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Abstract The time-inhomogeneous autoregressive model AR(1) is studied, which is the pro-
cess of the form X, | = a, X, + &n, Where oy, are constants, and &, are independent random
variables. Conditions on «, and distributions of ¢, are established that guarantee the geomet-
ric recurrence of the process. This result is applied to estimate the stability of n-steps tran-

sition probabilities for two autoregressive processes X M and x@ assuming that both oz,(l'),

i € {1, 2}, and distributions of sfli), i € {1, 2}, are close enough.
Keywords Coupling, renewal theory, inhomogeneous Markov chain, autoregressive model

2010 MSC 60J10, 60K05

1 Introduction

The classical autoregressive model X, +1 = o« X, + ¢,, where « is a constant and ¢,
are i.i.d. standard normal random variables, is well studied, and it is known, in partic-
ular, that for @ € (0, 1) the corresponding Markov chain is geometrically recurrent,
positive and ergodic.

However, in real applications, we cannot always guarantee that all ¢,, are standard
normal i.i.d. random variables. In addition, parameter ¢ may not always be the same
for all X,,. From the theoretical standpoint, it is interesting to study the behavior of
such a model when « is “oscillating” around unity and ¢, are independent but not
necessarily normal and identically distributed.
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So, we come to the model X,,+1 = o, X, + &,, where o, are some numbers
“around” unity and ¢, are independent random variables. Our goal is to find the
conditions which guarantee the geometric recurrence of such a chain and study its
stability in terms of the stability of n-steps transition probability functions.

Usually, when studying the recurrence of Markov chains, we use techniques de-
veloped in the classical theory based on a drift condition (see, for example, [5, 24]).
However, the process of interest is time-inhomogeneous, so the aforementioned tech-
niques are not applicable. That’s why we use a particular time-inhomogeneous drift
condition developed in the paper [13]. In order to establish geometric recurrence, we
use results from [12].

The general theory for inhomogeneous Markov chains is much more involved
than its homogeneous counterpart. One of the most popular instruments in research
is the coupling method (see classical books by T. Lindvall [22] and H. Thorisson
[25]). An interested reader may find an example of applying the coupling method to
the stability of Markov chains on a countable phase space in both homogeneous and
inhomogeneous cases in the papers [15, 16, 18, 20]. The papers [1, 3, 7] are devoted
to the calculation of convergence rates for subgeometrically ergodic, homogeneous
Markov chains, and [4] addresses the inhomogeneous case. All these works use the
coupling method. We heavily rely on the coupling method in the present paper. We
present a modified coupling construction that enables us to couple two different in-
homogeneous chains. Such modified coupling generates an inhomogeneous renewal
process which we use in our analysis. We can refer to the papers [14, 17] for more de-
tails about inhomogeneous renewal processes. Generally speaking, renewal processes
have been used for a long time to study Markov chains. See, for example, [2]. The
papers [6, 8, 9, 19, 21] are also related to the inhomogeneous case. Another inter-
esting example of using the renewal theory for the analysis of Markov chains with
applications in statistics is [23]. Since general inhomogeneous renewal theory is not
well-developed, we use some techniques that are specially adapted to the problem
under consideration. One of the key techniques that helps to handle inhomogeneity is
stochastic domination. Building a dominating sequence is a key aspect of our devel-
opment. See more details about this subject in [11] and [10].

Summarizing the methods described above, we can outline the plan for this paper.
First, we use the modified drift condition from [13] to establish geometric recurrence
of the autoregressive model. Then, we obtain an estimate for E,[8°¢ ] for some 8 > 1,
where o is the first return time to some “recurrence” set C. Second, we use the re-
sult from [12] to establish a similar estimate for a pair of autoregressive processes, i.e.
E, y[B¢*¢]. Third, we introduce the coupling schema for two inhomogeneous pro-
cesses and employ the renewal theory for the stability analysis. Finally, we construct
a domination sequence (see Lemmas 1—4) and use it to obtain the stability estimate.
We will show that n-steps transition probabilities for inhomogeneous processes will
be close, assuming that one-step transition probabilities are also close.

This paper is organized as follows. Section 2 contains main definitions and no-
tations. In Section 3, we present the geometric recurrence result. Section 4 contains
the main result, the stability estimate. Section 5 includes technical auxiliary lemmas.
Finally, the appendix contains the example of calculating all the necessary constants
in a practical application.
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2 Definitions and notation

Throughout this paper, we assume that all random variables are defined on a common
probability space (€2, F, P). In Section 3 we deal with an inhomogeneous Markov
chain (X,),>0 with values in a general phase space (E, ). We denote the chain’s
transition probability by

Py(x,A) =P{X,y1 € A|X, =x}, xeE , Aecl.

When it is convenient, we will understand P, as an operator acting on an appropriate
functional space as

Pof(x) = fR PoCe.dy) £ (7).

By P, {X € -} we denote the probability measure generated by the process (X,)n>0
which starts at x € E. Thus, for example

P {X,e€ A, X, e B} =P{X, € A, X,, € B|Xop = x}.

We denote by E, the corresponding expectation. Strictly speaking, Py is defined on
a measurable space (E*°, £%°), and for every w = (wgp, wi,...) € E* we have
a canonical variable X, (w) = w,,. Thus, rigorously speaking X,,, in the context of
P and Py, represents two different random variables defined on different probability
spaces. However, such notation is very convenient and helps to develop the proper
intuition.

Next, we need a notation for a process conditioned on X, = x, i.e.

P{(Xn+m)m20 € |Xn = x}'

Note that in the homogeneous case, this would be the same P, introduced above.
But in our inhomogeneous case, we must maintain the index » in the notation since,
generally speaking, probabilities

P{(Xn+m)m20 € X, =x}, and IP){(Xk—i-m)mz() € | Xy = x}

are not equal if k # n. At the same time, we would like to stick to the homogeneous
notation as closely as possible. Thus, with some abuse of notation, we introduce prob-
abilities P} {(Xx)k>0 € -}, which mean

P {(Xi)k=0 € -} = P{(Xnsi)k=0 € | Xy = x}.

We will denote the corresponding expectation by [E7. It is important to note that, un-
like the homogeneous case, P and [P are probabilities defined on a different proba-
bility spaces. Thus, we can have a “homogeneous-style” derivation like

Ex [f (Xnin)] = Ex [, [F(XO]1] .

