3.1. Let {S(¢) : t > 0} be a real-valued Lévy process as in Condition 1.1,
and let {L, (¢) : t > 0} be an inverse of a stable subordinator for v € (0, 1). Moreover
assume that {S(z) : + > 0} and {L, (¢) : ¢ > 0} are independent.

The next Propositions 3.1, 3.2 and 3.3 provide a generalization of Propositions
3.1, 3.2 and 3.3 in [1], respectively, in which {S(¢) : t > 0} is a compound Poisson
process. We start with the reference LDP for the convergence in probability to zero
of { M > 0}.

Proposition 3.1. Assume that Condition 3.1 holds. Moreover, let A, s be the function
defined by
_ | Ges@NYY ifks®) =0,
Aus(®) = { 0 ) = 0. 4)

and assume that it is an essentially smooth function. Then i M

the LDP with speed v, = t and good rate function I p defined by

Ip(x) = sup{fx — Ay 5(0)}. Q)]
feR

> 0} satisfies

Proof. The desired LDP can be derived by applying the Gértner—Ellis theorem (i.e.
Theorem 2.1). In fact we have

E[e?SEvO) = E, (kg(0)t”) forall § € R and forall t > 0, (6)

whence we obtain
1
lim —logE[e?SEv) ] = A, () foralld e R
t—o0 t

by (2). O

Remark 3.1. The function A, s in Proposition 3.1, eq. (4), could not be essentially
smooth. Here we present a counterexample. Let {S(¢) : ¢ > 0} be defined by S(¢) :=
S1(t)— S2(t), where {S1(¢) : t > 0} is a tempered stable subordinator with parameters
B € (0,1)andr > 0,and let {S>(¢) : t > 0} be the deterministic subordinator defined
by S2(t) = ht for some i > 0. Then

B _(r—_p\B
KS|(9)I={ZO (r—6) ifo <r,

if@ > r
and kg, (0) := hO; thus

B — @ —0)F —ho ifo<r,

Ks(0) := ks, () + K5, (—0) = { 0o ifo > r.

It is easy to check that, for this example, the function A, s is essentially smooth if
and only if

lim A/, () = +o0;

o1r ’
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Fig. 1. The function A, g in Remark 3.1 for & < r = 1. Numerical values: v = 0.5, 8 = 0.25;
h = 0.5 on the left, and &2 = 3 on the right

moreover this condition occurs if and only if ks(r) > 0, i.e. if and only if b < rF~1.
To better explain this see, Figure 1.

Now we present weak convergence results. In view of these results it is useful to
consider the following notation:

| 1=v2 ifm=0,
) '—{ l—v  ifm#0. @
Proposition 3.2. Assume that Condition 3.1 holds and let o (v) be defined in (7). We

have the following statements.

e Ifm =0, then {t“(")w 1t > 0} converges weakly to \/qL,(1)Z, where Z
is a standard normally distributed random variable, and independent of L,,(1).
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S(Ly(t
e Ifm # 0, then {t“(”)w :t > 0} converges weakly to m L, (1).

Proof. In both cases m = 0 and m # 0 we study suitable limits (as t — o0) in terms
of the moment generating function in (6); note that, when we take the limit, we do
not take into account (2).

If m = 0, then we have

E [eezam S(L})(f)>:| _E [eQW] _E, (Ks (%) t”)
62 1 62
=E, <(gt" +o0 (7")) t”) — E, <q7> for all € R.

Thus the desired weak convergence is proved noting that (here we take into ac-
count (3))

2, 0>
E [em/qLU(l)z] ) [eeTva(l)] =E, (%) forall 6 € R.

If m # 0, then we have
g2 SLy(0) g SLv() 0\ ,
]E[e r ]:E[e v ]:EU Ks P t
0 1
—E, ((”;— +o <I—>) z“) — E, (mf) forallf e R.

Thus the desired weak convergence is proved by (3). U

Now we present the noncentral moderate deviation results.
Proposition 3.3. Assume that Condition 3.1 holds and let a(v) be defined in (7).
Moreover, assume that q > 0 if m = 0. Then, for every family of positive numbers
{a; : t > 0} such that (1) holds, the family of random variables w > O}
satisfies the LDP with speed 1/a, and good rate function Ihyp(-; m) defined by:

iFm =0, hap(x;0) = ((0/2)0 — w22/ (22) 157,

v/(1=v) _ 1/(d=v)y (x\/A=v) oy
ifm#0, Iup(x;m) ZZ{ v v )(m) lfm >0,

00 if 5 <0.

