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Abstract In this paper the study of a three-parametric class of Gaussian Volterra processes
is continued. This study was started in Part I of the present paper. The class under consid-
eration is a generalization of a fractional Brownian motion that is in fact a one-parametric
process depending on Hurst index H. On the one hand, the presence of three parameters gives
us a freedom to operate with the processes and we get a wider application possibilities. On
the other hand, it leads to the need to apply rather subtle methods, depending on the inter-
vals where the parameters fall. Integration with respect to the processes under consideration
is defined, and it is found for which parameters the processes are differentiable. Finally, the
Volterra representation is inverted, that is, the representation of the underlying Wiener process
via Gaussian Volterra process is found. Therefore, it is shown that for any indices for which
Gaussian Volterra process is defined, it generates the same flow of sigma-fields as the underly-
ing Wiener process — the property that has been used many times when considering a fractional
Brownian motion.
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1 Introduction and preliminaries

This paper is a continuation of the paper [7], and we adhere to the same basic notation
and the same object. Namely, let 7 > 0 and let {W;, s € [0, T]} be a Wiener process.
We consider the Gaussian process with Volterra kernel (Gaussian Volterra process) of
the form

t
X; =/ K(t,s)dWs, (D
0
with
t
K(,s) = s“/ ul (u — 5)" du 1<s, 2)
N
so that
t t
X,=/ s“/ uP (u — )Y du dw. 3)
0 K
According to [7], condition f(; K 2(t, s)ds < oo is satisfied whenever
1 3
a>—§, y > —1, and a+ﬂ+y>—§. “)

Additionally, we proved in [7] that under condition (4) the process X is Holder con-
tinuous on the interval [0, T'] up to order min(l, y + % a+B8+y+ %)

Note that in the case where « = 1/2 — H, 8 = H —1/2,y = H — 3/2,
H e (1/2,1), process X is a fractional Brownian motion. For integration of a deter-
ministic function with respect to a fractional Brownian motion, we refer to [12]. Vari-
ous approaches to stochastic integration with respect to a fractional Brownian motion
are developed in [2, 3, 11]. Another approach to the integration of a nonrandom func-
tions with respect to the Gaussian processes are considered in [6, Section 3.5]. The
question of the inverse representation of the underlying Wiener process via fractional
Brownian motion was obtained in [10] and clarified in [9].

Thus, the process X under consideration is a generalization of a fractional Brow-
nian motion, moreover, its study requires rather subtle reasoning and estimates that
depend on the values of the parameters «, 8 and y. In [7] we proved that the process
X satisfies the single-point Holder condition up to order @ + 8 + y + % at point 0, the
“interval” Holder condition up to order min(y + %, 1) on the interval [7g, T] (Where
0 < 1y < T), and the Holder condition up to order min(o + 8+ y + %, y + %, 1) on
the entire interval [0, T']. In the present paper we are interested in the integration w.r.t.
process X and the inverse representation of W via process X. Thus, quite traditional
problems are considered, but their solution requires different analytical approaches
depending on the values of the parameters, and this is the interest of this study.

For the factional Brownian motion B, the Volterra representation (1) is called
the Molchan representation. The Wiener process W in this representation can be ex-
pressed with B step-by-step, as it is shown in [10]. The inverse representation in
the form W, = fot L(t,s)d BH is obtained in [5]. (More generally, [5] deals with

representations of the form B,H = fé L(t,s) dBSH 2 where BH1 and B™2 are two
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fractional Brownian motions with different Hurst indices which share the Wiener
process in their Molchan representations.)
The inverse Volterra representation of the process of the form

t t
X; =/ a(s)f b(w)cu —s)dudWy
0 K

is obtained in [8]. We reuse this representation for the process (3) whenever possible,
i.e., when (4) holds true and y < 0. However, the conditions of [8, Proposition 2] are
satisfied if @ < 0 (in addition to (4) and y < 0), and are not satisfied if « > 0, while
the inverse representation is valid anyway. Therefore, we have to justify the inverse
representation for the case where the results of [8] are not applicable.

In Section 2 we develop integration of deterministic functions with respect to the
process X. We construct a Banach space £, i of functions such that the integration of
functions in &,  can be obtained by continuous extension of integration of piecewise-
constant functions. In reality, the space &, is a weighted L” ([0, T'], 1) space for
some measure /L.

In Section 3 we find the set of parameters for which the process X is differentiable.
For that end, we define a process Xt =P fol s¥(t—s)Y dWs, and prove thatd X, /dt =
X, (under some conditions for o, B and y; see Corollary 2 for details). We also
study under what conditions the process X is differentiable, and thus the process X is
differentiable several times.

In Section 4 we find an expression for the Wiener process W in the Volterra repre-
sentation (3). The form of the expression depends on whether y € (—1,0) or y > 0.
If y € (—1,0), then the inverse representation has the form W, = fov L(v,t)dX,. If
y > 0, we use the process X to reconstruct W.

In the appendices we present auxiliary results. In Appendix A we restate the
Holder and Young inequalities in a nonstandard form, and propose a lemma that helps
to apply the Young inequality. In Appendix B we present some basics of fractional
calculus, which allows us to solve the Abel equation needed to invert the Volterra
representation for y > 0.

