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Abstract The generalised sine random point field arises from the scaling limit at the origin
of the eigenvalues of the generalised Gaussian ensembles. We solve an infinite-dimensional
stochastic differential equation (ISDE) describing an infinite number of interacting Brownian
particles which is reversible with respect to the generalised sine random point field. Moreover,
finite particle approximation of the ISDE is shown, that is, a solution to the ISDE is approxi-
mated by solutions to finite-dimensional SDEs describing finite-particle systems related to the
generalised Gaussian ensembles.

Keywords Interacting Brownian motions, random matrices, infinite-dimensional stochastic
differential equations, infinite particle systems
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1 Introduction

Consider the unitary ensembles of random matrices whose density is given by
1 2a ,~TerM*M 1
§|detM| e dM fora > 3 (1.1

where d M is the usual flat Lebesgue measure on the space of N x N Hermite matrices,
and Z is the normalising constant. Hereafter, by abuse of notation, we use the same
letter Z for normalising constants of several ensembles. Let xy = (x1,...,xn) €
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RY be the eigenvalues of an N x N matrix M. When M is distributed as (1.1), the
probability density function of its eigenvalues is written as the following mg’a, which
is called generalised Gaussian ensembles [20]:

1 2
mg o (dxn) = — ]_[ i =i ] e dxy. (1.2)
I<i<j<N 1<k<N
Then, mg’a naturally gives a random point field ,ug,a in the sense that the labelled
density of ug o With respect to the Lebesgue measure is given by mg o
Note that ug o is a determinantal random point field. Let {py},en be the monic
orthogonal polynomials with respect to |x|2°‘e’x2dx, and we set h,, = f]R( ol (x))2 x
|x|2"‘e_x2dx. Let K g o : R x R — R be the determinantal kernel defined as

2= (x)p )
Kg oG y) =[xy T Z e (1.3)

Then, for each n, the n-correlation function pgg of ,ug’a is given by
N, N
PGq 15 oo, Xn) = det [KG,a(xi, xj)].

<1]

From the Cristoffel-Darboux formula [6, Proposition 5.1.3], we have

22 _
Ix[*y|%e= 7~ 7 pl ) pl=t(y) — pY 1) pl )
hy—1 xX—=y

Ky (xy) =

To focus on fluctuation of the generalised Gaussian ensembles around the origin,
we take a scaling. We set

N b X M
KN, y) = J—WKG’“<J—N’ J—ﬁ> (1.4)

Let Y be the determinantal random point field with kernel K. Clearly, the labelled
density mY of u2 is written in the form

1 i
m{j(d:w)zZ [T xi—x? J] e Vaxy. (1.5)

1<i<j<N 1<k<N
Then, the scaled kernel K é\’ has a nontrivial limit

Nlim Kév (x,y) = Kq(x,y) compact uniformly. (1.6)
— 00

Here, the limit kernel K, (x, y) : R x R — R is given by, for x # y,
Ko(x,y)
lx~1y 1(«/—IXI)Ja,1(x/_IYI) — v/ lxy Ja,L(«/—IxI)J 1 (x/_IYI)
V2(x =)

(1.7)
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and, forx =y,

x|

2
~ T3 (V20D

Ko, x) = {I2, (V21D + I3 (V21x])

L (V2x]) — J,

-1 et (V20D T, 3 (V21xD}. (18)

where J,, denotes the Bessel function of the first kind of order v. Remark that (1.6)
yields weak convergence of random point fields. Let p be the determinantal random
point field whose kernel is K. More precisely, the n-correlation function p}; of i is
given by

pZ(xlan-’Xn) = det [Kol(xlax/)]' (1'9)
I<i,j<n

Then, we obtain

lim ,ug/ = g weakly.
N—o0
The kernel K, is called the generalised sine kernel of order « [1]: when o = 0, K,
becomes the classical sine kernel sin(x —y)/(x —y). Note that, forx, y > Oora € N,
the kernel (1.7) takes a simpler form

J, 1 (V2x)J, 1 (V2y) = T, 1 (V20) T, 1 (V2y)
+3 2 2 +3 )
V2(x = y)

As with other random matrix models, the universality of the limit kernel has been
studied. Let V : R — R be a function that increases fast enough at infinity, for
instance, an even degree polynomial with a positive leading coefficient. Then, we
consider the following ml‘\,”a, which is a generalisation of (1.2):

Ky(x,y) = \/ﬁ

1
N 2 2a —V
my (dxy) = = | | lxi — x| | | Ixg |2V 0 gx .
l<i<j<N 1<k<N

Then, a natural problem is the universality of random matrices. More precisely, it is
of interest to show that, for a potential V of a quite wide class, local fluctuation at
the origin for ml‘\,/’a yields the universal random point field 1, under suitable scaling.
Akemann et al. showed the universality under the assumptions that « is a nonnega-
tive integer, V is an even degree polynomial, and recurrence coefficients of associ-
ated orthogonal polynomials satisfy certain condition [1]. The assumption that « is
a nonnegative integer was excepted by Kanzieper and Freilikher [10]. Moreover, the
restriction that V is even degree polynomial was removed by Kuijlaars and Vanlessen.
They showed universality for real analytic potential with mild assumptions [15].

It is natural to try to study stochastic dynamics with infinitely many particles re-
lated to the universal random point field u,. More specifically, our purpose is to con-
struct reversible diffusion whose equilibrium measure is p,, and describe its infinite-
dimensional stochastic differential equation (ISDE). In order to derive such an ISDE,
we consider a stochastic process related to ufxv , which is given by

N

N,i
. . o X,
t t X[N,t N Zj;ﬁi XtN,t . XZN,/
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where (B")IN= | is the N-dimensional Brownian motion. We derive (1.10) as follows.
Consider a Dirichlet form

Jaf o
Efg) = / Zf S ¥ (dxx)

ox; 0

on L*(RV, m{xv (dxn)). Then, by using integration by parts and (1.5), the generator
—AN of £ on L2(RY, mfxv(de)) is given by

which corresponds to (1.10).
Taking N to infinity in (1.10), it is expected that the limit ISDE is given by

‘ 4 1

T __ 1 7

dX! =dB} + {—t + lim E — j}dt, i eN. (L.11)
(Xi—x/|<rjzi ©0 T

Here, (B');cy is the collection of independent copies of the one-dimensional Brown-
ian motion. Clearly, (1.11) becomes the Dyson model in the case « = 0. Our purpose
is to construct a solution (X?);ey to (1.11).

It is important to point out that (1.11) is essentially different from the Bessel in-
teracting ISDE, and deriving (1.11) from (1.10) is nontrivial for the long-range effect
of logarithmic interaction. Honda and Osada derived the following Bessel interacting
ISDE for o > 1/2 [9]:

dx;'de;'+{—+ 3 }dt i eN. (1.12)
Xt jeN,j#i X

Note that the (unlabelled) solution to (1.12) is reversible with respect to the Bessel
random point field. Seemingly, our model (1.11) resembles (1.12). However, the sum
of the drift term in (1.12) converges absolutely unlike (1.11). The Bessel random
point field is a random point field on the positive line, and its one-correlation function,
which stands for the mean density of particles, decreases with order x ~1/2 as x — o0;
therefore, the sum of the interaction term in (1.12) converges absolutely. In contrast,
the generalised sine random point field is on R, and its one-correlation function is of
constant order as |x| — oo; this implies that the drift term in (1.11) does not converge
absolutely. Thus, we need careful computation to show the conditional convergence
of the drift term as opposed to (1.12), and (1.11) is more difficult to study than (1.12)
in this respect.