Proof. For every m € R we apply the Gértner—Ellis theorem (Theorem 2.1). So we
have to show that we can consider the function A, ,, defined by

0 @n*WsLy )

1
Ay m(0) = ll_l)rgo W logE |:e“t ? :| forall 6 e R,
t

or equivalently

0

Av,m(é‘) = lll)ﬂ(;loat log EU <KS <W

) t”) forall & € R;
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in particular we refer to (2) when we take the limit. Moreover, again for every m €
R, we shall see that the function A, ,, satisfies the hypotheses of the Girtner—Ellis
theorem (this can be checked by considering the expressions of the function A,
below), and therefore the LDP holds with good rate function Inp(-; m) defined by

Ivp (x; m) := sup{fx — Ay, (0)}. €))
feR

Then, as we shall explain below, for every m € R the rate function expression in (8)
coincides with the rate function Iyp(-; m) in the statement.
If m = 0, we have

0 v
arlog E, (Ks (W)t )
- q92 1 %
ot (25 ()

1 (g6 1
=a;logE, | — | — 1)’ ,
arlog E, (az” ( > + (ar1) 0((att)”>>>
and therefore

9 qez 1/v
H v — . .
thnoloat log E, <Ks (4(att)1“(v)>t ) = (—2 ) =: Ay(0) foralld e R;

thus the desired LDP holds with good rate function Iyp (-; 0) defined by (8) which co-

incides with the rate function expression in the statement (indeed one can check that,

. . . 2\ 1/2=v)
for all x € R, the supremum in (8) is attained at 0 = 0, := (—)

q
If m # 0, we have

9 v
atoz (55 (o)
—alog E (( bm +0< ! ))t)
—@2 R @ @y
1 1
=a;logE, ( pn <¢9m+(a,t) 0<(att)”>)>
and therefore

. 9 v
o (55 (v ) )

_{ @m'v  ifom >0

(5)7% ™)

0 om0 Aym(0) foralld e R;
thus the desired LDP holds with good rate function Iyp(-; m) defined by (8) which
coincides with the rate function expression in the statement (indeed one can check

that the supremum in (8) is attained at 6 = % (”x)v/ (=) for £ > 0, and it is

equal to infinity for - < 0 by letting 6 — oo 1fm < 0, and by lettmg 0 - —ooif
m > 0). |
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Remark 3.2. As we said above, the results in this section provide a generalization
of the results in [1] in which {S(¢) : ¢+ > 0} is a compound Poisson process. More
precisely we mean that S(¢) := ZII{V:(? Xy, where {X,, : n > 1} are i.i.d. real-valued
light-tailed random variables with finite mean w and finite variance o2 (in [1] it was
requested that o2 > 0 to avoid trivialities), independent of a Poisson process {N(¢) :
t > 0} with intensity A > 0. Therefore x5(8) = A(E[e?X1] — 1) for all 6 € R;
moreover (see m and ¢ in Condition 1.1) m = Au and g = A2 + p?).

Moreover we can adapt the content of Remark 3.4 in [1] and we can say that, for
every m € R (thus the case m = 0 can be also considered), we have Iyp(x; m) =
Ivip(—x; —m) for every x € R. Finally, if we refer to A and p at the beginning of this
remark, we recover the rate functions in Proposition 3.3 in [1] as follows:

e if m = Au = 0 (and therefore © = 0 and ¢ = ro2), then Iyp(+; 0) in Proposi-
tion 3.3 in this paper coincides with Iyp o in Proposition 3.3 in [1];

e if m = Ap # 0 (and therefore u # 0), then Iyp(-; m) in Proposition 3.3 in this
paper coincides with Ivip, ;,, in Proposition 3.3 in [1].

Remark 3.3. In Proposition 3.3 we have assumed that ¢ # 0 when m = 0. Indeed,
if g = 0 and m = 0, the process {S(L,(¢)) : t > 0} in Propositions 3.1, 3.2 and 3.3 is
identically equal to zero (because S(¢) = O for all + > 0) and the weak convergence
in Proposition 3.2 (for m = 0) is towards a constant random variable (i.e. the costant
random variable equal to zero). Moreover, again if ¢ = 0 and m = 0, the rate function
Ivp (x; 0) in Proposition 3.3 is not well-defined (because there is a denominator equal
to zero).

