Modern Stochastics: Theory and Applications 2 (2015) 29-49
DOI: 10.15559/15-VMSTA24

Asymptotic normality of randomized periodogram
for estimating quadratic variation in mixed
Brownian—-fractional Brownian model

Ehsan Azmoodeh®*, Tommi Sottinen®, Lauri Viitasaari°

aMathematics Research Unit, Luxembourg University,
P.O. Box L-1359, Luxembourg
bDepartment of Mathematics and Statistics, University of Vaasa,
P.O. Box 700, FIN-65101 Vaasa, Finland
“Department of Mathematics and System Analysis,
Aalto University School of Science, Helsinki,
P.O. Box 11100, FIN-00076 Aalto, Finland
Department of Mathematics, Saarland University,
Post-fach 151150, D-66041 Saarbriicken, Germany

ehsan.azmoodeh @uni.lu (E. Azmoodeh), tommi.sottinen @iki.fi (T. Sottinen),
lauri.viitasaari @aalto.fi (L. Viitasaari)

Received: 17 November 2014, Revised: 30 March 2015, Accepted: 24 April 2015,
Published online: 11 May 2015

Abstract We study asymptotic normality of the randomized periodogram estimator of qua-
dratic variation in the mixed Brownian—fractional Brownian model. In the semimartingale case,
that is, where the Hurst parameter H of the fractional part satisfies H € (3/4, 1), the central
limit theorem holds. In the nonsemimartingale case, that is, where H € (1/2, 3/4], the conver-
gence toward the normal distribution with a nonzero mean still holds if H = 3/4, whereas for
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provide Berry—Esseen estimates for the estimator.
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1 Introduction and motivation

The quadratic variation, or the pathwise volatility, of stochastic processes is of
paramount importance in mathematical finance. Indeed, it was the major discovery of
the celebrated article by Black and Scholes [8] that the prices of financial derivatives
depend only on the volatility of the underlying asset. In the Black—Scholes model
of geometric Brownian motion, the volatility simply means the variance. Later the
Brownian model was extended to more general semimartingale models. Delbaen and
Schachermayer [10, 11] gave the final word on the pricing of financial derivatives
with semimartingales. In all these models, the volatility simply meant the variance or
the semimartingale quadratic variance. Now, due to the important article by Follmer
[13], it is clear that the variance is not the volatility. Instead, one should consider
the pathwise quadratic variation. This revelation and its implications to mathematical
finance has been studied, for example, in [6, 23].

An important class of pricing models is the mixed Brownian—fractional Brownian
model. This is a model where the quadratic variation is determined by the Brown-
ian part and the correlation structure is determined by the fractional Brownian part.
Thus, this is a pricing model that captures the long-range dependence while leaving
the Black—Scholes pricing formulas intact. The mixed Brownian—fractional Brownian
model has been studied in the pricing context, for example, in [1, 5, 7].

By the hedging paradigm the prices and hedges of financial derivative depend
only on the pathwise quadratic variation of the underlying process. Consequently, the
statistical estimation of the quadratic variation is an important problem. One way to
estimate the quadratic variation is to use directly its definition by the so-called real-
ized quadratic variation. Although the consistency result (see Section 2.1) does not
depend on a specific choice of the sampling scheme, the asymptotic distribution does.
There are numerous articles that study the asymptotic behavior of realized quadratic
variation; see [4, 3, 16, 14, 15] and references therein. Another approach, suggested
by Dzhaparidze and Spreij [12], is to use the randomized periodogram estimator. In
[12], the case of semimartingales was studied. In [2], the randomized periodogram
estimator was studied for the mixed Brownian—fractional Brownian model, and the
weak consistency of the estimator was proved. This article investigates the asymp-
totic normality of the randomized periodogram estimator for the mixed Brownian—
fractional Brownian model.

The rest of the paper is organized as follows. In Section 2, we briefly introduce
the two estimators for the quadratic variation already mentioned. In Section 3, we in-
troduce the stochastic analysis for Gaussian processes needed for our results. In par-
ticular, we introduce the Follmer pathwise calculus and Malliavin calculus. Section 4
contains our main results: the central limit theorem for the randomized periodogram
estimator and an associated Berry—Esseen bound. Finally, some technical calculations
are deferred into Appendix A.l and Appendix A.2.

2 Two methods for estimating quadratic variation

2.1 Using discrete observations: realized quadratic variation
It is well known that (see [22, Chapter 6]) for a semimartingale X, the bracket [ X, X]
can be identified with
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: 2
X, X]; = P- lim_ D Xy = X )

Iem
wherer = {ty : 0 =1t <t < --- < t, = t}is a partition of the interval [0, 7],
|| = max{ty — tx—1 : tx € 7}, and P-lim means convergence in probability. Sta-

tistically speaking, the sums of squared increments (realized quadratic variation) is
a consistent estimator for the bracket as the volume of observations tends to infinity.
Barndorff-Nielsen and Shephard [3] studied precision of the realized quadratic vari-
ation estimator for a special class of continuous semimartingales. They showed that
sometimes the realized quadratic variation estimator can be a rather noisy estimator.
So one should seek for new estimators of the quadratic variation.