We refer to historical remarks on interacting Brownian motions with infinitely
many particles. For a free potential ® and an interaction potential W, interacting
Brownian motions in infinite-dimensions are given by the ISDE of the form

oo
dX! =dB! — gvxob(xf)dz — g D VWX X{ydt, ieN. (1.13)

J#i
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Here, (B');en is the collection of independent copies of d-dimensional Brownian
motion and 8 > 0 is the inverse temperature. Lang derived general solutions to
ISDE (1.13) under the condition ® = 0and ¥ € Cg (Rd) [16, 17]. Fritz explicitly de-
scribed the set of starting points for up to four dimensions [7], and Tanemura solved
equations for hardcore Brownian balls [31]. These results were achieved through 1t6’s
method, and required the coefficients to be smooth and have compact support. These
conditions exclude physically interesting examples of long-range interaction poten-
tials, such as the Lennard-Jones 6-12 potential and Riesz potentials. In particular,
the logarithmic potential, which appears in random matrix theory, is also excluded.
Osada established a Dirichlet form approach to solve ISDEs with a long-range poten-
tial, which can be applied to the logarithmic interacting particle systems [22, 24-27].
Osada and Tanemura also showed strong uniqueness of solutions [29]. Furthermore,
Tsai constructed nonequilibrium solutions to the Dyson model for 1 < 8 < oo [32].

We use the Dirichlet form approach to construct the unique strong solution to
(1.11). More precisely, we construct a reversible diffusion on the configuration space
with respect to 144, and show that the process satisfies (1.11). To show ISDEs by the
Dirichlet form approach, expression of the logarithmic derivatives is crucial, because
the logarithmic derivatives correspond the drift terms of ISDEs. Bufetov, Dymov, and
Osada introduced a method to compute the logarithmic derivatives for determinantal
random point fields [2]. Since p,, is determinantal, their result seems to be applicable
to our case. In spite of this, we use finite-particle approximation method to find the
logarithmic derivative of uy, which was introduced in [25]. This is because finite-
particle approximation of the logarithmic derivative implies that of dynamics [12].
More accurately, let (XV');<;<y and (X");cn be the solutions to (1.10) and (1.11),
respectively. Then, provided suitable labelling, the approximation of the logarithmic
derivatives imply that the first m-particles of (X N ,i)]s i< converge to that of (X DieN
weakly in the path space. We will show such convergence in Theorem 2.4. This is an
advantage of our method.

This paper is organised as follows. In Section 2, main results are shown. In Sec-
tion 3, we prepare estimates of determinantal kernels. In Section 4 and Section 5,
the logarithmic derivative and quasi-Gibbs property of i, are shown, respectively. In
Section 6, the strong uniqueness of our solution is proved.

2 Set up and main results

2.1 The strong uniqueness of solutions to ISDEs and dynamical convergence
Let S = R. Let S be the configuration space over S given by

S={s= 2851‘ ; 85i €8, s(K) < oo for any compact set K C S}.

1

We regard the zero measure as an element of S by convention. We equip S with the
vague topology, which makes S to be a Polish space. A probability measure p on
(S, B(9)) is called a random point field on S. Let

Sy ={seS; s({x}) <1foranyx € S}, Si={s€eS; s(S) = o0},
Ssi=SsNS;. 2.1
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For each n € N, a symmetric and locally integrable function p" : §* — [0, 00)
is called the n-correlation function of u with respect to the Lebesgue measure if p”
satisfies

S(A))!
P et ) / AR s
/A’:l oAk ! l_[ (S(Ai) — k!
for any sequence of disjoint bounded sets Ay, ..., A, € B(S) and any sequence of
natural numbers ki, ..., ky, satisfying k; + - - - + k;,, = n.

We define an unlabelling map u : {{J;2, S51U SN - Sas u((s;);) = > 8
Here, S = {@#} and u(¥) = o, where o is the zero measure. Furthermore, a measurable
function [ : Sg; — SV is called a labelling map if 1 o [ is the identity map.

Recall that y, is the random point field whose correlation functions are given
by (1.9). The next theorem is the main result of the present paper.

Theorem 2.1. Assume o > 1/2. Then, there exists a set S, satisfying
ta(Se) =1, Sy C SS,i7

such that the following holds: for any s € u~1(Sy), there exists an S®-valued con-
tinuous process X = (X")ien and an RN-valued Brownian motion B = (B');cn
satisfying

. . 1
i _ i el -
dX! =dB + { -+ lim ) T }dt, 2.2)
|X§7X{\<r 4 !

Xp=s, (2.3)
and
Pu(X;) €Sy, 0<"t <00) =1.

The solutions obtained in Theorem 2.1 are just weak solutions. We next show the
strong uniqueness of solutions to (2.2). We shall give the definitions of (IFC), (AC),
(SIN), (NBJ), and (MF) in Section 6.

Theorem 2.2. For jiy o ["'-a.s. s, there exists a strong solution (X, B) to (2.2)-(2.3)
satisfying (IFC), (i14-AC), (SIN), and (NBJ). Furthermore, the strong uniqueness of
solutions to (2.2)—(2.3) holds under the constraints of (MF), (IFC), (.4-AC), (SIN),
and (NBJ).

Remark 2.3. Five assumptions (IFC), (AC), (SIN), (NBJ), and (MF) are required
for the uniqueness of solutions in Theorem 2.2. It is not difficult to check these as-
sumptions in practice. In fact, we showed that solutions to ISDEs satisfy (IFC) under
mild assumptions, and furthermore, if a solution is associated with a Dirichlet form,
we can check the five assumptions [13, 14]. Thus, as an application of the unique-
ness of solutions in Theorem 2.2, we can show the uniqueness of Dirichlet forms
associated with the generalised sine random point field [13], but we do not pursue
here.
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Let (X, B) be the unique solution obtained in Theorem 2.2 and we write X =
(X')jen. Let XV = (XNV1) ;< be the (unique) solution to (1.10). In analogy to the
labellingmap [, let [V : {s € S; s(S) = N} — SV be alabelling map for N-particles.
For labelling maps [ = (I');cy and [V = (V1) <<y, we write [, = (I')1<j<pn and
(N = (IN'") 1 <j<m, respectively. Here and subsequently, W (A) stands for the set of all
continuous paths w : [0, c0) — A. Then, we see a weak convergence from XV t0 X
in a path space.

Theorem 2.4. Assume o > 1/2. Suppose that, for eachm € N,

Nlim wl o (Y™ = g o (1) ™! weakly. (2.4)
—> 00

Assume that X{)V = ,uétv o (M~ and Xo = g © =Y in distribution. Then, for each
m €N,

lim (XN, xN2 o xNmy = (x', X2, X
N—o00
weakly in W (S™).

2.2 Quasi-Gibbs property and logarithmic derivative

Theorem 2.1 is proved by making use of the Dirichlet form approach. In this frame-
work, quasi-Gibbs property and logarithmic derivatives play important roles. We first
introduce the concept of quasi-Gibbs measures.

We set S, = {|x| < r}and S = {s € S; s(S,) = m}. Let A, be the Poisson
random point field whose intensity is the Lebesgue measure on S, and set A" =
Ar(-NSM). Letm,, 7f : S — Sbe such that 7, (S) = s(-NS,) and 7f(S) = s(-NSL),
respectively.

Definition 2.5 ([26, 27]). A random point field w is said to be a (®, W)-quasi-Gibbs
measure if, for each r, m € N and p-a.s. s, the regular conditional probability

Urs = (7 (X) € - |71, (X) = 7, (8), X(S;) =m)
satisfies
;e OAM (@x) < Wi (dX) < e O AT (dx).

Here, ¢; = ¢1(r, m, S) is a positive constant depending on r, m, and S, and H, is the
Hamiltonian on S, defined as

M) =Y @)+ Y Wjxm) forx=) 5.

X; €S, Xj, Xk ESy i

Moreover, for two measures i, v on a o-field F, we write u < v if w(A) < v(A) for
all A e F.

Theorem 2.6. For any o > 1/2, uy is a (—2alog|x|, —2log |x — y|)-quasi-Gibbs
measure.
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From Theorem 2.6, a reversible diffusion with respect to 1, is constructed by
the Dirichlet form theory. Let £4« and D5 be as in (2.8) and (2.9) with k = 0 and
u = u%, respectively. See, e.g., [8, 19] for notions of the general theory of Dirichlet
forms such as locality, quasi-regularity, associated diffusions, and capacity.