4 Results with two independent random time-changes

Throughout this section we assume that the following condition holds.

Condition 4.1. Let {S(¢) : t > 0} be a real-valued Lévy process as in Condition 1.1,
and let {Lf,ll)(t) :t >0} and {Lg) (t) : t = 0} be two independent inverses of stable
subordinators for v, v € (0, 1), and independent of {S(z) : t > 0}. We assume that
{S(t) : t = 0} has bounded variation, and it is not a subordinator.

We have the following consequence of Condition 4.1.

Lemma 4.1. Assume that Condition 4.1 holds. Then there exists two nonnull inde-
pendent subordinators {S1(t) : t > 0} and {S2(¢) : t > O} such that {S(¢) : t > 0} is
distributed as {S1(t) — S»(¢t) : t > 0}.

We can assume that the statement in Lemma 4.1 is known even if we do not
have an exact reference for that result (however a statement of this kind appears
in the Introduction of [2]). The idea of the proof is the following. If T1(dx) is the
Lévy measure of a Lévy process with bounded variation, then 19 o) (x)I1(dx) and
1(—00,0)(x)TT(dx) are again Lévy measures of Lévy processes with bounded varia-
tion; thus 1o, o) (x)I1(dx) is the Lévy measure associated to the subordinator {57 (?) :
t > 0}, 1(—00,0)(x)I1(dx) is the Lévy measure associated to the opposite of the sub-
ordinator {S>(¢) : > 0}, and {S1(¢) : t > 0} and {S>(¢) : ¢ > 0} are independent.



212 A. luliano et al.

Remark 4.1. Let kg, and kg, be the analogues of the function kg for the process
{S(¢) : t = 0} in Condition 1.1, i.e. the functions defined by

Ks;(0) == log E[e?Si D] (fori = 1, 2),

where {S;(¢) : t > 0} and {S2(¢) : ¢t > 0} are the subordinators in Lemma 4.1. In
particular both functions are finite in a neighborhood of the origin. Then, if we set

m; = K./S,- 0) and g¢q; = /cgl, 0) (fori €{l1,2}),
we have (we recall that k5(0) = kg, () + «s,(—0) for all 6 € R)
m = K/S(O) =my—my and g¢q = Kg(()) =q1 +q2.

We recall that, since {S;(¢z) : t > 0} and {S>(¢) : ¢t > 0} are nontrivial subordinators,
then mq, mpy > 0.

The next Propositions 4.1, 4.2 and 4.3 provide a generalization of Propositions
3.1, 3.2 and 3.3 in [9], respectively, in which {S(z) : + > 0} is a Skellam process
(and therefore {S1(z) : + > 0} and {S2(¢) : t > 0} are two Poisson processes with
intensities A1 and X,, respectively). We start with the reference LDP for the conver-
SHLY (1) —Sa (L) (1))

t

gence of { it > O} to zero in probability. In this first result the

case v; # vy is allowed.

Proposition 4.1. Assume that Condition 4.1 holds (therefore we can refer to the in-
dependent subordinators {S1(t) : t > 0} and {S>(t) : t > 0} in Lemma 4.1). Let
W, v, be the function defined by

(es, @D if6 >0,

(s, (=02 ifo < 0. ©)

"IJ\)|,1)2(9) = {

SYLY (1)~ Sa (L) (1)
t

Then

1t > 0¢ satisfies the LDP with speed v = t and good

rate function JLp defined by

Jip(x) := sup{fx — W, 1, (0)}. (10)
6eR

Proof. We prove this proposition by applying the Gértner—Ellis theorem. More pre-
cisely, we have to show that

1LY =51 1)

1
lim ?logIE |:ele 1 ] =W, ,0) (foralld eR), (1)

—>0o0

where W, ,, is the function in (9).
The case & = 0 is immediate. For 6 £ 0 we have

— log Ey, (s, (0)1") + log Ey, (s, (—0)1"2).