2.2 Using continuous observations: randomized periodogram

Dzhaparidze and Spreij [12] suggested another characterization of the bracket [ X, X].
Let FX be the filtration of X, and 7 be a finite stopping time. For A € R, define the
periodogram I (X; A) of X at T by

T 2
/ €lASdXs
0

T opto
=2 Re f / eM=dX dX, + (X, X]; (by Ito formula). (1)
0 0

I(X;A) =

Let & be a symmetric random variable independent of the filtration FX with density
8¢ and real characteristic function ¢g. For given L > 0, define the randomized peri-
odogram by

Belo(X:16) = [ 10X Loyge ds, @)
R

If the characteristic function ¢ is of bounded variation, then Dzhaparidze and Spreij
have shown that we have the following characterization of the bracket as L — oo:

Eel,(X; LE) - [X, X]s. 3)

Recently, the convergence (3) is extended in [2] to some class of stochastic pro-
cesses which contains nonsemimartingales in general. Let W = {W;};¢i0,1] be a
standard Brownian motion, and B = {B,H }tef0,7] be a fractional Brownian motion
with Hurst parameter H € ( %, 1), independent of the Brownian motion W. Define
the mixed Brownian—fractional Brownian motion X; by

X, =W, +Bf, rel0,T]

Remark 1. It is known that (see [9]) the process X is an (F¥, P)-semimartingale if
H e (43_1’ 1), and for H € (%, %], X is not a semimartingale with respect to its own
filtration FX . Moreover, in both cases, we have

(X, X], =1. “

If the partitions in (4) are nested, that is, for each n, we have 7™ c 70+D _then the
convergence can be strengthened to almost sure convergence. Hereafter, we always
assume that the sequences of partitions are nested.
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Given A € R, define the periodogram of X at 7" as (1), that is,

T 2
/ el}\.ldXt
0

T
M xr —ik/ X, M dr
0

Ir(X;2) =

2

T T 2
— X% + XT/ i)\,(elA(T_t) _ e—l)»(T—l))Xtdt +)\'2 / el}»[Xtdt
0 0
Let (.Q F,P) be another probability space. We identify the o -algebra F with
F ® {¢, £2} on the product space (2 x 2, F® F,PQP).Let£ : 2 — Rbe areal
symmetric random variable with density g: and independent of the filtration FX. For
any positive real number L, define the randomized periodogram E¢ I7(X; L) as in

(2) by

Bty (6 L8) = [ 1r(X: Lyge(d )
R
where the term /7 (X; Lx) is understood as before. Azmoodeh and Valkeila [2] proved
the following:
Theorem 1. Assume that X is a mixed Brownian—fractional Brownian motion,
Ee IT(X; L&) be the randomized periodogram given by (5), and
IESZ < 0.

Then, as L — oo, we have

e Ir(X; LE) —> [X, X]7-

3 Stochastic analysis for Gaussian processes

3.1 Pathwise It6 formula

Follmer [13] obtained a pathwise calculus for continuous functions with finite
quadratic variation. The next theorem essentially belongs to Follmer. For a nice ex-
position and its use in finance, see Sondermann [24].

Theorem 2 ([24]). Let X : [0, T] — R be a continuous process with continuous
quadratic variation [X, X];, and let F € CZ(R). Then for any t € [0, T], the limit of
the Riemann—Stieltjes sums

t
hmo; FX(XZ[_l)(Xt,' - X[;_l) = /O\ FX(XS)dXS

|7 |—
exists almost surely. Moreover, we have

1 1 t
F(X;) = F(Xo) +/ Fe(Xs)d X, + 5/ Frox (X5)d[X, X]s. (6)
0 0

The rest of the section contains the essential elements of Gaussian analysis and
Malliavin calculus that are used in this paper. See, for instance, Refs. [17, 18] for
further details. In what follows, we assume that all the random objects are defined on
a complete probability space (£2, F, P).
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3.2 Isonormal Gaussian processes derived from covariance functions

Let X = {X/}:e[0,7] be a centered continuous Gaussian process on the interval [0, T']
with Xg = 0 and continuous covariance function Rx (s, t). We assume that F is
generated by X. Denote by &£ the set of real-valued step functions on [0, T'], and let
5 be the Hilbert space defined as the closure of £ with respect to the scalar product

(110,11, Lo,s1) 9 = Rx(t,s), s,te[0,T]

For example, when X is a Brownian motion, §) reduces to the Hilbert space
L%([0, T, dr). However, in general, §) is not a space of functions, for example, when
X is a fractional Brownian motion with Hurst parameter H € ( %, 1) (see [21]). The
mapping 1j0,] —> X, can be extended to a linear isometry between $) and the
Gaussian space 7 spanned by a Gaussian process X. We denote this isometry by
¢ —> X (@), and {X (¢); ¢ € H} is an isonormal Gaussian process in the sense of
[18, Definition 1.1.1], that is, it is a Gaussian family with covariance function

E(X (91)X (92)) = (1. 92)5

=/ p1(8)p2(t)dRx (s, 1), 1,902 €&,
[0,T1?