Corollary 2.7. Assume o > 1/2. Then, (E*«, DY) is closable on L?(uy), and its
closure (EMe, DFe) is a local and quasi-regular Dirichlet form. Thus, there exists an
S-valued diffusion (X, {Ps}ses) associated with (E*«, DH«),

Proof. This corollary immediately follows from Theorem 2.6 with [26, Lemma 2.1,
Corollary 2.1]. O

We remark that each particle does not hit the origin. Let Cap”® be the one-
capacity with respect to (4, DHe | L?(114)).

Lemma 2.8. Assume a > 1/2. Let A = {s; s({0}) > 1}. Then,
Cap"*(A) = 0.

Proof. From (1.8), we see that, for each r, there exists a positive constant ¢ such
that

olx) < eoxP® forx € S,. (2.5)

Once we have obtained (2.5), the lemma is proved by the same argument as in [9,
Lemma B.1]. O

We next prepare some quantities to introduce the logarithmic derivative, which
is a crucial quantity for the representation of ISDE. For a random point field x and
X = (x1,...,x;) € S, for some k € N, we call uy the (reduced) Palm measure of u
conditioned at x if uy is the regular conditional probability defined as

k
szu( : —Z(Sxi|s({x,-})z1fori=1,...,k>.

i=1

Recall that p* denotes the k-correlation function of . A Radon measure /%! on
S* x S is called the k-Campbell measure of y if u!¥! is given by

uM(dxds) = p* () ux(ds)dx.
Let LY (S x S, ulthy = 22, LP(S, x S, ullh).
A function f : S — R is said to be local if f is o[7,]-measurable for some
r € N. Moreover, we say that f is smooth if f is smooth, where f is the permutation
invariant function in (s;); such that f(s) = f ((s;);) fors = Zi ds;. Let D, be the set
of all local smooth functions on S, and we write D, = {f € D,; f is bounded}.
We set

CER\{OD @ Doy ={ ) fiX)gi(y); fi € CFPR\{0)), g € Doy, m € N},
i=1
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Definition 2.9 ([25]). An R-valued function d* € L] (S x S, u!ll) is called the
logarithmic derivative of w if, for all ¢ € Cg°(R \ {0}) ® Do p,

A" (x, ) e, Yy dxdy) = — f Voo, yulldxdy).

SxS SxS

Remark 2.10. The space of test functions is not Cj°(R) ® D, , but C3°(R \ {0}) ®
D,.», since particles never hit the origin for the case © = o with o > 1/2 from
Lemma 2.8.

The next claim is the key theorem in the present paper.
Theorem 2.11. For o > 1/2, the logarithmic derivative of [y exists in L{’;C (S xS,
,ut[yl])for 1 < p <2, and it is given by
2

x—yj

dhe (x,y) = 27“ + lim Z (2.6)

lx—yjl<r
fory = Zj 8y, Here, the limit in the right hand side of (2.6) is taken in L{;C(S x S,
[1]
Mo )-

2.3 The general theory for ISDEs

This subsection is devoted to the general framework — the Dirichlet form approach
for infinite particle systems. We first introduce Dirichlet forms describing k-labelled
processes.

For f, g € D,, we define D[ f, g] : S — R as

1
D[ f, g1(s) = 3

3 df(s) 83 (s) 27

8Si Bsi '

Here s = Zi ds; and s = (s;);. Remark that D[ f, g] is well defined, because the right
hand side of (2.7) depends only on s. For f, g € C§° (%) ® Do, let VX[ £, g] be the

function on S¥ x S defined as

k
k _ l af(xa S) ag(x7 S)
VSl ) =5 ) o

)

i=1
where x = (xi){?zl € Sk. For f, g€ Cgo(Sk) ® D,, we set
D[, g1(x, 8) = VX[ £, g1(x, 8) + DI (x, ), g(x, )1(S).

. k [k]
Then, we set the bilinear form (£ ul J, DY ) as

e (f.g) = / DM gl 2.8)

SkxS
DY = (e (€55 @ Do) N LA(S* x S, ulk)y; e4¥ (£, £) < 00). (2.9)
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When k = 0, we interpret D° = D and %' = p. For simplicity, we write L2(u*1) =
L2(S* x S, ulky,

Let Exf(r) = (1/4/27) ftoo e=**2dx be the complementary error function. Sup-
pose that a random point field p satisfies the following (A1)—(AS).

(A1) For each n, there exists n-correlation functions p” of p and p” is locally
bounded.

(A2) There exists the logarithmic derivative d*.

k
(A3) Foreach k e {0} UN, (€%, D" is closable on L2(;k).
(A4) Cap”(SS) =0.
(A5) There exists T > 0 such that, for each R > 0,

.. 1 r ) N
llrlll)égf{ /MHR 0 (x)dx}Erf(—m

E (LIS K gl 2 K] .

rom (A3), let (E# 7, D*7) be the closure of (E* 7, Dy ) on L=(u!*)). It is
known that (Eﬂ[k], D“[k]) is a quasi-regular Dirichlet form [24]. Then, Cap” in (A4)
denotes the one-capacity associated with (£#, D*, L*(1)). Assumption (A4) means
that particles never collide. Furthermore, (AS5) implies that each tagged particle does
not explode [24].

Recall that W(A) = C([0, 00), A). Each w € W(Ss ;) can be written as W, =
Zi Sw;, where w' is an S-valued continuous path defined on an interval I; of the
form [0, b;) or (a;, b;), where 0 < a; < b; < oo. Taking maximal intervals of this
form, we can choose [0, b;) and (a;, b;) uniquely up to labelling. We remark that
lim; |4, |w;| = 00 and lim;4p, |w§| = oo for b; < oo for all i. We call w' a tagged
path of w and I; the defining interval of w'. Let

WNE(Ss,) = {w e W(S;i): I; = [0, oo) for all i}.

It is said that the tagged path w’ of w does not explode if b; = oo, and does not
enter if I; = [0, b;), where b; is the right end of the defining interval of w'. Thus,
WNE(Ss,i) is the set consisting of all nonexploding and nonentering paths in W (Sg ;).

We can naturally lift each w = {Zi 8w; }e0,00) € WNE(Ss,i) to the labelled path

W = (W)ien = {Wire0.00) = {(W)ien}refo.00) € W(ST)

using a label [ = (");en. Indeed, for each w e WNE(S;,i), we can construct the
labelled process w = {(wf)ieN},e[o,oo) such that wg = [(wg), because each tagged
particle can carry the initial label i from the noncollision and nonexplosion properties
of w. We write this correspondence as

[path (W) = ([ (W))ien-

From (A1) and (A3), there exists a diffusion X on S associated with
(E™, DM, Lz(u)) [22]. Then, we set X = [, (X). The labelled process X gives a
weak solution to an ISDE as follows.
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Lemma 2.12 ([25, Theorem 26]). Assume (Al1)—(A5). Then, there exists a set H sat-
isfying
uH) =1, HC S,

such that the following holds: for all's € u~V(H), there exists an SN-valued Brownian
motion B = (B");en such that (X, B) is a weak solution to

. | o
dX! =dB! + Ed“(X',X;O)dt,
Xp =5,
where X\ = D jeN, ji (lej. Moreover, it holds that
PX, eH 0<% <o0)=1.

2.4 Derivation of Theorem 2.1 from Theorem 2.6 and Theorem 2.11
We shall apply Lemma 2.12 for p,, to show Theorem 2.1.

Lemma 2.13. For any o > 1/2, u, satisfies (Al), (A4) and (AS).

Proof. It is easy to see that K, is bounded. Then, we have (A1) and (AS). Fur-
thermore, because K, is locally Lipschitz continuous, (A4) follows from [23, Theo-
rem 2.1]. O

We derive Theorem 2.1 from Theorem 2.6 and Theorem 2.11.

Proof of Theorem 2.1. Assumption (A2) holds from Theorem 2.11. Furthermore,
we obtain (A3) from Theorem 2.6. Actually, (A3) for £ = 0 follows from the quasi-
Gibbs property of u, [26, Lemma 3.6]. For general k > 1, (A3) also follows from
the quasi-Gibbs property of /i, in a similar manner.