In Section 4 and later we deal with a pair of inhomogeneous Markov chains
(X ,(11) , X ,(,2)) . In this case, we will add a subscript i to probabilities and expecta-

n>0

tions related ta the chain XV, i € {1, 2}, thus having P; ,, the transition probability,
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IP; » and IP? , the canonical probabilities generated by the chain X ,(,i). In case we need

to operate with both chains simultaneously, we will use the notation

n 1y
P, {(Xm ,X€ )mzo e }
(1) 2) 1 2
= Px,y {(Xn+m’ Xn+m)m>0 e ‘ (Xr(l ), X1(1 )> = (x, y)} .

As usual, we denote by E}. , the corresponding expectation.

3 Geometric recurrence for inhomogeneous autoregression chains

In this section we deal with a single time-inhomogeneous Markov chain (X,),>1 with
values in (R, B) where B is a Borel o-field.
The main result of this section is presented in the following theorem.

Theorem 1. Consider a time-inhomogeneous Markov chain (X,)n>0 with values in
(R, B) starting from a fixed xo € R and having the form

Xn+1 =ap1 Xp + Wy, n> 0,

where o, > 0, W,,, n > 1, are independent and centered random variables defined
on the same probability space (S2, F, P). Denote their distribution functions and tails
by I'y(x) and Ty (x) = 1 — T'y(x) = [ Tu(dy), respectively. Assume the following
conditions hold.

1. There exists § > 0 such that

-1

oo k
Z nmax{a./+8,l} (1 —ap—8)T =oo.

k=1 \j=I

2. G :=sup,- EW,} < oo

Then for all x € R and for alln € N:

oc
E" ]Ula,-JrS <14 x|+ QG+ 1 =8 T_cq). (1)
Here
2G + 1
c:=max{ + —1,1}, 2)

oc = inf{n > 1|X,, € C} (stipulating that inf ) = 00) is the first return time to the
set C = [—c, c].
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Proof. The main tool in the proof is the drift condition from the paper [13]. As a test
function we will consider
Vx)=1+ |x|.

‘We will use this function for all n > 1. We have then
P,V(x) = f (1 + lanx + yDTu(dy)
R
=1 _/ (opx + y)Fn(dY) +/ (apx + y)Fn(dy)'
(=00, —anx] (—apx,00)

For x > 0 we can derive

PV()=1-2 f (@nt + )T (dy) + f (@nx + Y)Tu(dy)
(=00, —a,x] R
= 1+ ox — 20, xTy (—tx) + 2 f (—3)Tu(dy)
(=00, —aux]

Sap(I+IxD) + (1 —ap) +2EW,” = o, V(x) + (1 — ) + 26,

where we used the fact EW,” — EW,” = EW,, = 0 and Condition 2.
Put
}Ln = U + 87

and write

PaV(x) =2, V(x) + (1 — o) +2G — (hy — ) V(x)
=MV +0—ay)+26 -8+ [x]). 3

Now we select constant ¢ such that
(1—oy)+2G-5(14¢) <0,

for example

2G +1
c:max{ + —1,1}.

Thus, we arrived to the following inequality for all x > 0:
PVx) <A VX)) +Q2G+1 - 8)]1[7c,c](x)7 “@

By exactly the same reasoning aplied to x < 0 we see that inequality (4) is valid for
all x e R.

Condition 1, along with inequality (4), ensures the conditions of Theorem 4 with
the set C = [—c, c]. The desired result now follows from Theorem 4. O

Remark 1. Condition 1 in Theorem 1 is a relaxed form of a separation from unity
condition:

supa, < 1.
n
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Clearly, in this case, we can select § = (1 — sup,, @,)/2, so that o, + 6 < 1 for all n,
and Condition 1 is equivalent to

Z(l—an—(S):oo

n>1
which is obviously true since 1 — o, — 6 > (1 — sup, a,)/2 > 0. The novelty of this
result is that we allow o, to be greater than 1 from time to time.

Remark 2. Since random variables W, are centered, Condition 2 is equivivalent to

supE|W,| < oo.
n

The following immediate corollary could be useful in practical applications.

Corollary 1. Assume conditions of Theorem I hold true and there exist two constants
Y > 1and Cy > 0 such that

n

H(Olk +8) < Coy™".

k=1
Then, for all x € R,
EL [v7€] < Co(1+ x4+ 2G +1—8) Lj—q(x)).

Remark 3. In the homogeneous theory, geometric recurrence implies a correspond-
ing chain’s positivity and geometric ergodicity. However, in the time-inhomogeneous
case, such a conclusion is wrong in general since essentially inhomogeneous chains
(which are not asymptotically homogeneous) usually do not have a stationary distri-
bution.

4 Stability of general autoregressive models

In this section we consider a set of independent random variables W,Ei) 1 Q2 — Rwith
distributions I'{"? (A) = P{W,") € A} and a pair of Markov chains

X9 =a®xP |+ W, s

n>1ie{l,2,x) eR.
Our goal is to demonstrate that

‘]I”[X,SDG}—P{X,?)G-}H —-0, &—0,
TV

sup
n
where ¢ defines how “close” are families {I‘,(Zl), n > O} and {F,(lz), n > 1}.
We define ¢ by

1
£i=3 sup ‘F,(ll) (A — a,(ll)x) -r® (A — ot,@x)} . (6)
xeR,n>1,AeB
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It is important to emphasize that one-step transition probabilities for two chains
do not coincide when n — oo and remain different. Strictly speaking, ¢ is an internal
characteristic of a pair of processes and “changing” & means shifting to another pair
of processes. This can be illustrated by the example that we will use across this paper
which emphasizes the dependence of ¢ and assumes the following representation:

r'Y = 1 -#r, +&rY,
r® =a-gr, +r%? M
n n n o
where ¢ is a small constant. Here we can think of I';, as a “common part” of F,(ll) and
F,(f), and R,(f) states for a residual part. This particular example can also be considered
as a two-steps model, in which we flip a coin with a probability of “success” 1 — &,
and if the flip was “successful” we render the next W,fi) from a common distribution
I, otherwise from a residual distribution R,(,i). The connection between & and ¢ in
(6) is immediate:

&= - sup ERD (A — ot,(ll)x) — &R? (A — a,gz))x)‘ <Eé.