where dRx(s,t) = Ryx(ds, dr) stands for the measure induced by the covariance
function Ry on [0, T]%. Let S be the space of smooth and cylindrical random vari-
ables of the form

F=f(X@),.... X(gn), (7)

where f € C;°(R") (f and all its partial derivatives are bounded). For a random
variable F of the form (7), we define its Malliavin derivative as the $)-valued random
variable

"9
DF — Z 8_£(x(¢1), o X (o))
i=1

By iteration, the mth derivative D" F € Lz(.Q; $H®™) is defined for every m > 2.
For m > 1, D2 denotes the closure of S with respect to the norm || - [|,,,,2, defined
by the relation

m
IFI5 2 = E[FP]+ Y E(ID' Fl}e)-
i=1
Let § be the adjoint of the operator D, also called the divergence operator. A random
element u € L2(£2, $) belongs to the domain of §, denoted Dom(§), if and only if it
satisfies
[E(DF,u)5| < cu | Fll2

for any F € D!2, where ¢, is a constant depending only on u. If u € Dom(§), then
the random variable & (u) is defined by the duality relationship

E(Fé8(u)) = E(DF,u)g, ®)
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which holds for every F € D'2. The divergence operator § is also called the Sko-
rokhod integral because when the Gaussian process X is a Brownian motion, it co-
incides with the anticipating stochastic integral introduced by Skorokhod [18]. We
denote 8 (u) = [ u:5X;.

For every g > 1, the symbol H, stands for the gth Wiener chaos of X, de-
fined as the closed linear subspace of L2(2) generated by the family {H, (X (h)) :
h € $, | hlls =1}, where H; is the gth Hermite polynomial defined as

d1 <2
2

x2 _
Hy(x) = (=1)e?” W(e

). )

We write by convention Ho = R. For any g > 1, the mapping IqX (h®7) = Hy (X (h))
can be extended to a linear isometry between the symmetric tensor product $©¢
(equipped with the modified norm /g!|| - || »®q) and the gth Wiener chaos H,. For
q = 0, we write by convention IOX (c)=c,ceR.Forany h € $H94, the random vari-
able qX (h) is called a multiple Wiener—It6 integral of order g. A crucial fact is that
if 9 = LZ(A, A, v), where v is a o -finite and nonatomic measure on the measurable
space (A, A), then H°7 = Lf(vq), where Lf(vq) stands for the subspace of L2(v?)
composed of the symmetric functions. Moreover, for every h € H°9 = Lf(vq), the
random variable / qX (h) coincides with the g-fold multiple Wiener—Itd integral of &
with respect to the centered Gaussian measure (with control v) generated by X (see
[18]). We will also use the following central limit theorem for sequences living in a
fixed Wiener chaos (see [20, 19]).

Theorem 3. Let {F,},>1 be a sequence of random variables in the qth Wiener chaos,
q > 2, such that 1imn_>ooE(Fn2) = 02 Then, as n — oo, the following asymptotic
statements are equivalent:

() F, converges in law to N (0, o2).
(ii) ||DF,,||§3 converges in L* to qo.

To obtain Berry—Esseen-type estimate, we shall use the following result from [17,
Corollary 5.2.10].

Theorem 4. Let {F,},>1 be a sequence of elements in the second Wiener chaos such
law

that E(Fnz) — o and Var||DF,,||f5 — O0asn — oo. Then, F, — Z ~ N(0, 0?),

and
sup [P(F, < x) —P(Z < x)| < 2 J/Var||[DF,|% + 2AEF) — o7
b IF N = E(F2) "o T max(E(F2), 02}

xeR

3.3 Isonormal Gaussian process associated with two Gaussian processes

In this subsection, we briefly describe how two Gaussian processes can be embed-
ded into an isonormal Gaussian process. Let X| and X7 be two independent centered
continuous Gaussian processes with X1(0) = X»(0) = 0 and continuous covariance
functions Ry, and Ry,, respectively. Assume that §); and ), denote the associated
Hilbert spaces as explained in Section 3.2. The appropriate set Eof elementary func-
tions is the set of the functions that can be written as ¢(t, i) = §1;¢1(t) + S22 (¢) for
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(t,1) € [0, T]1 x {1,2}, where ¢1, @2 € &, and §;; is the Kronecker’s delta. On the set
&, we define the inner product

(05 = (G Do D)y, + (0,2, 16,2,
- / o(s. DY (t, DdRx, (5. 1) + f
[0,7]2 [l

@(s,2)¥ (1, 2)dRx, (s, 1),
0,717

(10)

where dRy, (s, t) = Rx,(ds,dt), i =1, 2.

Let $ denote the Hilbert space that is the completion of € with respect to the
inner product (10). Notice that ) = §; & H2, where §; @ 2 is the direct sum of
the Hilbert spaces $3; and §), that is, it is a Hilbert space consisting of elements
of the form of ordered pairs (A1, hy) € $1 X $2 equipped with the inner product
((h1, h2), (81, 82)) 95 @9, = (h1, &1)s5, + (h2, 82)5,-

Now, for any ¢ € E, we define X(p) = X1(p(, 1)) + X2(e(-,2)). Using
the independence of X; and X;, we infer that E(X (@)X (¥)) = (¢1, ¥)g for all
o, e £. Hence, the mapping X can be extended to an isometry on $), and therefore
{X(h), h € H} defines an isonormal Gaussian process associated to the Gaussian
processes X1 and X».

