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Abstract In the article [Theory of Probability & Its Applications 62(2) (2018), 216-235],
a class W of terminal joint distributions of integrable increasing processes and their compen-
sators was introduced. In this paper, it is shown that the discrete distributions lying in W form
a dense subset in the set W for ¢r-weak topology with a gauge function y of linear growth.
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1 Introduction

A class W of probability measures defined on (RZ, B(Ri)) is introduced in [4]. It
consists of all probability measures satisfying

1) fRi(x + y)u(dx, dy) < oo,
2) Jrz x uldx, dy) = [g2 y pdx, dy),

3) Ve 20 fiy g xndx, dy) < fr2 (v A o) p(dx, dy).
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It is also proved in [4] that a measure u belongs to W if and only if there is an inte-
grable increasing process (X;);cr, Wwith a compensator (A;);cr, such that
Law(X~, Ax) = w. The main idea behind the existence of such process X is as
follows, see [4, Proposition 3.6, Remark 3.4, and Proposition 3.4]. Let a measure
n € W be given. Then one can find nonnegative random variables V, W, Z on some
probability space (€2, F, P) such that

Law(V+Z, W+ Z) = u,

and E[VI{W < t}] = E[W A ] for all + € R;. This means that Law(V, W) €¢ W
with equality in 3). Now it is easy to introduce a filtration on (2, F, P) (one can
take the single jump filtration introduced in [5]) such that W A ¢, ¢ € R, is the
compensator of VI1{W < t}. This is a special case of Theorem 1 below though the
direct proof is much easier [4, Proposition 3.4]. To complete the construction one
needs to incorporate Z into these processes, €.g.,

¥ — VI{W <t/(1 —1)}, iftr <1,
"l v4+@nA2=-Dz, ift>1,
A = ﬁ/\W, ifr <1,

W+@nrn2-1Z, ift>1.

The procedure of constructing a triple V, W and Z for a measure u € W is
available from the proof of Proposition 3.6 [4]. For measures u € W with finite
support, calculations are explicit. For example, let © = %8(1, 3/2) + %8(3 /2,1)- Then
w e W.Put Q:={0, 1} x [0; 1], F := B(R2),

1 1
P0} x B) = SA(B),  P({l} x B) = SA(B),

where B € B([0; 1]) and A is the Lebesgue measure on [0; 1]. Then one can take

1
VO,u):= ——, V({,u):=0,
2—u
u
WO, u): = ——, W, u) :=1/2,
O.u): = 7= (Louy =1/
u
ZO,u):=1——, Z(,u):=1.
0, u) yp— (1, u)

Our aim here is to show that measures with finite support and lying in W are
dense in W in some natural topology of the space of Borel measures p(dx, dy) on
(R?, B(R?)) with integrable marginal distributions.

We will make a few remarks that are intended to demonstrate that our task is
nontrivial. If E[VI{W < t}] = E[W A ¢t] for all + > 0, then it is easy to see that
the distribution of W cannot be discrete. Note that in the example above W has a
continuous component, though the distribution p has a finite support. This means that
the subset of W consisting of measures with equality in 3) does not contain measures
with finite support. In particular, if V = 1, then W has the exponential distribution
with mean 1. Example 2.1 in [4] says that if we consider a two-point mass v that
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is obtained from the exponential distribution by averaging over the sets [0; a] and
(a; +o00), where a > 0, then the measure §;1} ® v does not belong to W.

The problem considered here is an important technical tool in studying some
stochastic orders on the plane. In particular, let po(dx, dy) < w1(dx, dy) if there are
stochastic processes X = (X;)s¢[0:1] and ¥ = (¥;)s¢[0:1] such that X is adapted and
Y is predictable on some stochastic basis, X; and Y; are integrable for all ¢, X; — X
is an increasing process with the compensator Y; — Yy, and Law (X, Yo) = w0 and
Law(X1, Y1) = p1. In these terms 1 € W is equivalent to §¢9,0) < u. Our main
result allows us to find necessary and sufficient conditions for uog < @1 expressed in
appropriate terms [1].