2 Integration with respect to the Volterra process

2.1 Classes of integrable functions
Let {X;, t € [0, T]} be a Volterra process defined in (1) with kernel K (¢, s) of the
form (2), and let ¢ (¢) be a nonrandom function. In [11], for linear operator K* defined
as

K* 1j0,1(s) = K (¢, 5), 5

the integral with respect to the process X is defined as

T T
/ $(1) dX, = / K*(s) dW,.
0 0

Since in the case under consideration the kernel K (¢, s) is absolutely continuous in ¢
and K (s, s) = 0, we can write

K (1,
K. s) =/ #dr,
S
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and so the obvious choice for operator K* is

r AK (¢, s
(K*)(s) = / ¢(t)$dt.

If it will be necessary to distinguish, operator K* will be marked as K E“ ) by the
values of the powers in the kernel K. Now,

T T T
/ gb(t)dX,:/ f qb(t)@dldws.
0 0 s t

So, the integral with respect to the Volterra process (3) is formally defined as
T T T
/ ¢(t)dXt=f S"‘f WP (t — )Y dt dW;. (6)
0 0 s

Now our goal is to define the class of functions ¢ for which the integral fOTqb () dX;
is well-defined. To that end, for k € R and p € [1, +00) we consider the Banach
space

T
Epk = {¢> : [0, T1 — R : ¢ is Borel measurable and / lp )| 1Pk dr < oo}
0

of functions taken up to a.e. equivalence, with the norm

T
Iplle,, = ( fo 1B ()P 17* dt)

Under additional condition pk > —1 the space £, x contains indicators of intervals
1j0,¢], 0<t<T.Regardless whether or not pk > —1, the space £, x contains indicators
of intervals 1(4, 1], 0 <#p <t < T, and the span of these indicators is a dense subset in
Ep k-

P

Proposition 1. Let (4) hold true, let p > 1 and

1/p

2 2
p>max( , ) @)
2y +3 34+2a+4+28+4+2y

Then the operator
T
O I ®

is a bounded linear operator LP[0, T] — L%[0, T).

Proof. For p = oo Proposition | follows from the proof of Theorem 1 [7]. So, let
p is finite, and let us calculate the norms of functions on the interval [0, T]. In what
follows, || fl » is a short-hand notation for || f||r[o,7]. With this notation,

11|, = (ap + 1)~V Pt/
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aslongas p > Oand ap > —1.
To prove the well-definedness and boundedness of the operator K*, it suffices to
show that

T T
/O|w(s>|s“f SO — ) dids < (o B ) V12161, ©)

for all ¢ € LZ[O, T and for some constant c¢(p; «, 8, y) not depending on 1. Con-
sider six cases.

Case 1. Let y > 0. Notice that under conditions of Proposition 1, inequalities %—I—a >
0 and % —1-8—-vy < % + « hold true. Choose an arbitrary § > 0 such that

%—1—,3—y<8<%+a.
Obviously, in the left-hand integral in (9) we have that s <t and ¢t —s <t. Therefore

T T T T
f |w<s>|s“/ |¢<r)|rﬁ(r—s)ydrdssf |1//<s)|s“—5f lp (1) t°TPHY dr ds
0 K 0

. r S
< / ()] 5% dis / (D) Y d
0 0

By the Holder inequality,

T T
/0 [y ()| s ds < ¥ l2 159 ]la, /0 o 2B de < N1l 1P 1 oy
Thus, (9) holds true with

c(pi . B y) = Il B XY | ooy,

and the finiteness of the norms |[s*~%||, and [|¢*+F#+Y Il p/(p—1) follows from the in-
equalitiespzland%—l—ﬁ_y<5< %—i—a.

Case?2. Let—1 <y < 0and % < y + 1. Let us find € from the following equation:

l+<—<(x+l—€)+—,3)+_ +2e=1 (10)
p 2 ’ o

It follows from assumption (7) that % < % + o + B + y. Together with assumption

% < y + 1, this implies that the left-hand side of (10) is less than 1 for ¢ = 0. In
addition, the left-hand side of (10) is obviously greater than 1 for e = % Hence, there

exists the unique € € (0, %) that satisfies (10); take it for the rest of the proof.
As before, s < t, and thus

s<a+7—€)+ S t(a+7_é)+, (11)

Since o — (o + 5 — 6)+ = min(a, € — 3),

Sa—(a+%—e)+tﬂ _ smin<a’6_%)tﬂ. (12)
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Multiplying (11) by (12), we get
+
Satﬂ < Smin(a,ef%)t(our%fe) +ﬂ.

Hence,
T T
f|w<s>|s“/ lp()| 1P (t — 5)” dtds <
0 s

T . T +
5/ p)lsm () / 61 ) P oy aras,

0 K

Define g and r from the equations

1 . + + 1
- = —<a~|—§—e) - B +e, - =€—,
q r

respectively. Then ¢ > 0 and r > 0 and, according to (10), % + 37 + % =1.