3.4  Malliavin calculus with respect to (mixed Brownian) fractional Brownian
motion

The fractional Brownian motion B = {BtH }ter with Hurst parameter H € (0, 1) is
a zero-mean Gaussian process with covariance function

1
E(BfBH) = Ry(s,1) = §(|r|2H + s — e — s )*H). a1
Let § denote the Hilbert space associated to the covariance function Rp; see Sec-
tion 3.2. It is well known that for H = %, we have ) = LZ([O, T1), whereas for

H > %, we have L2([0, T]) C L%([O, T]) C |9| C 9, where |$] is defined as the
linear space of measurable functions ¢ on [0, 7] such that

T T
Pl —— /0 /0 6| [p@|ir — sPH2dsdr < oo,

where oy = HQ2H — 1).
Proposition 1 ([18], Chapter 5). Let §) denote the Hilbert space associated to the

covariance function Ry for H € (0, 1). If H = % that is, BY is a Brownian motion,

then for any ¢, € $ = L*([0, T1,dt), the inner product of $ is given by the
well-known Ito isometry

1 1 T
E(B2(9)B2(¥)) = (¢, V)5 =/0 ()Y (1)dr.

IfH > %, then for any ¢, ¥ € |9, we have

T T
E(B"(9)BY () = (¢, V) = an fo fo eOY ()|t — s 2dsdr.  (12)
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The following proposition establishes the link between pathwise integral and Sko-
rokhod integral in Malliavin calculus associated to fractional Brownian motion and
will play an important role in our analysis.

Proposition 2 ([18]). Let u = {u;}icj0,7] be a stochastic process in the space
DY2(|9|) such that almost surely

T T
/ / | Dyuts ||t — 51?7 2dsdr < oo.
0 0

Then u is pathwise integrable, and we have

T T T /T
/ u,dBtH =/ u,cSBtH +05H/ / Dgu,|t —s|2H72dsdt.
0 0 0 0

For further use, we also need the following ancillary facts related to the isonor-
mal Gaussian process derived from the covariance function of the mixed Brownian—
fractional Brownian motion. Assume that X = W+ B* stands for a mixed Brownian—
fractional Brownian motion with H > % We denote by ) the Hilbert space associated
to the covariance function of the process X with inner product (-, -) 5. Then a direct
application of relation (10) and Proposition 1 yields the following facts. We recall
that in what follows the notations le and 12X stand for multiple Wiener integrals of
orders 1 and 2 with respect to isonormal Gaussian process X; see Section 3.2.

Lemma 1. For any @1, @2, Y1, ¥ € Lz([O, T1), we have
E(IX @I W) = (0. V)5
T T T
= / MY (1)dt + oy / / oY ()|t — s> 2dsdsr.
0 0 0

Moreover,

E(I5 (91 ® 9 I3 (1 @ Y1)
= 2(p1 ® @2, Y1 ® V2) 5e2

=f ©1(s)Y1(s1)@2(52)¥2(s2)ds1ds
[0,T]?
+05H/ 3901(S1)1/f1 (s1)@2(s2) Va2 (t2) |12 — 52> 2 dsydspda
[0,T]
+ay / 1DV @)Yl — 1P 2 dsidrndsy
[0,T]°

+05%1f e1(51) Y1 (1) @2(s2)Y2(2)
[0, 714

X |t — 81 |2H_2|t2 — sz|2H_2ds1dt1ds2dt2.

4 Main results

Throughout this section, we assume that X = W + BH is a mixed Brownian—
fractional Brownian motion with H > %, unless otherwise stated. We denote by

5 the Hilbert space associated to process X with inner product (-, -) .



Asymptotic normality of randomized periodogram for estimating quadratic variation 37

4.1 Central limit theorem
We start with the following fact, which is one of our key ingredients.

Lemma 2 ([2]). Let E€2 < oo. Then the randomized periodogram of the mixed
Brownian—fractional Brownian motion X given by (5) satisfies

T t
Eelr(X: LE) = [X, X7 +2/ / e (L(t — 5))dX,dX,, (13)
0 0

where ¢ is the characteristic function of &, and the iterated stochastic integral in the
right-hand side is understood pathwise, that is, as the limit of the Riemann—Stieltjes
sums; see Section 3.1.

Our first aim is to transform the pathwise integral in (13) into the Skorokhod
integral. This is the topic of the next lemma.