Let us also mention a connection between our problem and the Skorokhod em-
bedding problem. Namely, let B be a standard Brownian motion and 7 a finite stop-
ping time on some stochastic basis. Put By := sup,_; B;. Then, if E|Br| < oo and
E[Br] < oo, Law(Br — By, Br) € W. However, not every distribution p from
W can be represented in this way. The necessary and sufficient condition on p is
that Ry > t — fRi[(y A1) — x1{y<n] u(dx, dy) be an increasing function and
w((0; 00) x {0}) = 0, see [8] and [6]. A discretisation of the Skorokhod embedding
problem is considered, in particular, in [2].

To state the problem we need a proper topological setting. Consider a gauge func-
tion ¥(x,y) := 14 |x| + |y|, x, y € R, and define the class CI/,(Rz) of continuous
test functions f: R? — R such that

VfeCy(R?) IceR Vr,y e R |f(x,y)| <c-¥(x,y).

Denote also by Mllp(]R2) the set of all Borel measures on R? such that
/Rz Y (x,y) udx, dy) < oo.
The coarsest topology on ./\/l‘f (R?) for which all mappings
MU@) 3 [ f s dy. fecy @),

are continuous, is called the yr-weak topology on M;// R?).

We refer to [3, §A.6] for the definition and further properties of ¥ -weak topolo-
gies with arbitrary gauge functions 1. Here we only mention that in our case the
¥-weak topology is metrizable and separable. Moreover, Mlﬁ (R?) is a Polish space
with this topology. A sequence (u,)5>; S M‘f(Rz) converges to a measure (0 €
M'{I(R2) in the ¥-weak topology if and only if (u,)52 | converges to u in the usual
weak topology and the uniform integrability condition

SUP/ (Jx| + |y]) n(dx, dy) - 0 as ¢ — oo
neN J{lx|+|y|>c}

is satisfied.
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The choice of the {-weak topology with the prescribed function ¥ is natural in
this problem. On the one hand, the space M‘f(RZ) contains the set W. On the other

hand, it is this topology that insures the closedness of the set W in M%(Rz), while
the usual weak topology does not provide the closedness.

The proof of our main result is based on Theorem 5 in [5]. For the reader’s con-
venience, we present this theorem here with some refinement in the statement. We do
not explain here how a single jump filtration is defined because the only fact concern-
ing these filtrations that we use is that such a filtration exists.

Theorem 1. Let V and y be random variables on a probability space (2, F,P)
with values in R and [0; +0o0], respectively, such that E(|V |1, <) < oo for any
teT = {t eRy:Ply >t} > 0}. Define, fort € T,

K@) =E[V|y =t], and F(1) :=/ G(s—) 'K (s)dG(s),
©:1]

where G(s) := P{y < s} and G(s) := P{y > s}. Then the process F(t Ny), t € Ry,
is the compensator of the process V1, <y with respect to the single jump filtration
generated by y and F.

The only difference between this theorem and Theorem 5 in [5] refers to the case
where y is bounded by a constant G < oo with probability one and P{y = 75} > 0.
In this case, in Theorem 5 in [5] F is defined by left-continuity at 7, so the difference
between the definitions is

/ G(s—)'K(s)dG(s) = K(t5).
{tG}

Now it is easy to see that the formulae for the compensators from both theorems co-
incide. Thus, our definition of F at ¢t; allows us to combine two terms in the formula
for the compensator in Theorem 5 in [5] and to obtain a unified expression.

2 Main result

Let us consider two subsets of the set W, namely, the subset of simple measures Wjmy,
and the subset of discrete measures W gisc. We say that 1 € Wyimp (correspondingly,
€ Waise) if 1 € W and

u(dx, dy) =" pj - 8ixja;)(dx, dy),
jeJ
where J is a finite set (correspondingly, J is at most countable), p; > 0,3, pj =
1, and d(x;a;(dx, dy) is the Dirac measure at point [Z/’] € R2. 1t is clear that
Wsimp C Wyise S W.
The following theorem is the main result of this paper.