o [0
1 51y O)=S2Liy ©)
logE | e ]
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Then, by taking into account the asymptotic behavior of the Mittag-Leffler function
in (2), we have

1 1
lim —log E,, (ks, (0)t™) + lim — log E,, (s, (—0)t"2) = (ks, ())'/"!
t—o00 t t—00 f

for & > 0, and
1 1
lim —log Ey, (ks,(0)1") + lim —log E,, (ks, (—0)1"?) = (ks,(—6))'/*2
t—>00 t t—o00 t

for & < 0; thus the limit in (11) is checked. Finally, the desired LDP holds because
the function W, ,, is essentially smooth. The essential smoothness of W, ,, trivially
holds if W, ,,(9) is finite everywhere (and differentiable). So now we assume that
W, 1, (0) is not finite everywhere. For i = 1,2 we have

d o 1
5 Ks O = (s, Ok (0),

and therefore the range of values of each one of these derivatives (for & > 0 such that
Kks; (0) < 00)is [0, 0o); therefore the range of values of \IJ‘/)I’V2 (0) (for 8 € R such that
Wy, 1, (0) < 00)is (—oo, 00), and the essential smoothness of W,, ,, is proved. O

From now on we assume that v and v, coincide, and therefore we simply consider
the symbol v, where v = v; = v,. Moreover we set

ai(v) :=1—v. (12)

Proposition 4.2. Assume that Condition 4.1 holds (therefore we can refer to the inde-
pendent subordinators {S1(t) : t > 0} and {S>(¢t) : t > 0} in Lemma 4.1). Moreover,
assume that vi = vy = v for some v € (0, 1) and let a1 (V) be defined in (12). Then
[ S (L&”(t));sz@(f) )

1t > 0} converges weakly to mlL,(,1>(1) — mstz)(l).

Proof. We have to check that

(1) 2)
S1(Ly —Sy(Ly 1 2
lim E [e“"‘(”)—” e (’”} ) [e"(mlLE)(”—mzLﬁ’“”] forall 0 € R
— o0

=E,(m0)Ey,(—m20)

(here we take into account that Lf,])(l) and L§2)(1) are i.i.d., and the expression of
the moment generating function in (3)). This can be readily done by noting that

- (D - (2) (1) (2)
SI(Ly "= (Ly” (1) SI(Ly " @)=Ly~ (1)
]E |:60ta1(v) v - v ] _ ]E [69 v v v }

e ()2 (1))
(oo () (o (1))

and we get the desired limit letting ¢ go to infinity (for each fixed 6 € R). g
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Proposition 4.3. Assume that Condition 4.1 holds (therefore we can refer to the inde-

pendent subordinators {S1(t) : t > 0} and {S»(¢) : t > 0} in Lemma 4.1). Moreover

assume that vi = vy = v for some v € (0, 1) and let a1(v) be defined in (12).

Then, for every family of positive numbers {a; : t > 0} such that (1) holds, the family
M @

of random variables [(a,t)"‘l(”) 5Ly (’))752@” @y O} satisfies the LDP with

speed 1/a; and good rate function Jyp defined by

/=0 _yia=ny ()T

mi

(/A=) _ 1/(1-)) (_ x )1/(1_”) ifx <0.

mny

Jup(x) =

Proof. We prove this proposition by applying the Gértner—Ellis theorem. More pre-
cisely, we have to show that

) 1 6 (1)1 ) 51 aM -5y -
lim —— logE | ea ™ ! =v,#) (forallf e R), (13)

t—00 l/at

where W, is the function defined by

(m )YV ifo > 0,

@) = { (—ma)Y it < 0:;

indeed, since the function \iv is finite (for all 6 € R) anqv differeNntiable, the desired
EDP holds noting that the Legendre—Fenchel transform W of W,, i.e. the function
U * defined by

U*(x) := sup{fx — U, (6)} (forall x € R), (14)
6eR

coincides with the function Jyp in the statement of the proposition (for x = 0 the
supremum in (14) is attained at 6 = 0, for x > 0 that supremum is attained at
6 = mil(,”n—’i)"/(l’“), for x < 0 that supremum is attained at 0 = —%(—,‘%)"/(1"’)).

So we conclude the proof by checking the limit in (13). The case 6 = 0 is imme-
diate. For 6 # 0 we have

(g S aM-sP vy g Sl -5 o)
logE | ear ™™ f =logE |e (@n?