Combining these with Lemma 2.13, we have checked (A1)—(A5) for w,. There-
fore, Lemma 2.12 completes the proof of Theorem 2.1. O

With the above argument, Theorem 2.1 is reduced to Theorem 2.6 and Theo-
rem 2.11. The next section is devoted to preparing key tools to show Theorem 2.6
and Theorem 2.11.

3 Key tools for the proofs of main results

3.1 Determinantal kernels

For v > —1, let {L” (x)},en be the classical Laguerre polynomials, that is,

erx7V d"
n! dx"

L'(x) = (e x"t).

For simplicity, we write
2
v -3 2
Al(x) = |x|"e” T L (x7).

The orthogonal polynomials {p}, },cn, which appear in (1.3), are represented by
the Laguerre polynomials. Accordingly, K IGV’Q can be rewritten in terms of {1} },cn as
follows.
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Lemma 3.1 ([20]). Foranyk € {0} UN,

KY  (x.y)
ey mx—lyw .(x)xk 1<y>fy\/|xy—'\xk 1<x>xk Ne)
2 —
_ F(k-l—a—l— ) — fOi" N =2k + 1,
xa/1x! |xk ! (x)x‘ 1(y) yley—'\xk (x)xk L)
Lkt1) =t for N =2k
F(k+a+ ) xX—y ’

This lemma makes an expression of the one-correlation function of ,ug o We

note the symmetry ,og é(—x) = pév ; (x) and polt(—x) = ,oé (x). Then, for simplic-
ity, we consider the one-correlation functions for nonnegative x in Lemma 3.2 and
Lemma 3.3.

Lemma 3.2. The following holds for x > 0: when N = 2k + 1,
1_ —

P ) = k27 (2xfal @k 00 =2 @b o)+l ord )
x (1+OWN" )),

and when N = 2k,

— k—1 k k=2 k—1 k
pdil ) =k a(zx{(,\ 1 ®)* - Mo R @] o (x))
x (14+ON™!
as N — oo. Here, O(N ") terms are independent of x € R.

Proof. Noting that (d/dx)L* (x) = —L*7!(x), we have the equality (d/dx)LF (x%) =

v+1
—2xLt +11 (x2). Combining this with Lemma 3.1 and the fact that
'tk +a) b 1
—— =k + O* k — oo,
Lk + b) T+ O as
we have the desired result. O

Lemma 3.3. For x > 0, we have p‘}[ (x) > 0.

Proof. From (1.8) and the fact that J,, 1 (x) = 20x 1, (x) — Jy—1(x), we see
pa ) = x| (V1 (V20) - f J, l(ﬁx)) +(1-5 2)12 ,(V20).

Combining this with the fact that J, +1 (\/fx) and J,_ 1 (\/fx) have no common zero

points, we see pg[ (x) > 0 for v/2x > «. Recall that J,_; — Jy+1 = 2J,. Then, (1.8)
yields that

Pa0) =X 1 (V20) ) (V20 = T (V20 (V20))
2 2 o
_ ﬁa /«/Ex Ja+%(t)‘]a7%(t)dt
0

dt.

. /ﬁx Ty O30 427, (0)
0

t
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We remark that the second equality is shown by differentiation of both sides with
differential equation xzjlﬁ’(x) +xJ,(x)+ (x2—1v2)J, (x) = 0. Because J, (z) > 0and
J)(z) > Oforz € (0, v) (see [21, p. 246]), we have ,ooll(x) >0for0 <+2x <a. O

3.2 Asymptotic behaviour of the Laguerre polynomials

Because of Lemma 3.1, asymptotic analysis of the correlation functions boils down
to that of Laguerre polynomials. We quote the Plancherel-Rotach type asymptotic
results for the Laguerre polynomials by Erdélyi. We introduce the quantity

v+1
Al =n+ >

Lemma 3.4 ([5]). Let v > 0. Then, we have the following asymptotics:
(i) Forany(0 < p < /2,

—1)" 2A” cos? p
L"(4A" cos® p) = (CLre

(2cos p)¥(rnsin2p)1/2
noo. bg 1 1
X {cos (Av(sm2p —2p) + Z) + (’)(W) + O<7n(n/2 — p))}
3.1
as n,o3 — ocoandn(m/2 — p) — o0.

(ii) Forany 0 < p,

(—1)1eA(1+20+e720)

1+ p?
L (4A" cosh? p) = {1 0—}
vy cosh® o) = o oy A tamh py 12 L T ( np? )
(3.2)
as np’ — oo.
(iii) For any x satisfying x — 4A7 = o(n%),
(—=D"e*/2 (o x —4AT
n _ 1%
L&) = 55173,173 [ 1((16A'g)1/3>
o (X —4A7 1 x —4A7 (x — 4A1)>/?
+Al((16Ag)1/3>[O(Z) +0( n )+o( 22 )]}
(3.3)

as n — o00. Here, Ai is the Airy function of the first kind, and Aiis defined as

Ai(x) forx >0,

Ai(x) =
) {{|Ai()€)|2 + IBi(x)|2}% forx <0,

where Bi is the Airy function of the second kind.



102 Y. Kawamoto

Remark that several O-terms in Lemma 3.4 contain two variables. For example,
fn,p) e O((n,o3)’1) as n,o3 — 00 means that there exist positive constants C and
L such that | f(n, p)| < C(np>)~" holds for any n, p satisfying np> > L. Other terms
have similar meaning.

With a computation similar to that used in [11], Lemma 3.4 yields the following
asymptotics.

Lemma 3.5. Forv > 0andm € {—2, —1, 0}, the following hold:

(i) Forany 0 < p < m/2, we have

A2 cos p) = %{ o8 (n(Sinzp —20) =204+ %)
+0(35) + ()] G

as np> — oo and n(w /2 — p) — 0.

(ii) Forany 0 < p, we have

(—1)’”’"an7l exp{n(2p — sinh2p) + 2pAl'}
23/2 cosh p (7 tanh p)1/2

x{y+o(1;§3)} (3.5)

At (Zn% cosh p) =

as np> — oo.

Proof. For n large enough, there exists 6 = 6(n, p) such that

n+m 1

cosp = (VT> : cos(p +6), (3.6)

where A"™™ = n 4+ m + (v + 1)/2. Then, it is easy to see that

~1
p =20 (3.7
sin p
cos(p +0) :{1 _AY + O(n_z)] cos p (3.8)
2n

as n — oo. Combining these with cos(p + 6) = cos p — 0 sinp + O@®?) as 6 — 0,
we obtain

0 — ﬂcosp + Om=?)

= 39
2n sinp sin3 0 (3.9)
as n — oo. Furthermore, the Taylor expansion with (3.7) yields
. . L, 0
sin2(p +6) —2(p+6) =sin2p —2p — 46 sin” p + (3.10)

sin® p
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as n — 00. Then, by straightforward computation with (3.10) and (3.9), we have

O -1
A"TMISin2(p + 6) — 2(p + 0)} = n(sin2p — 2p) — 2pA™ + Fnz ) 3.1D)
sin” p
asn — 0o.
From (3.1) and (3.6), we see that
L™ (4n cos® p) = LT (4A"™ cos?(p + 6))
(_ 1)n+m62n cos? ]
= (2cos p)’(nsin2(p + 6))1/2
n+my s _ Z L 41
X {cos (AU {sin2(p+6) —2(p +6)} + 4) + O<np3) + O(n(n/z — ,0))}
(3.12)

as np> — oo and n(r/2 — p) — oc. Therefore, substituting (3.11) for (3.12), we
finally derive (3.4).
To show (ii), let & = 6(n, p) be such that

n+m 1

coshp = ( )2 cosh(p + 6). (3.13)
From this, we have that

O —1
o= ) (3.14)

sinh p

AV 2
cosh(p + ) = {1 - S5+ O )} cosh p (3.15)
n

as n — oo. Combining this with cosh(p +6) = cosh p + 6 sinh p + O®?) as — 0,
we obtain
_ﬂcoshp Omn=2)

0 = OS10
2n sinh p sinh3 P

(3.16)

as n — 00. By the Taylor expansion, (3.16) and (3.14) yield

On-2
ATHMDG 172 (e — 1)) = A'3+m{29(1 —e N+ ~(n2 )}
sinh“ p
Omn-!
=—AJ(1+e )+ .(nz)
sinh” p

as n — oo. Thereby, combining this with the fact that 14+¢72° = 2 cosh? p—sinh2p,
we get
-2 6
Aﬁ+m(1 +2(p+6)+e (p+ ))
= Al (1 +2p 4+ 7)) + A0 + e (e — 1)
Om™h

s k2

= 2ncosh? p + n(2p — sinh2p) + 2pA™ +
sinh“ p

(3.17)

asn — OoQ.
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From (3.2) and (3.13), we have

L' (4n cosh? p)
2
= L™ (4 A" cosh*(p + 6))
(D) exp{ AT (1L 4 2(p + ) + e 2010y { (1 + 0’ )| s
"~ (2cosh(p + 0)VH1 (2w A" tanh(p + 6))1/2 np3 '
as np> — oo. Finally, substituting (3.17) for (3.18), we obtain (3.5). O

3.3 Asymptotic estimates of determinantal kernels

Using the results in Section 3.2, we derive asymptotic estimates of determinantal
kernels. For convenience, we set

Mév(x, y) = LKg’a(\/ﬁx, \/Ny).