Denote
0 if t € [0, 5],
hg(t) = )
@t —s) ifte(s,T]

and apply the Holder inequality:

T + T +
f 61 ) Py ar = f 6ol ) P ar <
K 0

(a+%7€)++ﬂ (a+%76)++ﬁ
< lelp |t Al < @l p ||t Aol
q q
Again, with the Holder inequality
T T
/ |¢(s>|sa/ 6] 1Pt — )7 dids <
0 s
T ~ 1 1"
5/ o™ (@8 gy Il A7) ) g, <
0 q
1 s _l +l_ ++
< ¥l gmin(eet) Il » (o) o 1ol
2 q
Inequality (9) holds true with
min(a 5—1) ((X+l—6)++ﬂ
c(p;a, B,y) =|s T AN Aol
2

q

Case 3. —1 <y <0, % >y +1,a < 0and g < 0. Due to assumption (7),

%< %+(x+,3+y,whencea+/3 > —%.ApplyLemmaZforal =%—a—,8,
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a) = %, and a3 = —y, and find €] and €3 such that

1
E—a—ﬂ—l—el <1, —y+e<l,

1 1
s—a—Btea+—-——y+tea=2
2 P

By the Holder inequality for nonconjugate exponents

1 ()s“ PNl s0540er-a—p) < IV I215* P11 /e —a—p)-

Since B < 0 and s < t on the integration domain of (9), we have that P <P,
Then by the Young inequality

T T T T
[|1//<s>|s°‘/ |¢(r)|tﬁ<t—s)ydrds5/ |w<s>|s“+ﬂ/ lp ()| (t—s)Y dt ds
0 K 0

s
< 1S Pl 051ei—ampy 1B p 1Y 111 /=y +e)
< I I 15PN sy —ampy 1911 1Y 11—y +es)s

and (9) holds true with c(p; &, B, ¥) = 5P 111 /¢ —a—p) 147 11/ (=y+e3)-

Cased. —1 <y <O,l >y+1,a<0,8>0,and B+ y < 0. These imply 8 < 1.

P
Hence
P <sP+@—s5)P foralls e (0,r) (13)

due to concavity of sP + (r — )P and the fact that for s = 0 and s = 7 (13) becomes
an equality. Thus,

T T
f|1/f(s>|s“/ lp ()| P (t—s)" dt ds
0 s

T T T T
S/ W(S)IS‘H’S/ lp ()] (t—s)” dtds+/ II//(S)IS“/ ¢ ()| (t—5)PT7 dt ds.
0 K 0 s

Apply Lemma 2 fora; = %—i—(a +B8)",ay = % and a3 = —y. Due to the same reason

asin Case 3, @ + 8 > —4; hence, 0 < 3 + (@ + B)~ < 1. Obviously, 0 < 1 <1

and 0 < —y < 1. Due to (7), !

3 1
<—-4+a+pB+y and -—
2 p

< |-

whence

2

By Lemma 2, there exist €] and €3 such that

1 1
—+(a+ﬂ)_+;—y<2.

1
ste+p) +a <l —y+a<l

1 1
st@+p) +tea+—-——y+e=2
2 p
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By the Young inequality and the Holder inequality for nonconjugate exponents,

T T
/ Il/f(s)|s°‘+ﬁ/ o (1) (t—s)Y dt ds
0 s

< W s P10 5t@rp+en 1Dl pllu” 11/p+e
< 102 s 1ot py—+en 101p 167 11—y +es) -
Apply Lemma 2 again, this time for a; = % —a,a0=Landaz = —B— y. Here

conditions of Lemma 2 are easier to check. By Lemma 2, there exist §; and 63 such
that

1

E—a+81<1, —B—yv+d<l,
1 1
——a+6+——B—y+35 =2
2 p

By the Young inequality and the Holder inequality for nonconjugate exponents,

T T
/ |1/f(s)|sa/ |¢(t)|(t—s)’3+y dtds
0 K

< M ©)s%lh/©5-at+sn 191l p ||”ﬂ+y||1/(—y—/3+83)

< I l2 1511 /81—y 1B p NPTV 111y (55—p—p)-

Thus, inequality (9) holds true with

cpia. B.Y) = 1" Pl @t py—ten 10 11 j(—y+es)
A+ 5% 11 /810y 12TV 111 /83— =7 -

Case5. —1 <y <0, % >y + 1,0 <0,8>0,and 8 + y > 0. Similarly to (13),
t7V <sV4+(@—s5)7 foralls e (0,1).