2 yeRn>1,AcB

Our goal is to find conditions which ensure proximity of n-steps transition proba-
bilities for all n, given only one-step proximity. Additionally, we want to demonstrate
that such proximity is approximately of order &, and all involved constants can be
calculated in practical applications.

For this purpose we construct a coupling for chains X and X @ First, we as-
sume that conditions of Theorem 3 hold, let C = [—c, c] to be a corresponding set
and introduce the following condition.

Condition M (Minorization condition). Assume that there exists a sequence of real
numbers {a,,n > 1}, a, € (0, 1), and a sequence of probability measures v, on
(R, B) such that:

inf T, (A — a,g”x) > aun(A), ie{l,2),

xeC

infv, (C) > 0,
n

0 < ay:=infa, <a, <a* :=supa, <1,
n n

forall A € Bandn > 1.

Remark 4. Going forward we will require Condition M for both {F,Sl), n> 1} and

{F,ﬁz), n > l} with the same {a,,n > 1} and v,. At the same time, in the scheme (7)

it is sufficient to require Condition M only for the “common part” I';,. This illustrates
that parameters {a,, n > 1} and measures v, do not depend on .

Second, we introduce substochastic kernels

0u(x, ) = min {I (- = ofx)]. ®)



320 V. Golomoziy

where min should be understood as a minimum of two measures (see [5], Proposition
D.2.8 as an example of a formal definition).
Note that by definition of ¢ and elementary equality a A b =

a+b—|a—b|
2
Qn(-va) Z 1 —E&.
We denote the residual substochastic kernels by
RV (x, A) =T (A - a;”x) — On(x, A),
so that .
RV (x,R) <e.

Here, Q, is a general analogue of a “common part” in (7).

To prove the main result, we will need some regularity conditions on Q,,.
Condition T (Tails condltlon) Denote A, = {y € R: |y| € [m,m + 1)}. Assume
that there exist sequences {Sn, n > 1}, {r,, n > 1}, such that

0" (x, Aw) = Q" (x, B)S, x€C,
Q" (An) £ v 0" (xRS,

rﬁ:é Sy < 00,

m>1
sup / R (x, dY)y| < Fm,
i,k,xeA,; JR
A= Z FuS < 00,
m>1

The motivation for this condition is as follows. We may think of 0" (x,) =

gﬁ&& as a proper k-steps transition probability, which is true in the case of schema
(7). Generally speaking, this is not true, and we need additional regularity condi-
tions to ensure that function x — Q;(x, R) does not vary too much (in schema (7)
Q:(x,R) = 1 — & and does not depend on x at all). We do not need 0, = 0"'to
be a proper Markov kernel in our derivations, so we do not impose any additional
conditions. But we can think of Q; as a Markov kernel and Q" as k-steps transi-
tion probability function to develop the intuition behind Condition T. First, imagine
Qt(x -) is a homogeneous Markov kernel that is driving “coupling chain”, so that
0:(x,") = O(x,-). Assume the kernel is irreducible and geometrically recurrent
(and thus positive), so there exists an invariant probability measure, say 7. Denote
T = mw(A;,). We can write

0 @ Aw) =) O x Ap) = Fw + 7w < D108, ) = T |(A) + TTm
m>0 m=>0 m>0

<1410, ) =7 |R) = 1+ 10" (x, ) — 7ll7v

<1+ 110", ) = mllry < oo.

k>1
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Assuming that C is a geometrically recurrent set, we may conclude

sup Y 0M(x, Ap) < T4sup ) |10 (x, ) — mllry < oo.

xeC,k>1 m>0 xeC k>1
. .. 0"k (x,A) A .
This demonstrates that condition <22 < §,  x € C, is reasonable.

0% (x,R)

Let us now discuss the condition on R,il) (x, dy). This condition requires that the
“shifted” residual process does not go far away from its starting position. For ex-
ample, if R,E’) are also centred and have the “autoregressive” form, R,E’)(x, dy) =

F k(i) (dy — x), the derivation of Section 3 demonstrates that it is reasonable to expect
7, = O(n). In this case, condition A < oo is reduced to

sup » " nl|Q"(x, ) —w()llrv < o0,

xeC n>1

and

/ |yl (dy) < oo,
R

which are also reasonable conditions that are satisfied in the case of the geometrically
ergodic autoregressive model. Moreover, the homogeneous theory tells us that exist-
ing of a small set C (in the sense of Condition M) with a finite second moment of the
return time is sufficient for the above conditions to hold.

It is easy to show that a similar motivation remains valid for inhomogeneous
autoregressive models. Assume Qn (x,) = f‘n(~ — a,Xx), so that we can construct
the chain (Y,),>0 of the form Y41 = ay4+1Y, + Up+1, n > 0, where U,, ~ f’n are
independent and centred random variables. The transition kernels of the chain (Y},)
are Q,,. Then the Chebyshev inequality turns into

~ EL[|Y)?
G (x, Ap) < P (Y] 2 m) < 2]
m
Next, we write
n n
=3\ T1 o) U
k=0 \ j=k+1

here Uy € [—c, c] is a fixed (nonrandom) initial state and ]_[z 41 = 1. Assume that
U,,n > 1, have the uniformly bounded second moment. Denote its bound by r,. We

can then set
2 n n
o maX{M2, c } 2
§ = ) 5 T
m n
k=0 j=k+1

So, we can conclude that the existence of the uniformly bounded second moment (or
any higher moments) for distributions I';, along with the condition

sup " [] ef <o0 ©))

" k=0 j=k+1
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are the sufficient conditions for building {S’n, n > 1}. Note that Condition 1 of Theo-
rem | requires aset {n > 1 : «, > 1 — §} (for some § < 1) to be very sparse, so that
it is reasonable to expect

n n
M
SUPZ Hajz'il_(gy’

" k=0 j=k+1

for some constants M and y > 0. Of course, in order to ensure »_ 7, S, < 00 we

may need to impose a stronger condition on U,, for example, torrlllave a uniformly
bounded fourth, or even exponential, moment.

Generally speaking, Condition T requires that the “residual mean” grows slower
than the Q,-chain “advances in space”, in other words, the probability of hitting
distant regions of the phase space is small enough to compensate for the “residual
mean’s” growth as the starting point x is moving away from the origin. It should
be clear now that the most typical autoregression, the Gaussian one, satisfies this

condition as long as all variances are uniformly bounded.