Theorem 2. The set Wimp is dense in the set W in the v-weak topology. In other
words, for any probability measure u € W, there exists a sequence of simple mea-
sures (vy)72, © Wgimp converging to pu in the vr-weak topology, i.e., for any test
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function f € Cy (R?),

Azfdv"_)/szdu asn — oo.

The proof will be performed in two steps:

Step 1: Given u € W, construct a sequence (Mn):il C Wyisc that converges to
in the {r-weak topology.

Step 2: Using the sequence (,un)f,o: | from Step 1, construct a sequence (vn);’,o: 1
Weimp converging to u in the same topology. Notice that most of the arguments of
the proof are the same as at Step 1.

Proof. Fix a measure © € W. Due to [4, Proposition 3.6, Remark 3.4, and Proposi-
tion 3.4], one can find a stochastic basis B := (2, F, P, (G;);cr, ) and nonnegative
integrable random variables V, W, Z such that

Law(V+Z, W+ Z) = u, €))]

and the process VI{W < ¢}, t+ € Ry, is an integrable increasing process with
the compensator W A t, t € R.. Therefore, E[VL{W < t}] = E[W A ¢] for all
t € Ry, i.e., condition 3) from the definition of W holds as equality. In particular,
Law(V, W) e W.

Step 1. It is enough to construct three sequences of nonnegative random variables
(‘7(”));’1":1, (W(”))l‘f’zl, and (2(”))211 on the probability space (2, F, P) which sat-
isfy the following conditions:

(i) Law(V®, W®) € Wy forall n € N;
(i) Law(V® 4+ Z0 W 4 70y e Wy forall n € N;
(i) V® — vVand Z® — Zasn — oo P-a.s.;
(iv) (V)% and (Z™)° | are uniformly integrable;
v) W 5 Wasn — oo P-a.s.;
(vi) (W("));ﬁl is uniformly integrable.

Indeed, let f € Cw(R2), then | f(x, ¥)| < ¢ (x, y) for some ¢ > 0 and
PO 4 200 4 Z0)] < (14 [P0 4 200] 4 |70 4 20]). @)

Now, the expression in the LHS of (2) under the sign of modulus is uniformly inte-
grable due to (iv) and (vi) and converges P-a.s. to f(V + Z, W + Z) due to (iii), (v)
and continuity of f. Taking expectations, we arrive at the claim of Step 1 in view of
(>ii) and (1).

In what follows we will use a result from [5]. Let us introduce some notation from
that paper. Denote

e G(t):=P{W <t},t e R,
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e G(t):=P(W >1t}=1-G@);
s tg:=sup{r e Ry: G(t) < 1};
o T:={reR: P{W =1} > 0}.
Introduce the following cases:
e Case Al:tg < ocoand P{W =15} = 0;
e Case A2: g = o0
e Case B: P{W =15 < o0} > 0.

Case A1 + A2 and Case B correspond to Case A and Case B respectively in [5].

It is easy to see that P{W ¢ T} = 0 and 7 = [0; tg) in Cases Al and A2, and
T = [0; tg] in Case B.

Let us define auxiliary random variables

oo
yem.=3" 2—%1{“ A <y < ’2—A}

where A := 1iftg = oo, and A =15 if 1 < oo.
Similarly to how we defined G(¢), G(t), tg and T for W, let us define G™ (1),
E(H)(l), tgm, and T for W:

e G =P(W"W <1}, 1 eR;

G" 1) =PW® > 1} =1 - G"();

e G
o tom i=sup{t e Ry: GW(r) < 1};
o TW = {t e Rp: PIW®™ > 1} > 0}

It is easy to see that, for any n € N, t;m = tg and IP’{W(”) ¢ T(")} = 0;
T™ =[0; tg] in Cases Al and B; and 7™ = [0; 15) in Case A2.
Finally, let us introduce

« KW@ :=E[V®| W™ =], wheret € T™;

o)
« FO ) = [ _K(n) (s) dG(")(s) where t € 7™,
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In fact, since W is discrete and takes values jz—f € T, only the values of K™ (z)
fort = jz—f e T™ are essential.