Thus,
T T

/W(sns“/ o ()| 2P (t—5)" dt ds

0 K
T T T T

s/ |w<s)|s°‘*yf |¢(l)|f’3+y(t—S)thds+/ |w(s)|s°‘/ o ()| tPYY dt ds
0 K 0 s
T T T T

5/ |1/f<s>|s°‘*yf |¢(I)It5+”(t—S)thds+/ wf(s)ls“ds/ lp ()| tPHY dr.
0 s 0 0

Apply Lemma 2 for a; = % +(@—y) ,a = % and a3 = —y. From (7) it follows

that%—y—}—%<2.Sincea>—%andpzl,l—a+%<2.Hence,

1 1 1 1
st@—-y) +—-—y=5-—mn(y)+—- <2
2 P 2 P
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By Lemma 2 there exist €; > 0 and €3 > 0 such that

1
§+((x—y)_+el<l, ea—y<l,

1 1
ste@—-y) ta+—-—+tea—-—y=2
2 p

By the Young inequality and the Holder inequality for nonconjugate exponents,

T T
/ [y ()] s%7 [ lp ()| tPFY (t—s5)Y dt ds
0 s
< Y )s* 1054 @—)-+en 101 TP 1Y 11 je3—y)
< I I205* Y ey —-ten 11 TEHY 147 11/ (e3—y).-

By the Holder inequality

T T
/0 [ ()5 ds < ¥ ]2lls]l2, /0 oY dr < Nl NP 1oy
Thus, inequality (9) holds true with

c(pia, Boy) = 15" 71 jcamy)-+eny TP Nu? 1 jces—yy + I 12 1P 1 psp—1)-

Case 6. o > 0. We have already proved Proposition | for @ < 0. We are going to use
itforo = 0.
On the integration domain of (9) s < ¢, and so s* < t“. We have

T T T T
/ W(S)IS“/ ¢ ()| P (t—s)Y dt ds 5/ II/f(S)If ¢ ()| t* P (t—s5) dt ds
0 s 0 s
<c(p; 0,48, v) Y12 18] -

The inequality (9) holds true for c(p; «, B, ¥) = c¢(p; 0, a+8, ¥). O
Corollary 1. Let

1 3 1 3
y>-1, p=1  —<s+4+y, —+k<s+a+B+y.
p 2 p 2

o> ——,
2

Then the operator K* defined in (8) is a bounded linear operator £, j — L?[0, T1.

Proof. Recall that the operator K* for specific o, 8 and y is denoted by K (*a, By

From the definition of K (*a, y) it follows that

T
(K gy @) (5) = s“[ G0 1" (1 = 5) dit = (K, gop ) ®) ().
Then

1K gy @l = 1K gk @O)12
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<c(psa, B=k, ) 161"l = c(p; a, =k, v) Ille,,  (14)

for any function ¢ such that K (o, f—k y)(qﬁ(t)tk) is well-defined. Under conditions

of Corollary 1, the operator K wfky) - LP[0,T] — L2[0, T] is bounded and
c(p; o, B—k, y) can be chosen as a finite number. Thus, the boundedness of the op-
erator K(a,ﬂ,y) 2k — L?[0, T] follows from (14). O

In the following definition conditions (4) are satisfied, X is a process defined
by (3), and

1 3 1 3
1 <p<oo, pk > —1, — < =+v, —tk<-4+a+B+y. (15
p 2 p 2

Definition 1. The integral of a nonrandom function ¢ € &, with respect to the
Gaussian process X is defined as

T T T T
/¢(r)dX,=/ K*d)(s)dWs:f s“/ dOtP(t —5) dtdW,.  (16)
0 0 0 K

Particularly, Definition | can be applied for 1 < p < oo,y > —1,

1 1 3 1 3
a>—=, —<-+4+y, —<=-+a+pB+y, and ¢ e LP[0,T].

2 p 2 p 2
Remark 1. Under conditions of Corollary 1, (16) provides linear continuous mapping
Epk — Lz(Q, F, P), where LZ(Q, F.P) is a space of square-integrable random
variables. Furthermore, if pk > —1, then (16) gives fOT 1ia.n dX; = Xp — X4, which
is very natural. If 1 < p < oo, then the indicators of intervals span a dense subset
in £y k. Thus, in Definition 1, we construct a linear and continuous extension of the
integral from the set of indicators of intervals to the entire space £ .

2.2 Traditional approach
This integration is compared with the one defined in [4, 14].
The covariance function of the process X can be represented as

151 15
E X; X;, :/ / r(u,v)dvdu,
0 0

min(tq,1)
r(u, v) =/ s (u — $)P (v — 5)? ds;
0

this representation follows from [7, Eq. (8)]. The integrand satisfies relations r (u, v) >
Oand r € L'([0, T1?), since [y Jif r(u, v)dudv = E X3 < oo.

The Hilbert space H is defined as the space that contains piecewise-constant
(staircase) functions, equipped with scalar product (1], 1(0,5,]), and then com-
pleted.

Let 1Y be the set of functions ¢ : [0, T] — R, for which

T oT
/ / | (w)r(u, v)¢(v)|dvdu < co.
0 0

The space H° contains all piecewise-constant functions.
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The space H” in embedded into 7. The element f’ € H corresponds to f € H’ if

T T
(f/,g)q-[zj(; /(; fF@)ru, v)g(v)dvdu

for every piecewise-constant function g. Every element of f € H has its counterpart
in H according to [4, Theorem 1.1].

The integration operator is an isometric linear operator % — L?*(2, F, P) such
that fOT 10,(s) dXy = X;. Here L*(Q, F,P) is the space of square-integrable ran-
dom variables.

Proposition 2. Let conditions (4) and (15) hold true.