Remark 5. In the discussion above, we have shown that we may expect 7, = O (n),
which in turn means that m < AA, where A is some constant. However, we have
never formally proved that 7, > 1, so we keep both conditions m < 0o and A < 00
even if, in usual circumstances, the latter implies the former.

Finally, we would like to mention that A is in fact A(e) (we have shown that

R,({i) (x, R) < &), which means it should be small as ¢ — 0. In schema (7) we clearly
have A = O(e).
Assuming Condition M holds true, we define “noncoupling” operators

T'Y(A — arx) — av,(A)
1-— ag ’
1 2
1A, B) =T, (x, AT (3. B).

70 (x, A) =

We define the Markov chain Z,, = (z,&”, z?, dn> with valuesin (R, R, {0, 1, 2})
by setting its transition probabilities
ﬁn(xv ¥, ;A x Bx{2})= ]lx=an(x, ANB),
1 2
R (x, AR (v, B)
1-0,(x,R)

we assume the latter probability is equal to zero if O, (x, R) = 1,

Py(x,y,1; A x B x {0}) = 1,_,

’

Py(x,y,0; A x B x {0}) = (1 —a)lexe @, NIV (x, AT (v, B)
+ (1= Lexe NP (A = P02 (A — aPy),

Py(x,y,0; A x B x {1}) = Lexe(x, y)anva(A N B).
Py(x,y,2;) = Py(x,y, 1;9).
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All other probabilities are equal to zero.

It is straightforward that marginal distributions of the process Z, equal to those
of X ,(li).

We will use the canonical probability I@;’ v.d and the expectation I_E; v X0V € R,
d € {0, 1, 2} in the same sense as before.

Let us denote by

ocxc =0cxc(l) = inf{n >1: (Z,(ll), Z,(f)) €C x C},

Gewe(m) = inf{n > Gexe(m —1) - (Z,(ll), Z,(f)) €Cx c} Com>2,

the first and m-th return times to C x C by the pair (Z,(,l), Z,(,z)).
We will also need a special notation for the sets

D,={di=dr=---=d, =0},
Dy ={di=dr =---=d, =0,0¢cxc(k) =n}, (10)
By = {dr € {1,2},dr+1 =0, ...d, =0},

and for the values

puk = sup Bl o (Dux) . (11)
x,yeC,t

Theorem 2. Let X© be two Markov chains defined in (5) that simultaneously satisfy
Condition M, Condition T and conditions of Corollary [ withy > 1, and C = [—c, c]
be a corresponding set.

Then there exist constants M1, M € R, such that for every x € C

where m and A are defined in Condition T.
For every x ¢ C the following inequality holds true:

P XD e ) - B X2 e || < embty + ane, (12)

P’ {X,Sl) c } _P {X,@ c }H < eQQAM) + A(0)) +2AMa,  (13)

where
k—1
i) =sup ) [ [] Qiilze | R\ O).
k>1 \j=0

Remark 6. By Q;14 we understand a kernel that is equal to Q;(x, -) if x € A and
zero otherwise. So we have

n—1

[]Qta| & B

J=0

=]lA(X)/A---/A Qi (x,dy) Qi+1(y1,dy2) ... Qt4n—1(¥n-1, B).
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Remark 7. Recall the process Z = (Z,(ll), Z,(12), dn> that is defined above. We

. n>0
can interpret [L(x) as

~ = 1 2 .
p@) =supY P ldi = =d, =22V =2P ¢ C.j<n).

n>1

We can think of f1(x) as an “expectation” for the first time the “coupled chain” vis-
its C. The difficulty of calculating [i in a practical application depends on the exact
model. However, it is typical that the “common part process” enjoys the same prop-
erties as each of the original ones. In the context of this paper, this means that the
“common part process” will be geometrically recurrent.

We can demonstrate how to calculate [i(x) in schema (7). In this case, we can
factor out decoupling trials and the process’s advancement in space. Let (¥},),,>0 be a
canonical autoregressive process generated by the family {I",, n > 1} and ]f"i be the
corresponding probability. Without loss of generality we assume € = €. Let

o6 =inf{t > 1:Y, € C}
and assume there exists ¢ > 1 such that
g(x) = supE. [1//5] < 0.
t

Then, we can write

i(x) = supZPxx fdy = =dy=2.2"=2P ¢ C.j<n)
n>1
= sup Y (—ePL (G =n) < sup Y-y g(x)
n>1 n>1

(1—gy! L 8w
1—(1—g)y! =1

Finally, g(x) can usually be estimated by constructing a Foster—Lyapunov function
satisfying a drift condition for the process (¥},),>0.

=gx)

Remark 8. It is possible to calculate all constants involved in (12) in terms of G, 4§,
ax, a*, inf, v, (C), ¥ that are defined in Theorem 1, Corollary 1 and Condition M.
See Appendix A for an example of such calculation.

Proof. Using the standard coupling approach we first obtain

[P {0 e al - [x? e al

{Z, € (AR {0, 1,2)} =P, {Z, € R, A, {0, 1,2})}]

’xxl

x,x,1
=[P, {Zy € (AR AOD} =P, | [Z0 € R, A, {OD)}]
<max (P, {Z, € (A.RAOD}. B, 1 {Z) € R A, (OD}}

<P {dy=0}.
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Let us denote a kernel

Al(x, A) =P {dk e(1.2),zV =z ¢ A},

x,x,1

and a set
An={yeR: |yl €[m,m+ 1)}

We note that since P, (x, v, ;) = P, (x, y,2; -) we have
_ _ 1 _
BaB) = [ B |d =120 =20 =y} B 0o
R

_ ) _
b [ B =220 = 2 = ay| B0,
R
= AL Gx, dy)PTS (D).
We apply this equality to the last decoupling time and derive:

n—1

n—1
@MMFM=ZﬂMwm=ZAMm@mme>
k=1 k=1

n—1
2930 DY R HERIS A NT

k=1l m=>0""m
n—1

< Z Z Aj(x, Ay) sup Ptyfy’il(Dn—k)o (14)
k=1m>0 YEAm

Next, we want to replace A} (x, A,,) with S, and apply Lemma 8. However, this
can only be done for x € C. Indeed:

k—1
A, An) =Y B {dj = 1}':_?1{d, =21eTk—j.2Y, =22, € A}
j=0
k—1 k—1
=Y P dj =10 (A) < TP L) = 1 0T R)S,
=0 j=0
k—1
=8u Y P ldj=1djp1 = dp =2} = 5, P, {dh =2} < Sp.
j=0