0 v 0 v
= log EU <K51 <W>l ) +10g Eu <KSZ <_ (att)”)l )
=logE <<m ’ +0( l ))t")
=108 Ly Ya)y (a;1)¥

log E ’ =)
log ”<<_m2(a,t)“ +0<(azt)”)) >
1 E mi 0 v 1
=logE, <W< + (arst) 0<(att)v>>>
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my v 1
+logE, (E <—6’ + (a;t)"o ((a[t)"))) .

Then, by taking into account the asymptotic behavior of the Mittag-Leffler function
in (2), we have

lim
t—00 ]/gt

o @
0 (0 ) Sy =S Ly~ @)
v 1)%1 sy VA Ry VA
logE |:e“r @) ! = (m10)""

for & > 0, and

t—00 1/at

1 0 (e S -9 0)
hm - IOgE |:€“’ (a;1)*1 1 - 2 _ (_ng)l/v
for & < 0. Thus the limit in (13) is checked. |

5 A discussion on possible generalizations

In Sections 3 and 4 we have proved two moderate deviation results, i.e. two collec-
tions of three results: a reference LDP (Propositions 3.1 and 4.1), a weak convergence
result (Propositions 3.2 and 4.2), and a collection of LDPs which depend on some
positive scalings {a; : t > 0} which satisfies condition (1) (Propositions 3.3 and 4.3).

Then one can wonder if it is possible to consider more general time-changes to
have a generalization of at least one of these three results in each collection. This
question is quite natural because, if one looks at the results presented above, the
asymptotic behavior of Mittag-Leffler function (see (2)) seems to play a role in the
applications of Gértner—Ellis theorem (thus in all the results, except those of weak
convergence).

In what follows we consider random time-changes which satisfy the following
condition.

Condition 5.1. Let {L #(¢) : t > 0} be a nonnegative process such that there exists

.1 : f(p) ifp>0
_ pLy()y — = _.
thm p logE[e 1= { 0 ifp<0 — Cr(p0),

where f is a regular, convex and nondecreasing (real-valued) function defined on
[0, 00) such that f(0) = 0 and f'(0) = O (here f’(0) is the right derivative of f at
n =0).

This condition is a quite natural way if one deals with inverse of heavy-tailed sub-
ordinators, indeed it is satisfied by inverse stable subordinators. This will be explained
in the following remark.

Remark 5.1. Condition 5.1 holds if {L ¢(¢) : t > 0} is the inverse of subordinator
{V(t) :t = 0} such that E[V (1)] = co. In such a case, if we consider the function

Ky (£) = log B[tV (D],
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we have a regular and increasing function for £ < 0, xy(0) = 0 and K{, 0-) = ¢
(here lc(, (0—) = oo is the left derivative of ky at £ = 0) and ky (§) = oo for & > 0.
Then the restriction of ky over (—oo, 0] is invertible, and assume values in (—o0, 0];
so we denote such inverse function by «, ! Then one can check that

f(p) =iy (=p) (for p > 0),

and this agrees with formulas (12)—(13) in [5]. In particular we recover the case of
stable subordinators with ky (§) = —(—&)" for € < 0and f(p) = p!/" for p > 0.

Then we can present a generalization of the reference LDPs presented in Propo-
sitions 3.1 and 4.1. The proofs are very similar to the ones presented for those propo-
sitions, and we omit the details.

Proposition 5.1. Let {S(¢) : t > 0} be a real-valued Lévy process as in Condition I.1;
moreover let {Ly(t) : t > 0} be real-valued Lévy process as in Condition 5.1, and
assume that {S(t) : t > O} and {L¢(¢) : t > O} are independent. Furthermore, we
consider the function

flxs®))  ifrs@®) =0,
0

Ags®) = Ty(ks©) = { ifks(@) <0

S(Ly@))
t

and assume that it is an essentially smooth function. Then { it > 0} satisfies

the LDP with speed v, = t and good rate function I p, s defined by

ILp, r(x) := sup{fx — A s s(0)}.
feR

Proposition 5.2. Let {S(¢) : t > 0} be a real-valued Lévy process as in Condition 1.1,
and let {L(fll) (t) :t = 0} and {L(fzz) (t) : t = 0} be two independent processes as in
Condition 5.1 (for some functions f1 and f», respectively), and independent of {S(t) :
t > 0}. Moreover, assume that {S(t) : t > 0} has bounded variation, and it is not a
subordinator (therefore we can refer to the independent subordinators {S1(t) : t > 0}
and {Sy(t) : t > 0} in Lemma 4.1). Then let W, v, be the function defined by