Lemma3. Letu; = fé @e (L(t—s))d X, where @¢ denotes the characteristic function
of a symmetric random variable &. Then u € Dom($), and

T T T T "
/ udX, = / U8 X, +()lH/ / DS(B )u,|t — s|2H—2dsdt,
0 0 o Jo

where the stochastic integral in the right-hand side is the Skorokhod integral with
. . . . . H

respect to mixed Brownian—fractional Brownian motion X, and D®") denotes the

Malliavin derivative operator with respect to the fractional Brownian motion B |

Proof. First, note that
t t
up=u) +ub =/ <pg(L(t—s))dWS+/ s (L(t —))dBE.
0 0
Moreover, IE(fOT utzdt) < 00, so that u; € D2 for almost all r € [0, T] and

E(f[o T]2(Dsu,)2dsdt) < oo. Hence, u € Dom(é§) by [18, Proposition 1.3.1]. On
the other hand,

T T T
/ Mtht Z/ Mtth +/ MtdBtI{
0 0 0
T T " T T "
=/ usdW,Jr/ ub dW,+/ u,WdB,HJr/ uB”aBH
0 0 0 0
T T T T
:/ 6W,+/ uB" 8W,+/ u,WSBtH—i—/ ut"sH
0 0
—l—ozH/ / DEDYB" | — 52H245ds

=/ ut8Wt+/ uSBH —i—aH/ f DEDu, |t — s 2dsdr,
0 0

where we have used the independence of W and BY, Proposition 2, and the fact
that for adapted integrands, the Skorokhod integral coincides with the It6 integral. To
finish the proof, we use the very definition of Skorokhod integral and relation (8) to
obtain that [} usW; + [ udBH = [ u:5X,. m



38 E. Azmoodeh et al.
We will also pose the following assumption for characteristic function ¢ of a
symmetric random variable &.

Assumption 1. The characteristic function gg satisfies

o
/(; ‘gog(x)‘dx < 0.

Remark 2. Note that Assumption 1 is satisfied for many distributions. Especially, if
the characteristic function ¢ is positive and the density function gz (x) is differen-
tiable, then we get by applying Fubini’s theorem and integration by part that

/(; e (x)dx = 2/0 /(; cos(yx)ge(y)dydx = mge (0) < oo.

We continue with the following technical lemma, which in fact provides a correct
normalization for our central limit theorems.

Lemma 4. Consider the symmetric two-variable function ¥ (s, t) := @z (L|t — 5])
on |0, T] x [0, T). Then ¥y, € $H®2 and moreover, as L — oo, we have

lim L{yrl§e: =07 < o0, (14)
L—o0

where a% =2T fooo (pg (x)dx is independent of the Hurst parameter H.

Remark 3. We point it out that the variance 0% in Lemma 4 is finite. This is a
simple consequence of Assumption 1 and the fact that the characteristic function ¢
is bounded by one over the real line.

Proof. Throughout the proof, C denotes unimportant constant depending on 7" and H,
which may vary from line to line. First, note that clearly ¥, € $® since ¥ is a
bounded function. In order to prove (14), we show that, as L — oo,

2 1
WL le ~ 7

Next, by applying Lemma 1 we obtain ||y, ||f5®2 = A1 + Ay + A3, where

A :=/ 9z (Lt — s|)deds, (15)
[0,7]?
A =ay / e (LIt — ul)ge (LIs — ul)|t — s|* ~>drdsdu, (16)
[0,7]3

Az = a%, /[0 o o (L|t — u|)<p§ (L|s — v|)|t — s|2H72|v — u|2H72dudvdtds.
’ an

First, we show that A; ~ % By change of variables y = %s and x = %t we obtain

72 L (L )
Aq =—/ / o= (T|x — y|)dxdy.
L2 )y Jo 5( )
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Now, by applying L’Hopital’s rule and some elementary computations we obtain that

L pL L
lim L—1/0 /0 9z (T)x — y|)dxdy = lim 2/0 9z (T(L — x))dx

L—oo L—o0

= — d’
T/o @g (y)dy

which is finite by Assumption 1. Consequently, we get
oo
lim LA, =2T / 9¢ (y)dy,
L—o0 0
or, in other words, A ~ L~!. To complete the proof, it is shown in Appendix B that

limy o L(Ay + A3) = 0. O

We also apply the following proposition. The proof is rather technical and is post-
poned to Appendix A.

Proposition 3. Consider the symmetric two-variable function ¥p(s,t) :=
s (Lt — s|) on [0, T] x [0, T]. Denote

~ Yr(s,t)
Iitts) = L&D
SRRV TV

Then, for any H € (%, 1), as L — 00, we have

law

W) == N, 1).

Our main theorem is the following.

Theorem 5. Assume that the characteristic function gg of a symmetric random vari-
able & satisfies Assumption 1 and let 0’% be given by (14). Then, as L — 00, we have
the following asymptotic statements:

1. if H € (3, 1), then

law

VL(Belr (X; LE) — [X, X17) =% N (0, 02).

2. if H =3, then

law

VL(BeIr(X; LE) — [X. XIr) =5 N (1. o).
Where M= 2C(HT f()oo (ps(x)szfzdx.
3. ifH € (%, 3), then
LY EI(X; L) — [X. X]7) —> p,

where the real number | is given in item 2. Notice that when H € (%, %), we
have 2H — 1 < %
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Proof. First, by applying Lemmas 2 and 3 we can write

Elr(X; LE) — [X, Xt = I (Y1) + an /OT /(;ng (LIt — s])It — s|* 2dsdr.
Consequently, we obtain
VL(EIT(X; LE) — [X, X]r)
=VL 1) + ﬁaH/()T /OT%(LU —s|)lt — s|*2dsds
= A + Aj.