Here v;j(du, dv) = 1gy=qv(1{j=0}0x + L{j>01v(du)) helps us to include the case
of j = 0 (i.e. no decouplings from the beginning) into the previous derivations.
Applying this bound and Lemma 8 to (14) we obtain for x € C:

Pl {dn =0} < Y Spu(eMy + PnMa) = eritMy + AM;. (15)
m=>0

Now we consider the case x ¢ C. Let us denote

G=inflt>0:zV=2z% eC.dj = =d, =2} < .
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For x ¢ C we have

Aj(x, An) = Z]Pxxl = 1P t+]{d1—2 lelk—j (1)._2(2) € Ap)
+Px,x,l{d2 = =di1 =2, Z](cl)l = Z(z) € Am} =< Sm
+ZP;,x,1{d2 = =d1=2,0=], Z/E?] = 2122,)1 €Ay}
P = =di1=2,5 > k, Z,El)l = Z(z)1 € Ap}
< Sm + S‘mH_D;’X’](dl g dkfl 2 o< k) =+ qkm(x) < ZSm +qkm(x)
where
Gm@x) =P {dr=---=dr1=2,0 =k, ZIEDI _ Z(2>1 € Al
Denote

() =Y qim(x).

m=>0

Applying this result and the obvious inequality I@”fyk 1 (Dn—k) < & to (14), we get for
x¢C '

P, 1 {dy = 0) < 2eiM\ +2AMy + £ ) qi(x) < e(2itM + L(x)) + 2AM.
k>0
Here we used the fact
D ar(x) = ). O

k>0

5 Auxiliary results

Everywhere in this section we assume that conditions of Theorem 1 are valid as well
as Condition C and will use the corresponding notation.
We start by introducing an important result that allows us to connect the expec-
tation of the exponential moment of o¢c«¢ with individual exponential moments of
@)
oo
Theorem 3. Let
aMx M 4w,
and

2) 2) v (2 2
X2 = a2 X2 + W2,

be two Markov chains. Let F,(Li) be a distribution of W,gi) and all W,gi) be independent.
Assume that both chains satisfy conditions of Corollary 1 and Condition M for the set
C = [—c, c] where c is defined in (2).

Then there exist Y1 > 1 and Eq, E1 € R, such that for every x,y € Randn > 0

Ly [T < Bollxl + 1yD + i
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Remark 9. Constants E¢, 21 can be calculated using results from [12]. We will show
how this can be done in Appendix A.

Proof. From [12], Theorem 4.2, we get

[0

o @
By v =M (ESZ [%C ] S1(o) +E! [%c ] Sz(%)) :

where, Vo, ¥1 € (1, %) and M € R are some constants and

1 10) o)
Si(u) = sup { —a (E; [MGC ] —ay &}, [u"C ])} )
n

n,xeC

Since Y9 < ¥, Corollary 1 turns into

1 (i) Co(242G -6
Sitn) < —— sup Bn[yoe’] < LEE2OXCZD)
1 —a* n,xeC 1 —a*

@
Next we apply Corollary 1 to E% |:1pg ¢ i| and get

EL, [¥79] < Bollx] + Iy]) + E1, (16)
MC2(2+42G + ¢ — 6)

o= —" ; , (17)

1—a
Bl =802+ 0+2G—-8Acx) +1c(y)). (18)
0

Next we introduce

hix,y) = SupIE;’v [ ifoc] (19)

Up Fx.

and | 5
RV (x, dy)RP (x, dz)

H;(x) = /
R2\CxC 1 -0/ R)
Going forward we will use the notation from Theorem 1, Corollary 1, Theorem 3

and Condition M. We now present a series of lemmas that are necessary to prove the
main result.

Lemma 1. Forall (x,y) ¢ C x C

h(y, 2). (20)

H_D;,y,o {ocxe = n} <y "h(x, ).

Proof. Forall (x,y) ¢ C x C

]P);’y’() {UCXC > Yl} =P {GétiC >n ‘ Xt(l) =X, Xt(z) = y} < SI_HE;’), I:Sl—UCxC]
=9y "h(x, ). (21

The first equality above is due to the definition I@;’ 1.0° then we used the Chernoff

inequality and definition (19). O
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Remark. Note, that it is important in the preceding derivations that (x, y) ¢ C x C.
In this case the distribution of the pair (Z("), Z(?)) coincides with that of (X!, X®))
on the time intervall [0, 6¢c«c — 1] which makes the first equality valid and allows us
to move from the probability measure IP to P, and use geometric recurrence result for
a paired chain.

Lemma 2. _
Py {di =0,60xc > n} < ¥ Hy(x),

where Hy(x) is defined in (20) and x € R.
Proof. We use Lemma | and definition of probability P to derive

{di =0,0cxc = n}

_/ RV (x,dy)R® (x, d7) - B
R2\CxC

xxl

Py cofocxe =n—1)

1-0:(x,R)
<yl / RO RO d)
— 7 Jraexe 1-0/x,R) ’
=y H (x). O

Now, we consider a situation when the pair (Z ,El), Z,£2) ) hits C x C exactly once.

Lemma 3.
S((n—1DH;(x)+¢)
P 1{dj=0,j=Tn6cxc <n<dexe@) < 1/[,,,’1 )
1
where

S=(1—a,) sup / T} (du, dv)h(u, v).
x,y€C,t>0, JRZ\CxC

Proof. For any x € R

PLoi{di=0,j=1.n6cxc <n <dexc)

—ZPm {dj =0,j =Tn, Gexc =k, Gexc@) > n)

n

= Z/ P;x 1 {dl =0, 6C><C = k, (Z]El)’ Z]£2)7dk> = (du’dv’o)} X
CxC

x P (Gexe >n—k) < ZP” di =0,6cxc =k, dp =0} x
k=1
x sup PH O {di = 0,60xc > n — k).
x,yeC
Note that we cannot apply Lemma 1 to the last term, because initial values (x, y) €
C x C, and so the distribution of the first step for a Z-chain under the measure P is
different from that of (X, X ®)-chain under IP. So we have for all (xo, yo) € C x C