Fix n € N. Introduce the single jump filtration generated by W and F, see
[5]. In accordance with Theorem 1 the process V(")]l{W(") < t}, t € Ry, has the
compensator F™ (W™ A1), t € Ry, with respect to this filtration.

Denote by V@ and W™ the values of this increasing process and its compensator
at time oo:

A

V= lim vOLW® <) =v®,

11— 00
W = lim FOW®™ A1) = F® W)
t—00
Put also Z(™ := Z®, Obviously, ‘7(”), W(”), and Z™ are discrete random variables.
By the construction, Law(\7("), W(”)) € W. Thus, taking into account Lemma 1 in
Section 3, Law(V(") + Zm w4 2(”)) e W. It follows that our construction
satisfies (i) and (ii). Conditions (iii) and (iv) are clear from the definitions.
The proof of condition (v) is the main point of Step 1. We defer the proof to the
next section, see Lemma 4.
Assuming (v), we complete the proof of Step 1. We have

E[W(”)] — ]E[f/(n)] — E[V]=E[W] as n — oo,

and (vi) follows because W are nonnegative and integrable.

Step 2. In contrast to Step 1 we define auxiliary random variables V"1, Wl and
zn taking finite number of values instead of discrete random variables vy wm
and Z™:

r(n)
o i A i—DA i A
vin = Z’z—nﬂ{ S <V < 2—}
i=1

r(n)

[n] ._ JAL 1 G=DA JjA rm+hHA r(mA
j=1
r(n)
1] ._ N kAq [ G=DaA kA
Zi =y el <z < L

where A := 1iftg = 0o, and A :=tg if tg < 0o, and r: N — N is a sequence such
that

VneN r(n)=2" and 2 too as n— oo 3)

The choice of r(n) will be specified in Lemma 5.
Similarly to Step 1, we define

o Gy :=P(WI" <1}, 1 e R;
« Ty = PIWIN = 1) = 1 — GI(1):

e tgm = sup{t € R: G < 1)
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o Ti={r e Ry: P(WI > 1} > 0};
o K@) = E[VI Wi =¢], where t € T,

[n] (o
« F@) = [ EKU—(ES_)) dG™(s), where 1 € T,

Finally, we put ylnl .— ylnl Zlnl = znl, winl .= FIM(winly As in Step 1, winl
is a terminal value of the compensator of the process VI 1{wl"l <1}, r e R,.

Our aim is to prove the statements (i)—(vi) from Step 1 for ‘7["], wlnl and zIn
instead of V™, W and Z™. The proof of (i)—(iv), (vi) is similar to Step 1. We
only mention that vInl Winl and Z17] take values in finite sets and our assumptions
on r(n) imply (iii). The only significant difference between Steps 1 and 2 is in the
proof of (v). In the course of the proof we will replace Lemmas 3 and 4 by Lemmas 5
and 6 respectively. U

3 Auxiliary results

Lemma 1. I[fLaw(V, W) € W, then Law(V + Z, W+ Z) € W for any nonnegative
integrable random variable Z.

Proof. The first two conditions in the definition of W are evidently satisfied for V+Z
and W + Z. Rewrite the third condition for V and W in the form

E[(V-W+L{W <c}]<c, ¢=0. 4)
The same condition for V 4+ Z and W + Z is written in this form as
E[(V-W+l{W+Z<c}]<c, c=0. 3)

It remains to note that {W + Z < ¢} € {W < c}and V — W + c is nonnegative on
the set {W < c}. Hence,

(V—WH+LW+Z<c)<(V—W+)L{W <),

and (5) follows from (4). O

Lemma 2. Let Law(V, W) € W and condition 3) in the definition of W hold as
equality for all ¢ > 0. Then, forall0 <a < b < oo,

]E[V]l{a < W< b}] =/ G(s—)ds.
(a; b]

Proof. By Fubini’s theorem,

/ G(s—)ds = / P{W > s}ds = / ]E[]l{W > s}] ds =
[0; 7] [0; 7]

[0; 7]

=E U LW > s}dsi| =E[W At] =E[VL{W <1}],
[0; 2]

where the last equality holds by assumption of the lemma. The claim follows. g



On the denseness of the subset of discrete distributions 273

Lemma 3. Forallt € T, F™(t) — t asn — oo.
Proof. Let us introduce the set T as follows:

. T {fz—,?:je{o, L2y, neN}inCaseAl,

. T::{jz—f:je{o, 1,2, neN}inCaseAZ,

e T = {E: jefo, ..., 2"}, neN} in Case B.