1. Then &y C HO, and, as the consequence, £ .k is embedded into H.

2. If ¢ € Ep i, then Definition 1 yields the same integral fOT ¢ (t)dX; as the one
defined in [4].

Proof. For kernel K defined in (2) and operator K* defined in (8), Eq. (5) holds true:
K*1, (s) = K(t,s) forallt,s € (0, T].
For functions f, g : [0, T] — [0, +00)

T T oT
/ K*f(s)K*g(s)ds = / / f)ru, v)g()dvdu;
0 0 0

this is proved by changing the order of integration. If ¢ € £, x, then |¢| € £, ;. By
Corollary 1, K*|¢| € L2[0, T, whence

T T T
/0 /O 1), V)P ()] dv du =/O (K*1] (5))* ds < oc.

Thus, ¢ € HO.
In Definition 1, fOT o()dX, = fOT K*¢ (s) dW;y. This agrees with [14, equation
(24)]. O

Remark 2. Inequality pk > —1 is not essential for the first statement of Proposition 2.
Remark 3. In Proposition 2, £, ; is a proper subset of HO, that is, Epk # HO. Indeed,
let (4) and (15) hold true. Then there exists k¥’ such thatk <k’ <a+pB+y + % - %
Due to Proposition 2, £, v C H". Since k < k', Epx C Epp and Ep i # Ep i

Hence, £, 1 # HO.

3 Differentiability of Volterra process

Consider the stochastic process

t
X, = tﬂ/ st —s) dW;. (17)
0
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It is well-defined if | |
__ d S
o> > and y > >

and is self-similar with exponent o + 8 + y + % Let [x] stand for the least integer
that is greater or equal to x.
Proposition 3. If o > —%, B eRandy € (—%, %] then the process X has a
modification which is Holder continuous up to order y + % on any interval [ty, T],
O<t<T.

Ifa > —%, BeRand y > %, then the process X has a modification which is
continuously differentiable on (0, T, and, as a result, is Lipschitz continuous on any
interval [ty, T1. Moreover, the process X is [y — %] times continuously differentiable.

Proof. The process M; = fot sY dWy has a modification that satisfies the Holder
condition up to order % on any interval [#g, T'], tg € (0, T).

First, consider the case y € (—% %] Let A € (O Vy,y+ %) The process M
satisfies the Holder condition of order A — y € (0, %) on the interval [#9, T']. Then
fé st — )Y dWs = fot (t — )Y d M, satisfies the Holder condition of order A due to
[10, Lemma 2.1]. Thus, the process X also satisfies the Holder condition of order A
on [fg, T].

Second, consider the case y > % We can choose a positive integer k € N and a
real number Ay € (0, %) suchthat) < y —k+ 4o < 1. (We can choose k = [y — %],
and [y — %] V0 < Ao < %, as [y — %] <y+ %.) The process M is Holder continuous
of order Ag on any interval [#p, T']. Then the process fot s4(t — s)V_k dW, = fot (t —
)Y % d My is Holder continuous of order y — k 4+ A¢ on any interval [7g, T'], and thus
continuous on (0, T]. The process

t t u
/s“(z—s)VdWS: F+D [(t—u)k_I/ % — s) *aw, du
0 k—=D!T(y—k+1) Jo 0

is the kth antiderivative of the process % f(; s9(t — 5)Y K dWy, and thus is k

times continuously differentiable on (0, T']. Here and hereafter I'(x) is the gamma
function. As the result, the process X is k times continuously differentiable on (0, T].
It satisfies the Lipschitz condition on any interval [fg, T']. O

The next general result is in fact the part of Lemma 2 from [7], and it will be
applied in the proof of Proposition 4.

Lemma 1. Let the process Y be self-similar with exponent H > 0 and be mean-
square continuous on [0, T]. Additionally, let the process Y satisfy the inequality

E(Yr — Y)? < CcT*H22(T —p?, to<t<T,
forsome C >0, A, > 0,and 0 < tyg < T. Then there exists ¢ > 0 such that
E(Y; — Y5)? < c(t — 5)>OD 0<s<t<T.

Now let us return to our process X.



Gaussian Volterra processes with power-type kernels. Part I1 443

Proposition 4. If o > —% andy > —21, then the process X is mean-square continu-
ous and has continuous modification on (0, T). If, in addition, « + 8+ 7y > —%, then
the process X is mean-square continuous and has continuous modification on [0, T'].

Proof. Path continuity of the process X on (0, T) follows from the local Holder or
Lipschitz condition. The process X satisfies the Holder condition up to order (y +
%) V 1 on any finite interval [ty, T], 0 < f9 < T. According to [1, Theorem 1], for

any 0,0 < Ao < (y + %) V 1 the incremental variance satisfies
E(X, — X;)? < Clto, T, 20) |t — 5/,
whence the mean-square continuity on (0, 7] follows. Furthermore,
EX? = E(X, — X0)* = (2P B2 +1, 2p41),

where B(x, y) is the beta function. Under additional condition « + 8 + y > —%
the process X is mean-square continuous at point 0. Due to Lemma 1, the process X
satisfies the inequality

E(X; — X,)? < C; (t — 5)P0NCat2p+2y+1D) O<s<t=<T.