Pt +k

yo(){dl =0,0cxc >n—k}
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2 = _
= (1 —ar4) / TG0 d) T 0. d)PLT Geke = n — k).
R*\CxC

Now we can apply Lemma [ to ]f"fyk,gl {ocxc = n — k} and obtain the inequality

Stk .
sup PO o {di =0,6cxc = n—k}
x0,Y0€C

1 —
<~ S f T (dx, dy)h(x. y)
Y xoeec JR2\Cxe T
= Sy ",
(23)

Using Lemma 2 for k > 2 we get

P! {di =0,dp = 0,6cxc =k} <PL | {d) = 0,5cxc = k)

x,x,1
<y “VH,W). (24)

It is clear that for k = 1
RP(x, )R (x, C) -

]f”i,x,l {di =0,0cxc =1} = I~ 0, R <e
- t 3

(25)

Now combining (23)—(25) we get that

Pioi{dj=0,j=1,n6cxc <n <dcxc@)

n
= SZPZ’XJ {di =0,0cxc =k, dr =0} 1//1_("—1{)
k=1

<s (Z Hy gy Dy 70 4 wﬁ””)

k=2
=5 (7" V= DH) + ey ")
=597 "V (= DH () +¢) . O
Finally, we look at the situation when the pair (Z ,El), Z,({z)) hits C x C exactly

k > 2 times.

Lemmad4. Forallx € R

H_D;,)C,] {Dn’ &Cxc(k) 5 n < 6C><C(k + 1)}

n—k+1 n—i
il I
<SH Y 670 Y pjucas T
i=2 j=k—1
n—1
—(—j—1
+eS§ Z 0jk—10, =j=0,
j=k—1

where pni is defined in (11), and S is from Lemma 3.
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Proof. Using the first entrance — last exit decomposition and the Markov property,
we get the following representation of the probability of interest

PL 1 {Dn,Gexc (k) <n < Gexelk+ 1))

n—k+1 n
B 2
=2 2 / Pl {Dilf (Zi(l)’ z{ )) = (dyl,dyz)} x
i=1 j=i+k—17C*C

- o
x fc B [Djciir. (2. 2P)) = @z1,dz0)|
X

x P;tgw {dy =0,6cxc >n—j}.
Here index i stands for the first hitting. Since there are k total hittings during the n
timesteps, the first hitting may not occur later than n — k, otherwise there will be no
“space” for the rest k£ — 1 hittings. Similar arguments applied to j, which is the time
of the last hitting. Since there are exactly k — 1 hittings on the time interval (i, j], j
may not be closer than k — 1 to i, otherwise k — 1 hittings will not fit into the interval.
Now we take supremum over x, y € C and ¢t > 0 in the second and third terms and
arrive to the inequality

_ n—k+1 n _
]P);xl{Dn»6C><C(k)§”<6CXC(k+1)}§ > > ]P);xl{Dil}X
” ] =l j=itk-1 T (26)
X SUP, yeC. s P;’y’o {Djfi’kfl } SUPy yeC,t ]P);,y,O {di =0,0¢cxc >n—j}
We immediately recognize the second multiplier as p;_; x—1.
Using the same arguments as in Lemma 3 (see inequality (23)), we get an estimate
for the third multiplier

sup P o {d1=0.Gcxc >n—j} < Sy "

x,yeC,t
Using Lemma 2 we obtain a bound for the first multiplier for i > 2

Pl 1{di =di =0,6cxc =i} <supP, | {d1 =0,6cxc =i}
xeR

—(i—1
<y TV H ).
Fori = 1 we have

R ORP . O)
—0wR -

Substituting the bounds for the first and third multipliers into (26), we get

Pl 1 {di =0,6cxc =1} = (27)

Pl ADn. Gexe (k) <n < Gexelh + D}
n—k+1 n

=3 Y =@y oSy Y
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n
+ > epj_tu1 Sy Y

j=k
n—k+1
=SH,(x) Y v 7V Z pj—ise—ripy "
i=2 Jj=i+k—1
n .
+eSY pjtu—tyy "7
j=k
n—k+1
= SH; (x) Z 6, 7Y Z piardy "
Jj=k—1
n—1
—(n—i—1
+ &S Z 0jk—18, (= ),
j=k—1
(28)
O

It is critical that the probability from Lemma 4 is double summable over n, k.
One may notice that since pj; = 0if j < k (because it is impossible that 6¢cxc (k) =
J < k), the double sum in the right hand side of the inequality from Lemma 4 is a
convolution of two geometric sequences (v/; ") with px (as function of j with fixed
k) evaluated at n — k + 1. Thus in order to establish finitness of the desired sum it is
required to demonstrate that the double sequence {p,x, n > 1, k = 1, n} is summable.
For doing so we will need the next three lemmas.

Lemma 5.

puk = sup Pl o {Du} < (1 —ank. (29)
x,yeC.,t

Proof. We proceed by induction. Let n = 1 and k = 1. Then
P oDt =P, o {Z1 € (CxC x0)}
=1 -7 @ OT? (0, 0) = (1 —ay),

since T (x, ©) < TV (x, R) = 1.
Considernown > 2,k = 1:

]P);O,)’O,O {Dn1} =1 —ay) e 7V (xo, dx)T,*) (30, dy)]P’H'lO {61 = n}
X

2
<(-a) 1" (xo, dx)T,% (yo. dy) < (1 — ay).
R2\CxC

So, we have shown that for all positive integers n and k = 1 inequality (29) is
valid.
In what follows we will use a simplified notation

0; = ocxc ().
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Assume it is valid for all positive n and k, let us check it for k+ 1. Clearly, it is nothing
to prove if n < k + 1 since the underlying probability is zero. Consider n > k + 1

and write
—k

! —
]PXOyOO Dy i1} Z X0,50,0 {61 =5 Durs1}.

Now we use the conditioning by Fy, the Markov property and the fact that

{61 =9, Dn,k+l} ={Ds1,ds41 =+ =dy =0, 0441 = n}
=DaNb;({d1=---=dy—s =0,00 =n—s}) = Dy mOsl)n—s,ka

where 6 is a shift operator. The obvious inlusion D € & and the induction assump-
tion allow us to obtain

—k

Z ¥0,70,0 {61 =15, Dpis1} ZEXO 10,0 ’Dsl’ Iputzts {Dn—s,k}}

n—k

SZ sup ]P) { n— s,k}]fnfro,yo’o(Dsl)
=1 % yeCit

n—k

<(I—a) ZPXO woDs) = —a)* Y P o(d =061 =5)
s=1

=1~ a*>kIPxO 1001 =061 <n—k)

= -a)(—a) 7" (x0, dx)T,? (y0, dy) x
R2\CxC

x P61 <n—k =11+ (1= a) (= a1 (x0, OT,? (30, C)

< (1 —a)t! /R 1, (0. 40T (0. dy) = (1 = o).