N
Note that (1.4) implies
MY (x,y) = K¥(Nx, Ny). (3.19)
Fix a constant y satisfying
1 2
) <y <—§, (3.20)

and we set

UN =[-vV2+N”,0)U(0,vV2—N"],
UY = (=00, —v2 = N"]U[V2 4 N7, 00),
TV = [=v2 = NV, =2+ NY]U[V2 — N”,~/2 + N”].

Remark that R\ {0} = U lN U U2N U TV. Furthermore, we make the definition
N N N
Ut =U;"uu;'.

Hereafter, we always suppose o > 1/2.

Lemma 3.6. (i) Foranyx € UIN, we have

MY (x, %) = 2; S 0<N11+2y> + O(Ntc') (321)

as N — oo and N|x| — oo.

(ii) There exist positive constants c3 and L such that, for any x € UZN and N € N
satisfying N (x> — 2)> > L, we have

N 3
M, (x,x) < NG (3.22)

2_2)2'
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Proof. We prove for the case N = 2k for k € N; the case of odd N can be proved in
the same way. It is sufficient to see for x > 0. Put v/Nx = 2+/k cos p. Considering
|2—x2| > N” forx € UN,wesee p~! = O(N77/?)as N — o0.Set p = sin2p—2p
for simplicity, and (3.4) becomes

(_1)k+mk‘)771
(7 sin2p)1/2

+0(syre7) + 057}

as N — oo and N|x| — oo. Then, this yields

2v/Nx| ()\"111 (VNx))? =2k, (\/ﬁx)kkﬁ (V'Nx)}
a+s5 a—5 ats

g
2
_ %[ smpw(ﬁ) +0(ﬁ)} (323)

as N — oo and N|x| — oo. Here, we used the fact that cos? A —cos(A+ B) cos(A—
B) = sin> Bwith A = kp — (a — %)p + % and B = p. Furthermore, we have

aktm (/Nx) = { cos (k[) _2pA™ 1 %)

x’;j% WN0X, (VN

a—1
- Jrksian fom + O(ﬁ) + O(ﬁﬂ)} (3.24)

as N — oo and N|x| — oo. Then, (3.23) and (3.24) with Lemma 3.2 yield (3.21).
Next, we shall show (ii). Using (3.5) for VNx = 2/k cosh p, we get

2x/ﬁx{()\k:1 (VNx)? =2k | (x/ﬁx))»k:_% (V' Nx)}
aty A=z a+3

koteZk(2p—sinh2p)+(2a—1)p 1+,03
= X O( )
Np3

27 sinh p

and
k=1 2k(2p—sinh2p)+2ap 1+ ,03
237 sinh p cosh p { + ( Np3 )}

x’;j% VN0, (VNx) =

as N ,o3 — 00. Then, combining these with Lemma 3.2, we obtain (3.22). O

Lemma 3.7. (i) There exist a positive constant ¢4 and f(N,x) € O(N|x|)~!)
as N|x| — oo such that, for all N € N and x € UV,

MY (x,x) < es(1+ F(N, X)) (3.25)

(ii) There exist a positive constant cs such that, for all N € Nand x € TV,

MY (x,x) < esN3. (3.26)
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(iii) There exists a positive constant cg and f (N, x) € O((N|x|)™") as N|x| — oo
such that, for all N € Nand x,y € UV,

| < Sl PN 0+ V. )
YIS Ny =2 = A

|MY (x, (3.27)
Proof. Inequality (3.25) follows from (3.21) and (3.22). Let N = 2k (the case N =

2k + 1 is proven in the same manner). For v > 0, we see NxZ— 4Al]j = o(k%) for
x € TV since y < —2/5. Therefore, (3.3) yields

.Xz v
(/N2 = NP x)e | LE (Vx| < CNB S

for some constant C. Here, we used the fact that Ai is bounded on R and Bi is bounded
on (—o0, 0) (see [4, Section 9], for example). This with Lemma 3.2 yields (3.26).
Furthermore, combining Lemma 3.1 with (3.4) and (3.5), we get (3.27). O

4 The logarithmic derivative

4.1 Finite particle approximation of the logarithmic derivative

The logarithmic derivative d* of u can be approximated by that of finite particle
systems. Let {1V} yen be a sequence of random point fields such that u (s(S) =
N) = 1. Moreover, p" and p™" stand for the n-correlation function of y and u",
respectively. Then, we assume the following:

(B1) Foreach R € N,

Nlim pN" = p™ uniformly on S% for eachn € N, 4.1
— 00

sup sup p™"(x,) < in" forany n € N, 4.2)
NeN xnesﬁ

where 0 < ¢7(R) < oo and 0 < cg(R) < 1 are constants independent of 7.

Note that (B1) implies limy_, oo Y = u weakly.
Letu,u” : S — Rand g : > - R be measurable functions. For r > 0, we set

9 y) =) = ygle, y),  Wery) =Y (1= x-(x — y))glx, yi),

where y = ), 8,, and x, € C{°(S) is a cut-off function such that 0 < x, < I,
xr(x) =0, for |x| > r+1and x-(x) = 1 for |x| <r.WesetSg = {x; R~! < |x| <
R}. Following [12], we make assumption (B2).

(B2) Foreach N, "V has the logarithmic derivative d"" such that

d" (e, y) = u (x) + g (x. y) + W (x, Y).

Furthermore, u?, 0, and W, satisfy the following (i)—(iii) for some p > 1:
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(i) It holds that u¥ € C!(S\ {0}). Furthermore, " and Vu" converge uni-
formly to u and Vu on each compact set in S \ {0}, respectively.

(ii) It holds that g € C1(S> N {x # y}). In addition, for each R € N,

lim lim sup/ i xr(x = Mg, IP pX1 (ndxdy =0,
P=00 Noo Jxelp,lx—y|<2-P
4.3)

where ,ofcv ‘I is the one-correlation function of the reduced Palm measure
.
(iii) Foreach R € N,

lim hmsup/ W, (x, y)|Pdp N = o. (4.4)
SprxS

r—00 N—o00

Then, we obtain an explicit expression of the logarithmic derivative of w by finite
particle approximation.

Lemma 4.1 ([25, Theorem 45]). Assume (B1) and (B2). Then, the logarithmic deriva-
tive d* of 1 exists in Lloc(u[”)for 1 < p < p, and it is represented as

d“(xr,y) = u(x) + lim g, (x,y).
rF— 00
Here, the convergence lim,_, , 9, takes place in L ] oc ().