Now, thanks to Proposition 3, for any H € (%, 1), we have

law

A = VL [YLlge X @) = N (0, 03),

where 01%1 is given by (14). Hence, it remains to study the term A;. Using change of
variables y = %s and x = %t, we obtain

T T
/ / e (LIt — s|)|t — s[* ~2dsdt
0 0

L pL
= T2HL_2H[) /0 o (Tlx — y|)|x — y|2H_2dxdy,

where by L'Hdpital’s rule we obtain
L oL o
fim L_I/ f ge(Tlx — yl)lx — y*~?dxdy = 2T1_2Hf gz (0)x 2 dx.
L—>o 0 0 o

Note also that the integral in the right-hand side of the last identity is finite by As-
sumption 1. Consequently, we obtain

T T
lim LZH_laH/ / e (LIt — s1)|t — s[*~2dsdt
0 0

L—o0
o0
= 2aHT/ ge (0)x*H2dx = p. (18)
0

Therefore,

. . 3 _oH
lim Ay = lim L2 ",
L—o0 L—o0

which converges to zero for H € (%, 1), and item 1 of the claim is proved. Similarly,
for H = %, we obtain
lim Ay = u,
L—oo

which proves item 2 of the claim. Finally, for item 3, from (18) we infer that, as
L — oo,

T T
LZH_laH/ / e (LIt — s|)It — s[* 2dsdt —> p.
0 0
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Furthermore, for the term 12X (¥1), we obtain

LHAV X ) = L3 x VL IE (Y1) 5 0

as L — oo. This is because H# < 3 implies 2H—3 < 0 and moreover /L I5 (Y1) lay
N (0, 1) and L2H=3 — 0. =

Corollary 1. When X = W is a standard Brownian motion, that is, if the fractional
Brownian motion part drops, then with similar arguments as in Theorem 5, we obtain

law

VL(Eelr(X; LE) — [X, X1r) — N (0,03),
where 0% =2T fooo (ps2 (x)dx, and @¢ is the characteristic function of §.
Remark 4. Note that the proof of Theorem 5 reveals that in the case H € (%, %), for
any € > % — 2H, we have that, as L — o0,
VL(EIr(X: LE) — [X. X]7) — o0,

and, moreover,

LT (Bl (X; L&) — [X, X]7) —> 0.

4.2  The Berry—Esseen estimates

As a consequence of the proof of Theorem 5, we also obtain the following Berry—
Esseen bound for the semimartingale case.

Proposition 4. Let all the assumptions of Theorem 5 hold, and let H € (43_1’ 1). Fur-

thermore, let Z ~ N (0, 0%), where the variance a% is given by (14). Then there
exists a constant C (independent of L) such that for sufficiently large L, we have

sup |P(vVL(Ee (Ir(X; LE) — [X, X1r) < x) —P(Z < x)| < Cp(L),
xeR
where
son [T o
p(L) = maxq L2 , gog(Tz)dz .
L
Proof. By proof of Theorem 5 we have
VL(EIT(X; LE) — [X, X]r)
T T
:Jflz"(wL)+JZaH/ / e (LIt — s]) |t — s|*H ~2dsdr
o Jo

=: A1 + Ay,

where

A1 = V2L Ll ger 15 (Y1).
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... . 3_
Now, we know that the deterministic term A, converges to zero with rate L2 2H and

1 . . .
the term A; NN O, a%). Hence, in order to complete the proof, it is sufficient to
show that

sup [P(A; < x) —P(Z < x)| < Cp(L).
xeR

Now, by using the proof of Proposition 3 in Appendix A we have

JVar | DFL|3 <177 <L3721,

Finally, using the notation of the proof of Lemma 4, we have
E(F;) = LIVLlger = L x (A1 + A2 + A3),
where A + A3 < CL™2H_ Consequently,
L x (Ay+ A3) < CL'72H < cp3—2H,

To complete the proof, we have

T2 L L T2 L L—x
LA, = —/ / (pg(T|x — y|)dydx = —/ / <,052(Tz)dzdx
L Jo Jo L Jo Jox

T2 L L—z L
=7 f / ¢ (Tz)dxdz = T? f 0; (T2)dz
—LJ—; L

L
=2T2/ cpg(Tz)dz.
0

This gives us
o
LA — a% = 2T2/ <p§(Tz)dz.
L
Now, the claim follows by an application of Theorem 4. O

Remark 5. In many cases of interest, the leading term in p(L) is the polynomial

term L>2H , which reveals that the role of the particular choice of ¢z affects only
to the constant. In particular, if ¢¢ admits an exponential decay, that is, |@g ()| <

3
C1e~ 2! for some constants Cy, C, > 0, then fLoo ¢§(Tz)dz < C3e Gl < cL22H
for some constants C3, C4, C > 0. As examples, this is the case if & is a standard

2
. . . . 2.
normal random variable with characteristic function @¢ (1) = e~ 2 orif £ is a standard
Cauchy random variable with characteristic function @ (1) = e,

Remark 6. Consider the case X = W, that is, X is a standard Brownian motion. In
this case, the correction term A» in the proof of Theorem 5 disappears, and we have

o
E(F}) — o} = 2T2/L 97 (Tx)dx.