(30)
Thus the inequality (29) is proved for all n, k. U
Lemma 6. Letm > 2 be an integer, k an arbitrary positive integerand j € {0, ..., k—

1}. Then
putrjk < (1 —a)f sy =0,
where S is defined in Lemma 3.

Proof. In this lemma we use the following notation which is aimed to simplify further

formulas:

n=mk+ j,
oo =0,
0 =0dcxc(), =0,

A =6 —6im1, i>1,
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Sk = max {A;},
1<i<k
Ty =min{l > 0: Ay = &} <k,

D = Dyjyj k.

It is easy to see that
D C {gk = m}. 3D

Indeed, assume D N {¢; < m} # P andlet w € D N {¢x < m}. Then
k
Gr(@) =) Aj(@) < k(@) < mk.
j=1

This contradicts to the definition of D = D4k, so (31) is proved.

Assume first that 7, = 1. This means that the period before the first hitting is the
longest, or, in other words, all subsequent intervals between hitting C x C are smaller
or equal to the first one. Note, that since m > 2 and Ek (w) > m, w € D, we conclude
that hitting will not occur at the first timestep. This observation allows us to write the
following decomposition for xgp, yo € C:

P;O,}’O,O {Dpi, T = 1}

=1-a) T, @x, d)PH ({51 > m—1, D14}, (32)
R2\CxC -

where we used the notation Tx(;) (A,B) = Tt(l)(x, A)T,(z) (y, B) introduced in the
previous section.

Now, using the same arguments as in the proof of Lemma 5 we notice that for
s>m

Sebl (= ot [= Ht+s

]P)x,y,() {01 =5, anl,k} = Ex,y,O [01 =s, Dy, PZS {ans,kfl}:l
pitl (= k=1mt+1 (=

= pnfs,kflpx-f—y’() {o1 =5, Ds} < (1 —ax) Px—:ry’() {o1 = s, Dy},

where we used Lemma 5.
Substituting this upper bound into (32), we get

Pl oDne T =1} < (1 —a)* ) /R T, (@dx. dy)PLE) (61 = 5. D]

som—1 2\CxC

——at [ T @By Gz m - 1)
R2\CxC e

(1 —ayk
= Iﬂm_*l /]I;Z\C CTXoyo(dx’dy)h(X,)’)
] X
C(—a)tls

-1
vy
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So, finally we get the estimate

- Si(1 = a)"
IP>)c(J }OO{D”k’T” =1} = Tl* (33)
Here we introduced S1 = S/(1 — ay) because we would like to maintain the term

(1 —an*.
Now we use (31) and (33) to write a decomposition with respect to 7,,:

E”;,y,o {Dux} = I@;,y,o {Duk, &k = m} = Dok, G = m, Ty = j}

.
1M~
I
]
g

k
_ = ot +J = _ , . . T, — 1.0; =
= E E Ex,y,() |:PZ(.1) 7 {Tnfs =1, Dl‘l*S,k*j+1} s Ds j—1,Tn = j,0j—1 = S:|
i joTie

=y IZZU—M" THBL o[ Ds.jmt, T = j, 61 =5]

S o
= w'"l‘l ZZ(I — @) B [Dyjot B = .51 = 5]
1 j=1 s

- 122(1_“ VIR [T =461 =s] sup B o{Dsj1)

u,veC,t
1/,"1 IZZU—“)" TR o [T = 6j-1 = 5] oo
j=1s
Si i s = o Sil—a)
= g Z(l —ax) (I —a)) 7Py ol =jl= W
1 =1 1
Note that we used Lemma 5 in the last inequality. O

Finally we can show that {p,x} is summable.

Lemma 7.

oo n 1_a* S
= nk = 1+ )
’ gkgp C= ( (1 — a1 — 1)) =

Proof. As in the previous lemma, we denote by S1 = S/(1 — ay), so that we can
maintain the term (1 — a)*. Then we obtain the following upper bound:

ZZ/’"" —Zzpnk—ii mek+1k

n=1 k=1 k=1 n=k k=1m=1 \j=0

(o) o0

o0
Z Zpk+1k +ZZ mek+jk
k=1

m=2 =i
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Zpkﬂk +22k<1—a sy

k=1 m=2

<Y (d—a)k+ Z Z k(1= a) g " Sy
k=1

k=1 m=1

1 - a _
_ —‘;+312k(1 —a*)kzgy1 ”
(@) k=1 m=1

Mg

k

Il
—-

l—a*+S 1—a, 1 —a, ( +s 1 )

= 1 1 M

(a*)2 (W1 — ])(a*)Z (a*)2 Y1 —1

Note that we used Lemma 6 in the first inequality. g

Lemma 8.

sup Pl {Dn) < eMy 4 My

n>1 x€[m,m+1),t

where p is defined in Lemma 7 and

. <w15(1+m/f1> w1<1+s>>
1= Eo 5 :
W1 —1 Y1 —1
Yi(+p+ E1+S) | YiS+ py)
My =2Eg (S g )
? °< -1 TE TGy )

Eo, &1 are from Theorem 3.

Proof. Let us introduce

H™(x)= sup H/(x).

|x|€[m,m+1)

Using Lemmas 2, 3, 4 and 6, we get

(m) B m)
sup Pﬁc,x,l {Dy} < Z <Ht (x) 4 S((n—1DH,"7(x) + 8))

—1 -1
=1 Ixlelmm+1) =i\ v vy
n—k+1
1 —
+2 D SHMw 3w 5 g
n>1k>2 j=k—1

nel
+ ZZeS Z ,Oj,k—l’ﬁl_(n_j_l) = A + Ay +SA;.

n>1k>2  j=k—1

We start with A;.