Hence, the process X has a modification that is Holder continuous up to order Ag A
(a +B+y+ %) on the interval [0, T'] and thus is continuous at point 0. O

The continuity of X allows to change the order of integration. For the process X
defined in (3),

15 1)
Xy, — Xy, =/ s“/ ul (u — 5)" du dw;
0 sVt

15 u n .
=/ uﬂ/ s* (u—s)ydWSduzf X, du.
11 0 11

Corollary 2. Ifo > —%, y > —% anda+B+y > —%, then some modifications of
the processes X and X defined in (3) and (17) satisfy the relation

t
Xt=Xt0+/ Xst.
fo
The process X, is [y + %1 times continuously differentiable on (0, T], and d X, /dt =
X forO<t<T.
If, in addition, « + B+ y > —%, then the processes X and X satisfy the relation

t
X, = / X, ds. (18)
0

Then the process X; is continuously differentiable on [0, T].

Representation (18) is also valid fora + B+ y € (—%, —%] However; in this
case, the integrand X may be unbounded in the neighborhood of 0. Thus, the integral
here should be understood in improper sense:

13

X; = lim X, ds.
to— 0+ to
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4 Inverse representation

In Volterra representation (1) (or, specifically, (3)) the process X is represented as the
integral with respect to the Wiener process W. We construct the representation of the
Wiener process W in (3) using the process X. However, the form of the representation
depends on whether y € (—1,0) or y > 0, and on whether y is integer or not.

4.1 Casey <0
Reduction to the integral equation
We are going to find the inverse representation to (1):

W, = /UL(v,z)dx,. (19)
0

Assume that integration with respect to X is performed according to (6). Then the
left-hand side and the right-hand side of (19) admit the representations

v
Wy :/ dW‘U7
0

v vopv K (2,
/L(v,t)dX,:/ / Lw.n X85 4w,
0 0 Js ot

Thus, the sufficient and necessary condition for (19) is

Yo 0K
(U, t)T dt =1 (20)

for all v € (0, T] and for almost all s € (0, v). For the kernel defined by (2), the
integral equation (20) turns into

v
/ L, 0)s“tP(t —s)dt =1. 1)
S

The explicit solution

The solution to equation

/v L(v,t)a(s)b(t)c(t —s)dt =1

is found in Mishura et al. [8, Proposition 3]. In that solution, they use the “Sonine
pair” with the function c(s), which is a function p(s) that satisfies the integral equa-
tion

'
/ ps)c(t —s)ds =1, te(0,T].
0

The “Sonine pair” with the power function s exists for all y € (—1, 0); it is equal to
sV B(=y, y+1).

Now we construct a solution to equation (21) within a class of functions L (v, t),
0 <t < v < T, that satisfy the following absolute integrability condition

v
/ |L(v, t)|dt < oo, O<s<v<T. (22)
)
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Theorem 1. Let o > —%, B eR, and —1 < y < 0. Then the solution to the integral
equation (21) for all s and v such that0 < s <v < T is

L( t)__L 3([11 o —t)_y_ld )
S TONE S I TAV A ’
1 v
_ -, —y—1 —a—=1, _ N=y—1
= —B(—%V‘H) 7 (v (v—1) ~|—a/t u (u—1) du).
(23)

The solution is unique up to equality for all v € (0, T] and for almost all t €
0, v).

Proof. Necessity (if the function L(v, t) is a solution to (21) under conditions (22),
then it must be defined by (23) for almost all t € (0, v)). Let L(¢, s) satisfy both (21)
and (22). Let us find the expression for L(z, ).

Let 0 < r < v < T. Calculate the double integral

L, 0)tP (t — ) (s — )7 Ldr ds. (24)

r<s<t<v

First, proof the existence.

// L, )P ¢t —5) (s —r) Y N dtds =

r<s<t<v

v t
=/ tﬂ|L(u,t)|/ (t—s5)(—r)"7"Vdsdt =
r vr
=B(V+1,—V)/ t?|L. n)|dt <
' v
< B(y+1, —y) max(r’, vﬂ)/ IL(v, )| dt < o0.
r
Thus, the integral in (24) exists absolutely. Calculate it in two ways. On the one hand,

// L, Dt —s)(s—r)7" Vdtds =

r<s<t<v
v t
=/ P L(v,t)/ (t—95)(—r) 7" dsdt =
r rv
:B(y+1,—y)/ t# L(v,t)dr.
r
On the other hand, with (21),

// L, DtP(t—s)(s—r) " Vdids =

r<s<t<v

v v
=/ s—“/ L, t)s%P@—s)dt(s—r)" lds =
r S
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v
:/ s7%s —r) s,
r

Thus, L(v, t) satisfies the equation

v v
B(y+1, —)/)/ tP L, 1)dt = / s s —r) " lds.
r r

Hence L(v, t) can be expressed explicitly:

L( t)__L3</v 9 —t)_y_1d>
B T T R ZAV/ I '

for almost all ¢ € (0, v).