Furthermore, by applying L’Hdpital’s rule twice and some elementary computations
it can be shown that

E[IDFLI% —EIDFLI3] < |e(TL)| L.
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Consequently, in this case, we obtain the Berry—Esseen bound

sup |P(VL(Ee(I7(X; LE) — [X, XI7) < x) —P(Z < x)| < Cp(L),

p(L):max{,/|<pg(TL)|L—1,/L (pg(Tz)dz},

which is in fact better in many cases of interest. For example, if ¢z admits an expo-
nential decay, then we obtain p (L) < e~ L for some constant c.

where
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A Appendix section

A.1  Proof of Proposition 3

Denote F; = 12X (&L) and note that by the definition of V1 we have IE(FZ) =
Hence, it is sufficient to prove that, as L — oo,

2
E[IDFL|§ — EIDFLIE]” — 0.

Now, using the definition of the Malliavin derivative, we get

DyFL =21 (Yi(s, ) = I (e (LIs — D).

2
VL e

For the rest of the proof, C denotes unimportant constants, which may vary from line
to line. Furthermore, we also use the short notation

K (ds, dr) = 8o(t — s)dsdr + ag|t — s|*2dsds,

where 8¢ denotes the Kronecker delta function, to denote the measure associated to
the Hilbert space §) generated by the mixed Brownian—fractional Brownian motion X.
Furthermore, without loss of generality, we assume that ¢z > 0. Indeed, otherwise we
simply approximate the integral by taking absolute values inside the integral, which
is consistent with Assumption 1. Now we have

/ / I (0e (Llu — 1)) I (@s (LIv — 1)) K (du, dv).
Next, using the multiplication formula for multiple Wiener integrals, we see that

1¥ (e (LI = D) 1Y (g (LI = )
— (e (Ll — 1), e (LIv = 1)), + 1 (02 (Ll — )@y (LIv = 1))
=: Ji(u,v) + Jo(u, v),

IDsFLIG = ”
WL ||S;J®2
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where the term J; is deterministic, and J, has expectation zero. Hence, we need to

show that
1 T pT 2
E[iz/ / Jz(u,v)l((du,dv)i| — 0. (19)
VLl ge: Jo Jo
Therefore, by applying Fubini’s theorem it suffices to show that, as L — oo,
1
74/ E[J2(u1, v1)Ja(uz, v2) | K (duy, dv)) K (dup, dva) — 0. (20)
VLl gee Ji0.71

First, using isometry (iii) [18, p. 9] , we get that
E[J2(u1, v1)J2(u2, v2)]
=2f (e (Llur — -1)®¢e (Lvr — 1)) (x1, y1)
[0,714

X (e (Llua — -1)®ge (L|va — +1)) (x2, y2) K (dx1, dx2) K (dy1, dy»).
By plugging into (20) we obtain that it suffices to have

1 ~
WLl Liut — )& (LIv1 — -1)) (x1,
||1//‘L||4ﬁ®2 /[‘(),T]S((ps( lu1 |) §0§( [v1 |))(X1 1)

X (e (Llua — ) ®¢z (LIv2 = 1)) (x2, y2)
x K(dxy, dx) K (dyy, dy2) K (duy, dvy) K (dus, dvy) — 0. 21

The rest of the proof is based on similar arguments as the proof of Lemma 4.
Indeed, again by the symmetric property of measures K (dx,dy) and functions
s (Lluy — D®gs (Llv; — -|) we obtain five different terms, denoted by Ay,
k=1,2,3,4,5, of the forms

Al = /[o - (pg(L|u —x|)g05(L|u — y|)<p§(L|v — x|)<pg(L|y — v|)dxdydvdu,
Ay =ay /[0 - e (Llu — x11)@e (Llu — yl)@z (L|v — x2]) gz (L1y — v])

X |x1 — x2|2H_2dx1dxzdydvdu,
As =y f[o g e (Ll = i) (Ll = yil)ge (L = x2l)ge (Ll = v1)

x |x1 — 22 A2y — yo 272 dx i dxady  dyrduda,

Ay = a3, /[0 - @ (Lluy — x11)@e (LIvi — y11)@e (Llv — x2[)@e (Lly2 — vl)

2H72|

X |x1 — x2| yi — 2172 uy — vy 7 2dxy dxody  dysdvy duy do,

As = af; /[0 - @ (Lluy — x11)@z (Llvy — y11)@z (Lluz — x2])

2H-2 2H-2 2H-2
| | |u |

x g (Lly2 — val)x1 — x2] yi—¥
X |upy — v2|2H_2dx1dxzdy1dy2dv]du1dv2du2.

1— U1
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Next, we prove that A3 < C L3 First, by change of variables we obtain

A= L2 [ (Tl = s (T = 1 e (710 = e (T1oz = v)

x |x1 — 222721y — y2|22dxy dxadyrdyrduda.