>
Fix a point t = lz"n% € T.Letn > ngand! := ﬁZ". Then 12—% = t. Consider an
arbitrary point s = é—,% € T, where j € {1, ..., [}. Since 0 < ym _y < ZA,,, we
have
0<E[V® —viw" =5] < 4.
Therefore,

E[VIW® =5] < KW (s) =E[VPIW? =5] < & +E[VIW® =5].  (6)

By Lemma 2,
E[VL{W®™ = s}]
m _ = -
E[VIW®™ =5] = T
, . . A1 Gls— @)
B[Vt cw < )] f(“;},m; v R
PUE < W < 47 G(4) - G(U52)

It follows from (6) and (7) that

f((j—l)A.E] G(s—)ds A f((j_l)Ahﬁ] G(s—)ds
7 om <KW <2 4 7 m

G(5) - G(47) T~ ST G -6

®)

Taking into account that G (42) = G(42), 6™ (Y522) = G(Y522) and
6(n)(é—f—) = 5(0_2#), we have

()
F™ (1) :/ _If—) () dG"(s) =
G (s—)

(67(5) - 6" (452)) = ©)

! jA G(é_nA) B G((j_z’pA)

= ZK(”)(z—n) 5((./'—1)A)
2n

Denote
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! f((x STy jzf]G(S )ds

(n)
Sn Z (] I)A)
= on

Then it follows from (8) and (9) that

S0y < F™ (1) < 87 (0) + 83 ().
We want to prove that S}") (t) — 0 and Sé")(t) — tasn — oo.

* In Case Al put ¢’ := A;i%ﬂ It is easy to see that point ¢’ satisfies r < 1’ <

tc = A. Also note that g := G(¢') > 0, because ¢’ < 5.

e In Case A2 put t” := Al‘;@l . It is easy to see that point ¢” satisfies t < ¢

tG = 0o. Also note that g := G (t”) > 0, because t” < 5.
+ In Case B it is easy to verify that g := G(tg—) > 0.

Let us prove that Sf”) (t) = 0asn — oo. Since the function G (s) is decreasing
wehaveG( Iz 1)A) >g>0forj=1,...,[, and

A o
(n) P
0=<8"(= o E G(UDA EgZ" — 0, n— oo.

In order to prove that Sé")(t) — t asn — o0 let us rewrite S;") (t) in the form

G(S)

(n)

SV (@) = / ——Lr-na ja,\(s)ds. (10)
o:) G(Y52%) [L525: 47)

Note that the integrand in (10) is bounded and converges to 1 a.e. with respect to
the Lebesgue measure as n — oo. Thus, by the dominated convergence theorem,

Sé")(t) — tasn — o0.
We have proved that, for any ¢ € T,

F™() >t as n — oo. (11)

A simple argument shows that this convergence holds for any r € 7. Letr € 7 \ .
Given ¢ > 0, there are points t,, t* € T such that

te<t<t® and 1*—1t, <¢g/2. (12)
Then F®™(zr,) < F®(r) < F™ (¢*). Hence,

te < hmmfF(")(t) < limsup F™ (1) < r*

n—oo

which implies (11). O
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Lemmad. W = FOW®) 5 W asn — oo P-a.s.

Proof. According to Lemma 3, F®™(t) — tasn — oo forall t € T. We will
use a well-known statement that if a sequence of increasing functions on an interval
of the real line converges pointwise to a continuous function, then the convergence
is uniform on compact subintervals (see, e.g., [7, Proposition 2.1]). Thus, F (")(t)
converges uniformly to  on 7 in Case B, and on any interval [0; b] € T, where
b < tg,in Cases Al and A2.