Sufficiency (the function L(v,t) defined by (23) satisfies (21) and (22)). First,
consider the generic case « # 0, that is, either o € (—%, O) ora>0.Let) < s <
v < T.Then

v v ¥ B(—y,y+1)
R U A P A A AL
/ (v —1t)rt! (¢ =s)"dt = VY ’

u e 1du v U (t —s) dt
Ydr = A /Y
f/ o 7Y /“ o w—ny

v
=/ T IB(y+1, —y)du =
N

1
o B(—y,y+D (s7* —v79%).

Hence

/UL(v,r)s“tf‘(z — ) dt =

K B SO( v Uﬁa / *Dt ld . y dt _
= B(_y, y+1) ! <(U — l‘)erl ( _ I)y+l) ( S) =

SC( B(—V» V+l) v —a B
B(—y,y+1) ( e +B(—y, y+D (7 —v )) -

For o # 0, (21) is proved.
Now, consider the case « = 0. Then

1
B(—y,y+1)tB(v —nyr+1”

Then, forall s and vsuchthat0 <s <v <T

L(v,t) =

v 1 V(@ —s)dt
/ L, 1) Pt — ) dt = (¢ =) —
s B(—=y,y+1) J; (v—1t)rt

It remains to verify that the function L(v, t) satisfies condition (22). The factor
t=B/B(—y, y+1) is bounded for ¢ € (s, v). As to the other factor,

r

dt

v
v —0)"" 4+ oz/ u Y u—0"""du
t
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v v u
5/ v_“(v—t)_”_ldt+|a|/ u_“_I/ (u—0""""dtdu
N S N

— NV v
= %—i—%/ u Y — )77 du < oo.
- - s

The product of bounded continuous function and integrable function is integrable.
Thus, L(v, t) satisfies (22). The theorem is proved. O

Theorem 2. Let o > —%, —l<y<Oanda+B+y > —%. Then
1. The process X that is well-defined by (3), according to [7, Theorem 1], admits

the inverse representation of the form

v
WU=/ L(v,t)dX;
0

1 v v
- m/o t# (v“(v—t)yl —l—a/t u“l(u—t)yldu> dx,.
(25)

2. The integration in (25) can be formally performed according to (6). There exist
p and k, more precisely, p and k that satisfy (27), for which L(v, -) € Ep,
and integration in (25) can be performed according to Definition 1.

Proof. For fixed v > 0, the kernel function L (v, t) defined in Theorem 1 is continu-
ous in ¢ in the interval (0, v). With [7, Lemma 4], the asymptotics of L(v,t) ast — 0
can be established:

Lw,t)y=0¢Pvo " ifat+y <—1,

o
Lw,t)~—— 1t Plogv/t) ifa+y=—1,
B(—y,y+D) °
B(—y, 1 .
L(v,t) ~ @By, aty+ )t_o‘_’s_y_1 ifa+y > —1.
B(—y,y+1)

The asymptotics in the other endpoint is

v — v
L(v,t) ~ as t— v—.
B(-=y,y+D
In order for L(¢, v) to be defined for all ¢+ € (0, T'] and thus the relation “L(v, -) €
&p 1~ make sense, assume L(v,t) = 0 for 0 < v < t. The relation L(v, ) € Epx
holds true if and only if

1 1
max(B, a +B+y+ 1) <—+k and y+1< —. (26)
p p
The conditions of Theorem 2 imply that

max(0, y + 1) < min(l, y + %) ,
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3
max(0, ﬂ,a+ﬁ+y+1)<a+ﬂ+y+5-

Therefore, there exist p and k such that

1
max(0, y +1) < — <rnin<1, y-{-%),
P 1 27
max (0, ,3,0l+,3+3/+1)<;+k<a+,3+y+5,

For these p and k, inequalities (15) and (26) hold true. Then L(v, ) € &, for all
v € (0, T'], and the second part of Theorem 2 is proved.

All functions within £, ; are integrable with respect to X; according to Defini-
tion 1. Then, with (21),

v v v v
/ L(v,t)dX,:/ s“/ L, )tP @t — )Y dt dW, =/ AW, = W,.
0 0 s 0
Eq. (25) is proved. U

4.2 Casey >0

Theorem 3. Let o > —%, y >0anda+B+y > —%. The process X admits a

modification which is differentiable on (0, T, and for which, for X, = dX,/dt, the
following expression for the inverse representation holds true:

1 v .
Wy =——— [ t7d(D}, " X)),

that is, the process W can be obtained from X with four steps:

% dX; v By
= =1 "Xy, M,

v
14 —o

: Y., W, =/ 1= dM,.

dt 0+ v 0

=——D
L'y+1

Here Dé; is the identity operator if y = 0. Otherwise, if y > 0, then Dg+ is the
fractional differentiation operator defined in (29) or (30).