Note that Assumption 1 implies that fOL @:(T|x — y])dx < C, where the constant C
does not depend on L and y. Similarly, we have

L
0

where again the constant C is independent of L and y. Moreover, we have ¢ (T |u —
v]) < 1 for any u, v € R. Hence, we can estimate

Ay < CL-4H2 f[m 0 (Tl = x11) @& (Tl — w1) e (TIv — )
x @e(Tly2 = vl) lxr = 272 [y1 = 3PP 2 dxideadyrdysdodu
<L /[0 o1 Tl o (Tl = 2] s (712 o)

2 “2|y1 — 2?2 dxi dxady  dy,dudu

= CL—4H—2/ s (T1v — x21) @& (T1y2 — v]) [y1 — y2 72
[0.L]*

X |xp — x2|

X </ ) (Tlu — y1|) [x1 — x2|2H_2dudx1)dx2dy1dy2dv
[0,L]?

<CL™H72 L““/ s (T1v — x2) 05 (Tly2 — vl)
[0,L1*

x |y1 — y2*72dxody dysdv

= CL‘ZH‘3/ e (Tly2 — vl) Iy1 =y 72
[0,L17
L
X (/o 9 (Tlv — X2|)dX2)dy1dy2dv

L
< CL—ZH—3/ Iyg — y2|2H—2(/ os (T|y2 — v|)dv>dy1dy2
[O,L]z 0
< CL‘ZH_3f lyi =yl 2dyrdys = CL™.
[0,L]?

To conclude, treating A, A, As, and As similarly, we deduce that

5
>l =cL.
k=1

Hence, by applying ||, ||f3®2 ~ L~! we obtain (21), which completes the proof.
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A.2  Analysis of the variance

We have

Ar =ay / e (LIt — ul)ge (LIs — ul)lt — s|*~*drdsdu, (22)
[0,713

Ay =a} / s (LIt — ul)pg (LIs — v|)|t — s/*# 2o — u[* ~2dudvdrds, (23)
[0, 71

which, by change of variable, leads to

Ay = quT?HH 201 / e (T1t — ul)@e (Tls — ul)lt — s|*#~2drdsdu,
[0,
Ay = a%{T4HL74H

X / or (T|t — u|)<pg (T|s — v|)|t - s|2H—2|v - u|2H—2dudvdtds.
[0,L]*
We begin with the term A,. Denote
A _ 2H-2
Ao (L) _/ 3(pg(T|t—u|)g0§(T|s—u|)|z‘—s| drdsdu.
[0,L]

By differentiating we get
dAz _
—Z(L) = 2/ 0 (TIL — ul) g (Tlu — v|)|L — v*"~2dvdu
dL [0,L]2
+/ ¢ (TIL — ul) g (TIL — vl)|u — v|*7~*dudv
[0,L]2
=:J1 + /.

First, we analyze the term J;. Similarly to Appendix A, we assume that ¢z > 0.
Hence, we have

1

—J = / 9 (TIL — ul)@e (Tu — v)|L — v|*P~2dvdu
2 [O,L]z

= /[0 L @e (Tu) e (Tlu - v|)v2H_2dvdu

L L
= / / 0 (Tu)gg (T |u — v|)v*7~2dvdu
o Ji

L ol
+ / f 0 (Tu)ge (T |u — v|)v*7~2dvdu
o Jo

L L L 1

5[ f (pg(Tu)(pg(Tlu—v|)dvdu+f f @ (Tu)v* ~2dvdu
0 1 0 0

<C.
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For the term J,, we write
= / i e (TIL — ul) e (TIL — vl)|u — v*~2dudv
[0,L]

= /[o L s (Tw s (Tv)|u — v|2H72dudv

L t
= 2/ / @ (Tw)pz (Tv) (v — u)*2dudv
o Jo

L pt L pt—1 L pt
:2(/ / +/ / + / / >¢’¥(T”)‘PS(TU)(U—u)zH_zdudv
0 J0 1 Jo 1 Jim

= D1+ 2+ 3.

Now, it is straightforward to show that J> | + J 2 < C. Consequently, as L — oo,
we obtain ~
Ay~ L2 VA ~ L7 () 4+ oy + oo + J23),

where
L72H (4 Jag 4 o) ~ LA,

For the term J; 3, we write

L t
Da(L) = / / @ (Tw)gz (Tv)(v — w)* ~*dudv,
1 t—1

so that

L
LN / 0e (T L)g: (Tv) (L — v)*~2dv
dL L1
< Coe(TL).

Hence, by L’Hopital’s rule we have L—2H Ja3 ~ L'—2H @g (T L). On the other hand,
we have @¢(TL) = o(L*=2) since ¢ is integrable by Assumption 1. Hence,
L2 Sz = o(L’l), which shows that limz_, o, LAz = 0. Consequently, A, does
not affect the variance. The term A3 is easier and can be treated with similar ele-
mentary computations together with L’Hopital’s rule. As a consequence, we obtain
A3 ~ L™%H sothatlim; _, o, LA3 = 0. Hence, A3 does not affect the variance either,
which justifies (14).
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