4.2 The logarithmic derivative of the generalised sine random point field

Let M(va be the determinantal random point field whose kernel is K, (iv asin (1.4). In
other words, the (labelled) density of ;fov is given by

N 2
1 i
my@xy) == [T =P [T lwl?e Vaxy. 4.5)
l<i<j<N k=1

Let pV" be the n-correlation function of .. Furthermore, let ufx\{ . be the reduced

Palm measure of ufyv conditioned at x, and p(y ;"' denotes its n-correlation function.
We shall apply the general result in Section 4.1 taking & = e and uV = N«(]xv .
From (4.5), the logarithmic derivative of p,{x" is given by

N 2 200 2x
dte (x,y) = = _=
x.y) ;x_y]&x N

fory = ZN s v;- Then, we shall show (B2) under the setting of

20 2x
M) ==-=, g,y = :
b N x—y

(4.6)

The most tough assumption in Lemma 4.1 is (4.4). We introduce a sufficient condition
for (4.4). We set || - |[r = sup, 5, |- |-
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Lemma 4.2. We set Sy, = {y € S;r < |x —y| < oo}. The following condi-
tions (4.7)—~(4.10) imply (4.4) with p = 2:

N1
lim lim sup / L(y)dy =0, 4.7)
'= N-oo Sy XY R
pa ) = Pl (y)
lim lim sup / —— = dy|| =0, (4.8)
I=® Nsoo Sx.r X =Yy R
N1
lim lim sup / L(y)zdy
r=0 Noo Sy.r (x—y)
N2 _ N1 N.1
+f P " (3. 2) = po (V)P (z)dydz —0. 49
(Sv.)? =y =2 R
N,1 N
lim lim sup / Pak () = Py (V) dy+
=0 N0 o (x — )’)2

=0.
R
(4.10)

/ P&, 2) — P ) edal2) — 2y, 2) + pX (PN (2) dvd:
(Sx,r)z ()C - y) ()C - Z)

Proof. This lemma follows from [25, Lemma 52, Lemma 53]. RemNark that, in [25],
the sup norm || - || g is defined as sup, g, || - ||. Here, it is taken over S instead of Sg,

considering the space of test functions of the logarithmic derivative in Definition 2.9.
O

4.3  Proof of Theorem 2.11

We begin by rewriting the conditions in Lemma 4.2 in terms of determinantal kernels.
We recall that reduced Palm measures of determinantal random point fields are also
determinantal. From [30], /L{YV . 1s determinantal, and its kernel K (Q’x is given by

Ky (x, KJ (x,2)

KY (y,2) = KN (y,2) — 4.11
ax (Vs 2) o (V:2) KV (x, %) (4.11)
With the aid of (4.11), we see that
P () =K (v.y) (4.12)
K} (x,y)?
N,1 N,1 o )

Ty — o NIy — V) 4.13
Pay (V) = g () K¥ (2 (4.13)
PY (v, 2) = pl P @) = =KD (v, 2)? (4.14)
PY 232 — o el @) — (el (. 2) — P (el ()}

_ K0 0K o KY 2 Ky 9Ky (x, 2 “.15)

Kl (x, x) KD (x, x)?

Thereby, (4.7)—(4.10) in Lemma 4.2 are rewritten as follows.
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Lemma 4.3. To simplify notation, we set
X
N 9
Then, (4.7)-(4.10) are equivalent to (4.16)—(4.19), respectively.
MN(y,
lim lim sup / Ma 09 1l Zo, (4.16)
r=00 N0 TN, XN — Y R

/ 1 MYy, y)?
d
T

_ N
NoxN =y My (xn, xN)

Xy = ={yeR; N<Ixzv—y|<oo}

lim lim sup
r—0o0 N—o00

=0, 4.17)

MY (y, MY (y,2)
lim lim sup / Ly)zdy —/ @ 0.3 dydz|| =0,
r=00 Nooo |[JTN Nlxy — vl @y ey = y)(xn —2) R
(4.18)
1 MN , 2
lim lim sup / 5 %(XN Y) d
1= Nooo || JTN NIxy — y|* My (xn, XN)
/ 1 <2M0,N 0. MY ey, MY (xn. 2)
a2 oy = y)(xy —2) MY (xn, xN)
MN , 2MN , 2
- MarCowe DM 0NN gyael | =0, @19)
MY (xn, xN) R

Proof. Recall that Mév(x, y) = KéV(Nx, Ny) in (3.19). Then, by (4.12) and the
change of variables y — Ny, we have that

N,1 N N

’ K,)(Ny, N M, (y,
/ Pa (y)dy / o (Ny y)Ndy o y)dy
S, X—Y TN x —Ny TN, XN =Y

Therefore, we obtain the equivalence between (4.7) and (4.16). By the same argu-
ment with (4.13)—(4.15), it holds that (4.8)—(4.10) are equivalent to (4.17)—(4.19),
respectively. O

We shall prove (4.16)—(4.19) in order, in the rest of this section.

Lemma 4.4. For 0 < g <1, we have
MY (y, y)1
lim ‘/ Mdy
N=oo || Jryuuy  [xn — VI
Proof. From (3.26), we have
H/ My (v, )7 W dy
TV |xN =y R

N3
fr
™ XN =yl " llg

=cC Og|XN — - — log|lxy — —+
TN (log| (v/2 = N7)| — log| (V24 N7

=0. (4.20)
R
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+loglxy — (=v2 = N)| —loglxy — (—v2+ N")|)
—ONSY>0  asN — oo. 21

Here, we used the fact that g < 1 and y < —2/5 in (3.20) in the last line. Moreover,
from (3.22) and —1/2 < y, we have

‘ My (v, ) V! H / dy
oY |xn =yl Uy IXN—yINqu 212 || g
as N — oo. 4.22)
Hence, from (4.21) and (4.22), we have (4.20). O
Lemma 4.5. Equation (4.16) holds.
Proof. Our proof starts with the observation that (3.21) yields
MmN
lim lim sup ‘ / Ma 09 Il Z o, 4.23)
r=>00 N o0 TNAUN XN =Y R

Indeed, we see that

1 /2-)? V21 /22
lim ‘ f —— YET | = P.V./ SYET Y gy
N—ooo || JTNnUN XN —Y T R -2y 7
=0, (4.24)
and, from —1/2 < vy,
li / ! L 4 0 (4.25)
im - =0. .
N=oo || Joynuy 1xn — yI NT+27 ' R
Moreover,
1 1 1
lim ‘ / Wy :“—1ogx+r (4.26)
N=oo || JrN auN [xn — yI Nyl x Tr—xllg

From (4.24), (4.25), and (4.26) with (3.21), we have (4.23). Therefore, (4.16) follows
from (4.20) with ¢ = 1 and (4.23). O

Applying the Schwartz inequality to (1.3), we have that K g’a(x, y)? <
KIGV’a(x, x)KIGV’a(y, y), which yields

MY (x, y)* < MY (x, 0 )MEY (3, ). (4.27)
From Sg = {R™! < |x| < R}, Lemma 3.3 yields

0 < inf Kg(x,x).

xGSR
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Then, since MY (xy, xy) = KLY (x,x) and limy_oo KY (x,x) = Ky(x,x) uni-
formly for x € S R, wWe see that cg below is finite for each R € N:
1

cg=sup sup ———— <
NeN ye5, Ma (XN, XN)

(4.28)

Let f(N,y) € O((N|y|)_1) as N|y| — oo. Then, there exist positive constants
C and L such that | f(N, y)| < C(N|y|)~! for N, y satisfying N|y| > L. From this,
for sufficiently large r, we have

sup | F(N.y)| < oo,
yeTN..NeN,xeSg

Thus, from (3.25) and (3.27), there exists a positive constant cjo independent of N
and r such that

MY (v, y) < cio forany y € TXIY, nuv, (429
N 10 < N N
M, (xn, Y| < Nlxn — yl12 = y2[1/3 forany x € Sg, y € T,, NU",
(4.30)
1o N N
MY (y,z2)| < fi ,zeTN nUuV.
| ot(y Z)' = le_Z||2_y2|1/4|2_Z2|1/4 oranyy,z X,r
431)
Lemma 4.6. The following (4.32) and (4.33) hold.
MN , 2
lim lim sup ‘ / o (X’X, ol 2o (4.32)
r=>00 N & TYN, |xN — y|Ma (XN,)CN) R
MY (xy,
lim lim sup ‘ / @ (x]’vv Y) — 0. (4.33)
r=>00 Nooo || TN XN — YIMG (XN, XN) R

In particular, (4.17) holds.