Proof. Due to Corollary 2, the process X has a modification that is continuously
differentiable on (0, T'], for which X; = dX;/dt with the process X defined in (17).
Denote

t t
Ytzt_ﬁthf s%(t — s)Y dWs, M,:/ s dW.
0 0

Now assume that y > 0 and use notation from Appendix B. The process Y is contin-
uous on [0, T'] by Proposition 4. With changing the order of integration,

1 t u
' M :—/ uV_I/ sYdWs du
T T () o 0 ’
1

1 t t 1 t
= —/ s“/ W ldudw, = / st — ) dWy = Y.
L) Jo s C(y+1D Jo F(y+1)
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Hence, according to the definition of the fractional differentiation in Appendix B,

1

=—— D'y, 28
Ly+1) ' 28)

t

Notice that if y = 0, then M; = Y; and (28) holds true as well, provided that Dg f
is the identity operator.
Finally, dM; = t*dW;, whence

v
WU:/ tiadM[.
0

Here we have the integral of a nonstochastic function w.r.t. a martingale. O

Now consider specific cases. Let the conditions of Theorem 3 hold true. If y = 0,

then
[ &)
Wy=—— t t .
"T T+ J '

If y is a positive integer, then

1 v d’ .
sz—/ td(—— (" X)),
y!'Jo dt”

where y! = 1-2- ..y is the factorial. Here formula (29) is used.
Consider the general case. Let y > 0, and let n > y be a positive integer. Then,
according to (30),

W, ! /vt_“d(dn (/t(z yr=lg=Bx ds))
V= —_— -5 s .
C(y+DI(n—y) Jo dr" \ Jo

In particular, one can take n = |y |+ 1, where | y | is the unique integer of the interval
(y—1, y]. Any y > 0 can be represented as y = |y ] + {y}, with |y | nonnegative
integer and 0 < {y} < 1. Then

1 v Al ot e
= F<V+1>F(1—{y}>/o ’ d(m(/o (t =)~ Xsds)).

A Holder inequality and Young inequality

In this section, auxiliary results used in the proof of Proposition | are presented.

Lemma 2. Leta; € [0, 1), ap € (0, 1] and a3 € [0, 1) be real numbers such that a, +
ay + a3 < 2. Then there exist €] € (0, 1) and €3 € (0, 1), such that a1 + €; € (0, 1),
a3 +e3€(0,1), and (ay + €1) +ax + (a3 + €3) = 2.

Proof. We can take

(I-a)2—a —ay—a3) .
i = , i=1, 3.
2—a;—as

Then obviously €; > 0,1 —a; —¢; > 0,and €] + €3 =2 —a; —ap — as. O



450 Yu. Mishura, S. Shklyar

Holder inequality for nonconjugate exponents. Here we present the Holder inequal-
ity and the Young inequality, both in the nonstandard form, however, both of them
follow from the respective inequalities in their classical form.
Let p € (0,+400], g € (0,+0cc], and let f and g be measurable functions on
[0, T]. Then
If@®gONyaprip < N Npliglly-

This inequality holds true regardless whether or not f € LP[0, T] and g € L9[0, T].
(If f ¢ LP[0, T], we assume | f|, = o0o.) It also holds true regardless whether the
exponents p,q and 1/(1/p + 1/q) are less, equal or greater than 1. (If p € [1, 4+-00],
then || - ||, is the norm in L?[0, T]. Otherwise, if p € (0, 1), then the space L”[0, T']
is not normalizable.)

1

.. . . . 1 1 _
Holder inequality for three functions. Let p,q,r € [1,+o0], st ts= 1,
feLP[0,T],g e L0, T],and h € L"[0, T]. Then

T T
‘/o f@)g()h()dt 5/0 lfOgOh®)|dt < I fllplgligliallr
Young inequality for three functions. Let p,q,r € [1,+o00], % + % + % = 2,

e LP[0,T],g € L1[0,T],and h € L"[0, T]. Then
8

// f($)g®h(t—s)dsdt| < // Lf)gDh—s)ldsdt < | fllpliglglinl.

O<s<t<T O<s<t<T

B Fractional calculus

Solving the inverse representation problem, in Section 4.2 we need to solve the Abel
equation I'(«) f(t) = Ot s"‘_lg(s) ds. In this connection, we apply basics of frac-
tional calculus. For details, see [13, §2].

Let f be a continuous function on [0, T'], with the standard notation f € C[0, T].

For @ > 0, the oth order fractional integral of f is defined as

1 t
I3 f(0) = 5~ f (t =)' f(s)ds.
ot [(er) Jo
The fractional integral has the following semigroup property:

B +B
0+ Loy = IS; ’
whence Zjj, = (I(%Jr)” forn € N.
Now we find the inverse operator of Zj . We find an operator
D8‘+ : Ig+(C[O, T1) — C[0, T] such that D8‘+I8‘+f = fforall f € C[O, T].
As I& AGES fot f(s)ds, the inverse operator of Ié  is a differentiation opera-
tor: D(l) L8 = j—t gt). AsZy, = (Ié )", the inverse operator of Zj,_is the iterated
differentiation of nth order. Thus,

n

d
ifg=T5,f. neN [eCl0.T] then [()=Dfg()=—"gt). (29)
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Now let « > 0 be a real number, and let n € N, n > «. As D6‘+Ig;°‘18‘+ =

Dy, Iy, is an identity operator on C[0, T'], D +Ig;°‘ is an inverse operator of Zg, .
Thus,

ifg=1y,f, O<a<n, neN, feC[0,T], then

1 dn t
() = D8t = D Ty 8 (1) = ( /0 (t—s5)"""""g(s) ds).

(n—a) drm
(30)
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