) filks (9)) if6 >0,
Yi.n®) “{ Falksi(—8))  if6 <0,

SILS) )=$2(LF) 1)
t

and assume that it is essentially smooth. Then > O} satisfies

the LDP with speed v, = t and good rate function JLp, f,, 1, defined by

JLD, i, /o (X) :=sup{Ox — Wy, 1, (0)}.
6ecR

Finally, we discuss a possible way to generalize Propositions 3.3 and 4.3 when
Condition 5.1 holds, together with some possible further conditions. Firstly one should
have the analogue of Propositions 3.2 and 4.2; thus one should have the weak con-

vergence of { 5;(1%((2) > O} (for some a(f) € (0, 1) which plays the role of a(v)
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SILP o)-sw P
in (7)) and { 1y (ttl)ja|(]2‘)( L (t))} (for some «1(f) € (0, 1) which plays the role

of a1 (v) in (12)) to some nondegenerating random variables. In particular, we expect
that, as it happens in the previous sections (see eqs. (7) and (12)), ¢ (f) = «1(f) when
the Lévy process {S(¢) : t > 0} is not centered (i.e. m # 0 in Section 3, or m| # my
in Section 4), and 1 — a(f) = l_“T‘(f) when the Lévy process {S(¢) : t+ > 0} is
centered.

Then one should be able to handle some suitable limits which follow from suitable
applications of the Girtner—Ellis theorem; more precisely, for every choice of the
positive scalings {a; : t > 0} such that (1) holds, we mean

0
a;logE [exp <KS <7(att)1—“(f)) Lf(t)):|

for the possible generalization of Proposition 3.3, and

0
“ (logE [exp (KS‘ <<a,r>1—al<f>) L m)]
0
rtog [exp (i (i ) 10 )

for the possible generalization of Proposition 4.3.

In our opinion, we can prove the generalizations of the other results by requiring
some other conditions, and Condition 5.1 is not enough. We also point out that, if
it is possible to prove these generalizations, the rate functions could not have an ex-
plicit expression, and only variational formulas would be available; see Iyvp(-; m) in
Proposition 3.3 (which can be derived from the variational formula (8)) and Jypp in
Proposition 4.3 (which can be derived from the variational formula (14)).

6 Comparisons between rate functions

In this section {S(#) : t+ > 0} is a real-valued Lévy process as in Condition 1.1,
with bounded variation, and it is not a subordinator; thus we can refer to both Con-
ditions 3.1 and 4.1, and in particular (as stated in Lemma 4.1) we can refer to the
nontrivial independent subordinators {S1(¢) : + > 0} and {S2(¢) : + > 0} such that
{S(¢) : t = 0} is distributed as {S1(t) — S2(¢) : t > 0}. In particular we can refer to
the LDPs in Propositions 3.1 and 4.1, which are governed by the rate functions I p
and JLp, and to the classes of LDPs in Propositions 3.3 and 4.3, which are governed
by the rate functions Ivp(-; m) = Imp(-; m; — m2) and Jyp. All these rate func-
tions uniquely vanish at x = 0. So, by arguing as in [9] (Section 5), we present some
generalizations of the comparisons between rate functions (at least around x = 0)
presented in that reference. Those comparisons allow us to compare different conver-
gences to zero; this could be explained by adapting the explanations in [9] (Section
5), and here we omit the details.

Remark 6.1. Throughout this section we always assume that v; = v, = v for some
v € (0,1). So we simply write W, in place of the function W,, ,, in Proposition 4.1

(see (9)).
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We start by comparing Jip in Proposition 4.1 and I p in Proposition 3.1.
Proposition 6.1. Assume that vi = vy = v for some v € (0, 1). Then J.p(0) =
I p(0) = 0 and, for x # 0, we have I p(x) > Jip(x) > 0.