Proof. Equation (4.17) follows from (4.32) immediately. Then, we first prove (4.32).
From (4.27) and (4.20) with ¢ = 1, we deduce that

i H f MY Gy, y)’
N=oo || Jevuyy Ixn — yIMY (xn, xn)

R
MY (y,
< lim / Mo 0 9) 4o ll Z o, (4.34)
N—oo || JTNyUY lxny — ¥l R
From (4.28) and (4.30), we have, for large r,
. MY (xy. y)?
lim sup N
N—oo |1 TN UM [xn — YIMy (xn, xN) 7 |Ig
2
. €9 C€9CTp
< limsup / dy|| < . (4.35)
N—00 N.nUY N2|xy —yPQ@—y3)l/2 R r?




112 Y. Kawamoto

Here, we used the fact that |2 — y%| > NY for y € UIN. Combining (4.34) with (4.35),
we get (4.32).
By the same argument as above, (4.28) and (4.30) yield that

lim sup
N—o00

‘/ MY (xn. y)
TN AuN XN — YIMY (xn . xn)

2c9cyg

(4.36)

R

< lim sup
N—o0

/ €9Cl0 dy
tNauN Nlxy —y|@2—yH!/4

Furthermore, from (4.27), (4.28), and (4.20) with g = 1/2, we see that

lim
N—oo

/ My (xn, ) y
TNUUY XN — )’|MN(XN,XN)

c MN 2
< 1lim H/ My 22
TNuuy

—0. (4.37)
lxy — ¥l

R

Hence, (4.37) and (4.36) yield (4.33). O

Lemma 4.7. The following (4.38) and (4.39) hold:
=0, (4.38)

MY (y, )
e oy
7y, Nlxy — | R

MN 2
‘/ (v, 2) M7
T,

N2 [xn — yllxn —z|

lim lim sup
r—00 N—00

=0. (4.39)
R

lim lim sup
r—00 N—o00

In particular, (4.18) holds.

Proof. From (4.29), we see that

MY (y,y)
N —opdy
TN.nuN Nlxy — |

Define a positive constant ¢q; as

2c10

R

lim sup
N—o0

(4.40)

. —1
c1p = limsup sup || [xy — ¥ [|r.
N—>oo yeTN

Clearly, c1; < oco. From (3.26), we have

/ MY (y.y) dy
tNary Nlxy — yI?

Here, we used the fact that [TV| = 4N? and y < —2/5. Therefore, (4.38) follows
from (4.40) and (4.41).

. 4C4c]21N1/3N7’
< lim ——— =0. 4.41)

N—o0 R N—oo N

lim ‘
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Next we prove (4.39). First, we estimate the integration on U™ x U™ . We can see

MN , 2
lim 1im sup ‘ / _Ma 07 el =0 @42
1= Nooo || J@N nuNa(y—z=n-1y XN — YlIxn — 2z R
MN , 2
lim lim sup ‘ / Mo 3-D7 el =0, @43
1= Nooo || J@NnuN2nfy—z1<n-1y [XN — YllxN — 2] R
Actually, from (4.31) and the Schwartz inequality, we have
MN e 2
H/ o v, 2) dydz
(TN,nUN2N{y—zl=N-1} [Xn = Yllxn — 2] R
| [
(TN.NUN)2N{|y—z|=N~1})
2
) 2 212010212 dydz
N2y = z]22 = y2|1/212 = 2|12 |xy — yllxn — 2l R
0120
< dde
/<TmeUN>2m{y—z|>Nl} N2y =22 = y2llen — P2 R
2
- / €10 { / ! dz}dy
N Jrpnoy N212 = y2 ey = v | jy—zzn-1y 1y = zI?

2cty
= dy
v auN N2 —y2||lxy — yI?

R
Hence, computation similar to (4.35) derives

42
< 10

— s

R

MY (y,2)?

‘ [ _ Pa DT gy
TN AUN 2N (ly—z|=N-1} [xv — Yllxy — 2]

lim sup
N—o00

which implies (4.42). We next show (4.43). From (4.27) and (4.29), it holds that

H MY (y, 2)? dyd

(TN,NUN2N{y—zl<N-1} [XN = Yllxn — 2]

R

2
C1o

/;Tx[t]rmUN)zﬁ{|y—Z§Nl} |XN - y||XN — Z|

clo 1 1
< of S+ 5 Jdvaz
@N.nuN2nfly—z<N-1} 2 Uxn =I5 xy — 2

1
/T}f, lxy —yI?

which implies (4.43). Then, (4.42) and (4.43) gives

‘ / MY
dydz
TN.AuN2 [xn — yllxy —z

< dydz

R

R

2 2
- 2ct) _ 4ciy
N

’

R_r

— 0. (4.44)
R

lim lim sup
r—0o0 N—o0




114 Y. Kawamoto

We next consider the integration on TV x TV . From (3.26) and (4.27), we obtain

MN z 2
lim Hf v, 2) —2 == dydz
N—=oo || SN nrNy2 [xn — yllxy — 2] R

< lim et N?3@4N7)? = 0. (4.45)
N—o00

Here, we used |T"| = 4NY and y < —2/5.
Lastly, we consider the case UV x TN. A similar argument deduces

N 2
o 252
T

N AUNyx (TNt XN = YllXN = 2]

N N
/ My (y, y)My (z,2)
TN.AUN)x(TN,nTV) XN = Yl|xn =z

MYy MY (z,
H/ (y, y)dy/ "‘(ZZ)dz
TN.AuN XN — Yl NN [N — 2l R

= OUog N)ON'3+) - 0as N — oo. (4.46)

R

<

dydz

R

Collecting (4.44), (4.45), and (4.46), we finally obtain (4.39). Clearly, (4.18) follows
from (4.38) and (4.39). O

Lemma 4.8. Equation (4.19) holds.

Proof. We estimate three terms in (4.19).
The first term in (4.19) vanishes. Indeed, from (4.27) and (4.38), we obtain

lim lim sup
r—>0o0 N—00

/ 1 MY (xy, y)?
d
T,

N Nlxy = y12 MY (xn, xn)

MY (v, y)
e oy
7y Nlxy — |

For the second term in (4.19), from the Schwartz inequality, we have

< lim limsup
r—00 N—o00

=0. (4.47)
R

H/ Mo’y(y,z>M§(xN,y)Mﬁ(xN,z)dde
TN)2

lxy — yllxy — zIMY (xy, xn)

R

1
MY (v, 2)? 2
(TN,)? v — yllxy —z| yllxN —Z] R

/ MY (xy, y)?
T,

—vIMN
VXN = yIMy (xn, xN)

Thereby, (4.32) and (4.39) implies

lim lim sup
r—0o0 N—o00

dydz|| =0. (4.48)

‘ / MY (v, )M (e, IYMY (xn, 2)
TN )2 R

lxy — yllan — zIMY (xn, xn)



Interacting Brownian motions related to the origin of the spectrum 115

Lastly, the third term in (4.19) converges to zero. Indeed, from (4.32), we see

MN , 2MN , 2
lim lim sup )/ « (N V) “]flxN 2) sdydz
r=>00 Nooo SN2 1N = yllxn — zIMy (xn, xN) R
MN , 2 2
— lim limsup ‘ / o ()”/"V =0 (4.49)
r=>00 Nooo [N XN — YIMG (XN, xN) T IR

Therefore, we conclude (4.19) from (4.47), (4.48), and (4.49). U

Proof of Theorem 2.11. It is easy to see (B1). Indeed, (4.1) is verified by (1.6),
and (4.2) follows from (1.9) and the Hadamard inequality. Additionally, (B2) holds
for p = 2 under the setting of (4.6). (B2) (i) is clear, and direct computation with
(4.11) yields (4.3) in (ii). Furthermore, we have (B2) (iii), since (4.16)—(4.19) in
Lemma 4.3 are followed from Lemma 4.5, Lemma 4.6, Lemma 4.7, and Lemma 4.8,
respectively. Then, we have checked the all conditions in Lemma 4.1, which com-
pletes the proof of Theorem 2.11. O