Recall that W converges to W for all w € by the construction. In Case B, for
alln € N,P(W € [0;t6]) = P(W™ € [0;1G]) = 1. Thus, for all n € N, we have
P-a.s.

IA

|F('1)(W(")) _ W| |F(")(W(n)) _ W(n)| + |W(n) —W| <

sup [F™ @) —t|+ W™ — W,

t€l0; 1G]

IA

which implies W = F® W™ W asn — oo P-as.

In Cases Al and A2 fix w such that W(w) € T = [0;1tg). Take b = b(w)
such that W(w) < b < tg. Then W(")(a)) < b for n large enough, and we have
F® (W™ (w)) — W(w) asn — oo in view of the above inequality with 75 replaced
by b. Since P(W € T) = 1, the requested convergence holds P-a.s. O

Lemma 5. There exists an increasing sequence r(n) € N, n € N, satisfying (3) and
such that F"N(t) — t asn — oo forallt € T.

Proof. Let T be defined as in the proof of Lemma 3. Fix a point ¢t = 120,.% € %. Note
that ng = no(t). Let n > no(r) and [ := £2". Then 12—,A, =t.Lets = -’z—f € %, where

j e{l,...,1}. It follows from (9) and from

< a P[5 < v = RN <w < 1)

271 27! f— 27!
KW@ =% — . :
—DA A
i 2 P{U5® < W < 57}
that
I oo
FP@) =33 "a(. j.n), (13)

j=li=1

where F(t) is the function that was defined in Step 1 and

(v N W= )
A g = o P{w > U5DA)

Since, for a fixed n > ng(t), the series (13) with nonnegative terms converges, for
any n > no(t), one can find r (¢, n) such that

D aG. jom) =Y > al.j.n) <1/n. (14)

l l r(t,n)
=1i=

J

—_

j=1 i=1
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For n < no(t) put r(z, n) := 2". Without loss of generality, we may assume that a
sequence r(t,n), n € N, satisfies conditions (3), i.e., r(¢,1) < --- <r(t,n) < ---
foralln e N, 2" < r(t,n) and r(é;") 1 ooasn — oo.

In order to construct a sequence r(n), n € N, which guarantees that the state-
ment of this lemma is true, we shall use a version of Cantor’s diagonalization proce-
dure. Enumerate somehow elements of the countable set T, so that T = {f}2 . Put
r(n) := max{r(ty,n),...,r(t,,n)},n > 1. Then the sequence r(n) has the property

Vke N Vn>k r(ty,n) <r(n). (15)

Fix k € N (thus we fix #; € ). Then by (14) and (15), for all n > max(k, no(#)),
we have

[ r(n)

S atjom =3 ajom

1i=1 1i=1
j=li= j=li= (16)

1 r(tg,n) a4y 1

(IS)ZZa(z =" Y al.j.n) < -

j=li=1 j=1 i=1

Now let us check that the sequence r(n) constructed above meets the requirements
of the lemma. Since rgl;) 1 ooasn — oo, forany t € T, one can find Ny(¢) > no(t)
such that t < r(;’% for all n > No(t). Let n > Ny(¢). The function F™(¢) has the

representation

[ r(n)

F'"(@6)y =" "al. j.n). (17)

j=1i=1

Again, let us fix k € N. It follows from (13), (17) and (16) that if n > max(k, No(#))
then

[ r(n)

16) 1
F(n) t [n I (”) (17) i 26
(1) — F" (1) ZZa(un) DD ajm =

j=li=1 j=li=1

Due to Lemma 4, it follows that FI" () — # asn — oo. Using the same arguments
as at the end of the proof of Lemma 3, we obtain that the convergence takes place not
only on ¥ but on 7 as well. O

Lemma 6. W'l = Fl(wlnly 5 W asn — oo P-a.s.

The proof of the lemma is based on Lemma 5 and is similar to the proof of
Lemma 4.
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