Proof. Firstly, since the range of values of W/ (9) (for 6 such that the derivative is
well-defined) is (—oo, 00) (see the final part of the proof of Proposition 4.1, and

the change of notation in Remark 6.1), for all x € R there exists 9;1) such that
v ") = x, and therefore

Jip() =0 x — w, (0)).

We recall that 9)51) =0 (9)51) > 0 and 9)51) < 0, respectively) if and only if x = 0
(x > 0and x < 0, respectively). Then Jip(0) = 0 and, moreover, we have I} p(0) =
0; indeed the equation A@,S(O) =0, 1i.e.

1
~(ics, (0) + ks, (=07 (e, (0) + K5, (=) =0,

yields the solution § = 0.
We conclude with the case x # 0. If x > 0, then we have

sy (657) > maxfics, (65") + i, (—6"), O};
this yields ¥, (9;1)) > AU’S(G;I)), and therefore

Jip(x) = 0Px —w, 0y < 6Vx — A, 5(0) < sup{fx — A, 5(0)} = ILp(x).
feR

Similarly, if x < 0, then we have
K5, (—0) > max{ics, (0V) + ks, (—0D), 0};

this yields ¥, (9)51)) > AU,S(G,EI)), and we can conclude following the lines of the
case x > 0. O

The next Proposition 6.2 provides a similar result which concerns the comparison
of JyMp in Proposition 4.3 and Ivip(-; m) = Imp(+; m1 — m2) in Proposition 3.3. In
particular, we have Iyvp (x; m1 —m>) > Jyp(x) > Oforall x # 0 if and only if m| #
my (note that, if m| # my, we have m = m| — my # 0; thus «(v) in (7) coincides
with o1 (v) in (12)); on the contrary, if m; = mj, we have Iyp(x; 0) > Jmp(x) > 0
only if |x| is small enough (and strictly positive).

Proposition 6.2. We have Jyp(0) = Ivp(0; my — mo) = 0. Moreover, if x # 0, we
have two cases.

1. If my # my, then Iyp(x; m; — m3) > Jup(x) > O.

2. If my = my = my for some my > 0, there exists §, > 0 such that: Iyp(x; 0) >
Jup(x) > 0if0 < |x| < &y, JMD(X) > Imp(x;0) > 0 if |x] > &y, and
Imp(x; 0) = Jup(x) > 0 if |x| = 8y.



Noncentral MD for time-changed Lévy processes with iss 219

Proof. The equality JMp(0) = Imp(0; m1 —m3) = 0 (case x = 0) is immediate. So,
in what follows, we take x % 0. We start with the case m| # m», and we have two
cases.

e Assume that m| > my. Then for x < 0 we have Jyp(x) < 00 = Imp(x; m| —
m3). For x > 0 we have mil < m]fmz,whichis trivially equivalent to Jyp (x) <
Imp (x; my — mp).

¢ Assume that m| < my. Then for x > 0 we have Jyp(x) < 0o = Imp(x; m —
my). For x < 0 we have —miz < —m2f TR which is trivially equivalent to

Jvp(x) < Imp(x; mp — my).

Finally, if m; = my = m, for some m, > 0, the statement to prove trivially holds
noting that, for two constants cg,)n*, cl(,zzn* > 0, we have Jyp(x) = C,(,f,)n*|x|1/(l_“)

and Iyp (x; 0) = ¢\, |x|1/(1=/2), O

We remark that the inequalities around x = 0 in Propositions 6.1 and 6.2 are not
surprising; indeed we expect to have a slower convergence to zero when we deal with
two independent random time-changes (because in that case we have more random-
ness).

Now we consider comparisons between rate functions for different values of v €
(0, 1). We mean the rate functions in Propositions 3.1 and 4.1, and we restrict our
attention to a comparison around x = 0. In view of what follows, we consider some
slightly different notation: /1 p,, in place of ILp in Proposition 3.1; Jip,, in place of
JLp in Proposition 4.1, with vi = v, = v for some v € (0, 1).

Proposition 6.3. Let v, n € (0, 1) be such that n < v. Then: I p, ,(0) = ILp,v(0) =
0, JLp,»(0) = Jip,w(0) = O; for some § > 0, we have Ii p ,(x) > Ip,,(x) > 0 and
Jip,n(x) > Jipw(x) > 0for0 < |x| < 6.