A=Y <H"”)(x) L St = DH™ (x) + e)) _ Y1 (H™ (x) + €85)

wn 1 1//?_1 I/f] -1

n>1
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v1SH™ (x)
(Y1 =12~
Before moving to A; let us first look at the sum
n—k+1
DI ITIRD DRI
n=1k>2 i=1 Jj=k—1
[ n—k n—i
_ Z Z Z I/fl—(i—l) Z ijl”l_(”_i_j)~

n=1k>1i=1 j=k

It is clear that k may not exceed n, as well as pjx = 0if j < k. Put p, = 1//1_("_1),
n>1,py=0andgjk) = pjyix for afixed k, j > 0. We can then swap n and k
and rewrite the previous sums as

n—i

Zzzwl—(l I)Zp I/f_(n i—J)

k=1 n>k i=1
n—k—i e
1
_Zzzwl @i-n Z CIJ(k)‘ffl (n—k—i—j)
k=1n>k i=1
o
=ZZ<p*q<k>*p)n_k—Z(an> > qj
k=1 n>k k=1 Jj=0
00 2 0o 1#1 2
_ —(n—1) _
_<Z¢1 ) ZZP”‘(%—l) ’
n=1 k=1 j=1
Now we can calculate A,.
n—k+1
A=Y SHM () Z g Y Z pia—yy Y
n>1k>2 Jj=k—1

¢ 2
= SH™ (x)p <—1) — SH™ (x)As.
Y —1

For A3 we have

A3:ZZ Z Pjk— l"p] (== ZZZP/I{W] (==

n>1k>2 j=k—1 n>1k>1 j=k
. Y1
n
= 2_¥i Zpﬂc = :
Y —1
n>0

Now we have

(m)
Y1(H, 7 (x) +€8)
sup P;,x,l {D,} < !
=1 xlelmm+1) Y —1



On geometric recurrence for time-inhomogeneous autoregression 337

(m) 2
+ T S (wwl )
1

WY1 — 1) ~1
e, PYL YiSH™ )1+ pyr)
B 7 g
L (H" (x) + &S + SH"™ (x) + peS — pSH™ (x))
Y1 —1

<esVidte) nSU+pv1) 1/f1(1+S))'
¥ —1 (Y — 1)2 U —1

‘We can use result of Theorem 3 and Condition T to obtain

+ H"™ (x) (

Rt(l)(x, dy)Rt(z) (x,dz)
1-0:(x,R)

H™ () < sup /R (Bo(lyl + 12D + E1)

|x|€[m,m+1)

|x|€[m,m+1) |x|e[m,m+1)

— 2 —
< Go( sup /RR,“)(x,dy)|y|+ sup /RRE >(x,dy)|y|> +8
<28or, + €.

Finally we can write

sup IE";VXV1 {D,} < 27,80 <

n>1 |x|€[m,m+1)

Y181+ pyr) n Y11+ S)>
(Y1 —1)? Y —1

Jr8<SW1(1+p+El(1+S)) 1ﬁ15(1+p1ﬁ1)> 0

-1 LT

Appendix A

In this appendix we want to demonstrate how to calculate the constants involved in
the bound in Theorem 2.

First, we note that the bound in Theorem 2 depends on constants M; and M,
that are defined in Lemma 8. These constants in turn, depend on Eg, E; defined in
Theorem 3 and S defined in Lemma 3. Constant E; is known as far as we know Eg
(see (18)). Thus, we have to calculate Eg and S.

We start with Eq. From (17)

_ MC§2+2G +c—9)

1—a*

(1]

0

3

and we see that the only unkown constant is M. It is defined in [12], Theorem 4.2, as

e =)
-0+ —y) 1=y

where ¢ is an arbitrary constant such that (1 + ¢)(1 — y1) < 1. Thus, we only need
to calculate yy and yj. This can be done using Theorem 4.3 from [12]. The essential
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condition in Theorem 4.3 reduces to the exponentially small bound on the tails of
(@),
o |
P ol > n} = (Vo lac@) + Dley ™,
for some ¢ > 0 and V (x). Under the conditions of Theorem 2 (and thus Corollary 1)

this is true, with V(x) = Co(1 4 |x|) and D = Co(c + 2 + 2G — 9).
We start with calculating

/ P i(x,dy) —asv(dy)
R 1 —a

Co sup

t,xeC,i

142G +c—-5$§
(1+Iy|)§Co(1+—>-

1 —a*
We denote the last expression by Q so that
1+2G+c— 5)

1 —a*

Q=Co<l+

Theorem 4.3 from [12] now gives us

o= 1492 =D
(1—a)y O +as

where 0 is an arbitrary number in (0, 1).

1

(rerowaia)
Y0 = ~ ,
¥+ a1 =) (Y O(1 —ay))~!
. 1+ So—1 So(y — 1)
D=D 1+ — 1+ ———"),
1—V0<+1ﬂ—50¢Q)<+ lﬂ—SO)
m = minfn > 1| D§;" < 1},

A gt
y1 = (ax utlfv;(C))’" exp (ln (1 — Dé;, ’”) (80 — = 1)) .

So, we calculated yp and y; which allows us to express M and thus Egp and E; in
terms of known values.
Finally, we should calculate S from Lemma 3.

S=(1—ay) sup f T8 (du, dv)h(u, v)
R2\CxC

x,y,€C,t
_ (M = @ = =
< a*)sup/ (n (x, du)Eolul + T, (y,dv)uolvl—i-ul)
t R

1 —a,

=<
1—a*

(280(1 +2G + ¢ —8) + E|(1 —a")).

Appendix B

Condition D. We say that a sequence of Markov kernels (P;, t € Np) satisfies
Condition D with the set C € € if:
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(1) There exists a sequence of measurable functions Vi: E — [1, oo] and two

sequences of positive constants {A;, k > 0}, and {by, k > 0} such that for all
xeFE
PrVip1(x) < A1 Vie(x) + bl (x); (34)

(2) The sequence {Ar, k > 0} defined in item (1), satisfies

X —1

Z H(Ajvl) (1 =217 = 0.

Here a V b = max{a, b}, and a* = max{a, 0}.

Theorem 4. Let (P;) be a sequence of Markov transition kernels, C € € be some set
and Condition D hold true.

Then the following two statements hold true.

1. Foranyt € Ny and x € E such that P;V;1(x) < oo:

P {oc < o0} = 1.

2. Foranyx € E, t € Ny:

ac
E |12 | = i + 2 bl ).
Jj=1

The theorem is proven in [13], Theorem 1.
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