Proof. We can say that there exists § > 0 small enough such that, for |x| < §, there
exist 0)5}1),, 9,521), € R such that

Ipy(x) =02x — A, s(02) and  Jip,(x) =0 )x — ¥, 0):
moreover 9;11), = 6)523 =0ifx =0, and 6;]3, 9;23 # 0if x # 0; finally we have
0=<w,ON), Ay s@) < 1.

Then, by taking into account the same formulas with 7 in place of v (together with
the inequality % > %), it is easy to check that

0<Aps@3) <AysOP) <1 and 0<¥,00) <w,06") <1

(see (4) for the first chain of inequalities, and (9) with v; = v, = v for the second
chain of inequalities); thus

ILp.»(x) = 03 x— Ay s(0) < 0 x— Ay 5(03) < sup{x—A, 5(0)} = ILp.y(x)
feR
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and

Jipo(x) =00x —w,(0()) < 6)x — w,(01) < sup{fx — W, (6)} = Jip 5 (x).
6eR

This completes the proof. O

As a consequence of Proposition 6.3 we can say that, in all the above conver-
gences to zero governed by some rate function (that uniquely vanishes at zero), the
smaller the v, the faster the convergence of the random variables to zero.

We also remark that we can obtain a version of Proposition 6.3 in terms of the rate
functions Ivp (-; m1 —m2) = Imp,v(-; m1 —m2) in Proposition 3.3 and JMp = Jmp,»
in Proposition 4.3. Indeed we can obtain the same kind of inequalities, and this is easy
to check because we have explicit expressions of the rate functions (here we omit the
details).

7 An example with independent tempered stable subordinators

Throughout this section we consider the examples presented below.

Example 7.1. Let {S;(¢) : t > 0} and {S2(¢) : ¢ > 0} be two independent tempered
stable subordinators with parameters § € (0,1) and r; > 0, and 8 € (0, 1) and
rp > 0, respectively. Then

xam:{f—m—wﬂ%MSm
o0 1f9>ri

fori =1, 2; thus

ks(0) = ks, (0) + Kks,(—0)
={ V{S—(rl —9)5+rf—(r2+9)ﬁ if —rp<6<r,

o0 otherwise.

Note that, to be consistent in the comparisons between /1 p and Jip, we always
take the rate function Ji p in Proposition 4.1 with v; = v, = v. Moreover, we remark
that, for Example 7.1, the function A, g is essentially smooth because

91¢i£nrz A}, () = —o0 and ngI}} A, 5(0) = +o00;

indeed these conditions hold if and only if «g(r1) and k5(—r2) are positive, and in
fact we have

ks(r)) = ks(=rz) = rfg + rf —(r1 +r)?

B B
_ P r r )
= +r + -1} >0.
(r 2) ((rl +r2) (r1+r2

We start with Figure 2. The graphs agree with the inequalities in Proposition 6.3.
Moreover Figure 2 is more informative than Figure 3 in [9]; indeed the graphs of
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20 T

A\ —v=0.1
k ——1=0.5||
16F N - p=0.9 |

I I I 1 N = 1 I I 1

91 0o -8 -6 -4 -2 0 2 4 6 8 10

Fig. 2. Rate functions Iy p = I p,, (top) and Jip = JLp,, (bottom) for the processes in
Example 7.1 and different values of v (v = 0.1, 0.5, 0.9). Numerical values of the other pa-
rameters: r; = 1,rp =2,8=0.5

Jup = JLp,y at the bottom in Figure 2 (for different values of v) show that the
inequalities in Proposition 6.3 hold only in a neighborhood of the origin x = 0.

In Figures 3 and 4 we take different values of 8 and of r,, respectively, when the
other paramaters are fixed. The graphs in these figures agree with Proposition 6.1.
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— o
- Jp)]

X) ||

Fig. 3. Rate functions I p and Ji p for the processes in Example 7.1 and different values of 8
(B = 0.3,0.5, 0.7 on the left top, on the right top and bottom). Numerical values of the other
parameters: r{ = 1,70 =2, v =0.5
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Fig. 4. Rate functions I} p and Jp p for the processes in Example 7.1 and different values of
ry (rp =5, 10, 50 on the left top, on the right top and bottom). Numerical values of the other
parameters: 1 = 1,v=0.5,=0.5
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