5 Quasi-Gibbs property

5.1 Sufficient conditions for the quasi-Gibbs property

To show Theorem 2.6, we use sufficient conditions for the quasi-Gibbs property of a
random point field u with logarithmic interaction which is derived in [27]. We set the
following conditions (QG1)-(QG2):

(QG1) There exists a sequence of random point fields {1V} yen satisfying (B1) and
the following (i)—(iii):

@A) uV(s(S)=N)=1foreach N € N.
(i) uVisa (®V, —Blog|x — y|)-canonical Gibbs measure for each N € N.
(iii) For each R, self-potential ® satisfies the following:

lim &V (x) = ®(x) fora.e. x, inf inf ®V(x) > —o0.
N—o0 neNxeSg

Letx =) ;8y.Forl,r e N,wedefinev;, : S — Ras

1
Vi) =83 .

x; €S i

(QG2) There exists [y € N such that

su VA
p P (x)dxt < o0
NeN UJ1<jx|<oo X[

and that, foreach 1 <1 < [,

lim sup ||v 1 =0.
r”wNe%|| 1rllL (S, uMN)y

Lemma 5.1. [27, Theorem 2.2] Assume (QGI) and (QG2). Then, n is a
(P, —Blog |x — y|)-quasi-Gibbs measure.
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5.2 Proof of Theorem 2.6
We first check (QG2) to use Lemma 5.1.
Lemma 5.2. It holds that

1
sup [/ —2p01>"1(x)dx] < 00, 5.1
NeN 1<|x|<oco X
Jim ;l;%IIVLrIILI(S,Mg) =0. (5.2)

In particular, we have (QG2) for Iy = 2.

Proof. Recall p2'!(x) = KY(x,x) = MY (x/N,x/N). Then, from (3.25), there
exists a positive constant ¢ such that

N,1
sup sup p,’ (x) <cop.
NeN 1<|x|<N

Therefore, we have

1 N 1 oo ~N,1
/ —py ()dx < 2012/ —dx + 2/ P 2(x)dx. (5.3)
1<|x|<o0 [X] X NoX

Using [, oN-1(x)dx = N, we see that

oo ,N,1 o]
f loot (-x)dx S L[ pN,l(x)dx S i
N 2 N2 Jy N

X

Thereby, combining this with (5.3), we obtain (5.1). Moreover, we see that

20N-1(x MY (x, x
VIl s vy = 2o X) My (x X)L
SUHLYS, 1l
|x|>r X |x|> & X

Then, by arguments similar to that yield Lemma 4.5, we prove (5.2). Therefore, we
obtain (QG2) for [y = 2. O

Proof of Theorem 2.6. Taking u" = plY and i = 1y, we check assumption (QG1)
and (QG2). It is easily to see (QG1) with ®V (x) = x?N~! =2« log |x|. Furthermore,
(QG2) holds for Ip = 2 from Lemma 5.2. Hence, we conclude Theorem 2.6 from
Lemma 5.1. U

6 Strong uniqueness

6.1 General framework for strong uniqueness

Following [29], we introduce a framework of strong uniqueness of ISDEs in the case
when § = R and the diffusion coefficient ¢ = 1. In order not to make this paper
too long, several terminologies and symbols are not defined here. See [29] for precise
definitions.
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Recall that S ; is defined in (2.1). Let H and Sgqe be Borel subsets of S such that
HC Ssde C Ss,i~

Define Sgqe C SN and Sl - § x Sas

sde
Swe =u"'(S SliL =u;((S
sde = U (Ssde), sde — u[l]( sde)s

where upj) : S x S — S is given by ujjj(x, 8) = 8y + S.

Let (X, B) be an SN x RN-valued continuous process defined on a filtered space
(2,5, P, {S:})- We assume that (2, §, P) is a standard probability space. Then, the
regular conditional probability Ps = P(-|Xo = s) exists for s, P o Xy !_almost every-
where.

Let b : 32113 — IR be a Borel measurable function. Then, consider an ISDE of
X = (X)jen starting from [(H) with state space Sgge:

dX! =dB! +b(X!, X{%)dt, 6.1
X € W(Sse), 62)
Xo € I(H).

For X = (X)ien, we set X" = > | 8yi- For (u,v) € §" and v =

Zl’.”:_ll 8y;» Where v = (v1, ..., vp—1), we define bY : [0, 00) x §” — R as

DRt (1, V) = b(u, v + XI').

Let
:’ch(ta W) = {8y = (51, ..., 5m) €S u(sy) + W/ € Sqe},
where wi™* = 3% 8, forw, = 377,68, Let Y = (Y',...,Y™) be a solu-
tion to the following SDE with random environment X defined on (€2, §, Ps, {$:}):
Ay =dB! + by, (YY) )t (6.3)
Y} € Si.(t, X) forall 7, (6.4)
Y" =5, (6.5)
Here, we set YI¥ = (Ym’j)’;’# and s, = (s1,...,5m) fors = (s;) € S™.

We formulate strong solution to (6.3)—(6.5) and its uniqueness. We set Wo(R™) =
{we WR™); wo = 0}. Let €, €} be o-fields on Wp(R™) x W (SN) defined as in
[29, 1154 p.]. Let B} =o[ws; 0 <s <t,we WIR™)].

Definition 6.1 ([29, Definition 3.9]). We say that Y a strong solution to (6.3)—(6.5)
for (X, B) under Py if (Y™, B™, X"*) satisfies (6.3)—(6.5) and there exists a function

F": Wo(R™) x W(SY) — W (s™)
such that ¢"-measurable and €} /*8}"-measurable for any ¢, and it holds that
Y" = F"(B", X"*) for Ps-a.s.

Here, B™ = (B!, ..., B™) is the first m-components of the Brownian motion B.
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Definition 6.2 ([29, Definition 3.10]). SDE (6.3)—(6.5) is said to have a unique strong
solution for (X, B) under P if there exists a function Fy" satisfying the same condi-
tion as in Definition 6.1 and, for any weak solution (SA(’", B™, X"*) to (6.3)—(6.5)
under Ps, we have

A~

Y" = F'(B™, X™).
Then, we introduce the IFC condition for (X, B) defined on (2, §, P, {5:}).

(IFC) For each m € N, SDE (6.3)—(6.5) has a unique strong solution F." (B™, X"*)
for (X, B) under P for P o X, '-ass. s.

We next introduce several conditions for the strong uniqueness of solutions to
ISDEs. See [29, Section 3] for the definitions of solutions to ISDEs such as strong
solutions and unique strong solutions under constraints. For a process X = (X NieN €
W(SN ). let X, =3, 8 Xi- We make assumptions for x and X under P.

(TT) p is tail trivial.
(u-AC) P oXt_l < uforall0 <t < oo.
(SIN) P(X € WNe(Ss1)) = 1.
(NBJ) P(m, 7(X) < 00) = 1 foreachr, T € N, where, for w € W(sY),

m,,7(w) = inf{m € N; n[loinT] |w}'| > r forall n € N such that n > m}.
€|,

Let Fs : Wo(RY) - WRY) be a strong solution to (6.1)—(6.2) starting at s for
Po Xal-a.s. S.

———PoX;!
(MF) P(Fs(B) € A)is B(SN) ° -measurable in s for any A € B(W(SY)).

Lemma 6.3 ([29, Theorem 3.1]). Assume (TT). Assume that (6.1)—(6.2) has a weak
solution under P satisfying (IFC), (u-AC), (SIN), and (NBJ). Then, (6.1)—(6.2) has
a family of unique strong solutions {Fs} starting at s for P o Xal—a.s. S under the
constraints of (MF), (IFC), (u-AC), (SIN), and (NBJ).

6.2 Proof of Theorem 2.2

Let (X, {Ps}) be the diffusion associated with (£#«, D*«), which is obtained in Corol-
lary 2.7. We take X and P in Section 6.1 as X = [pan(X) and P =P, := f Psdiy.

Proof of Theorem 2.2. We shall check assumptions of Lemma 6.3. Since u, is de-
terminantal, (TT) for w is known [3, 18, 28]. From the fact that X is reversible with
respect to 4y, (Le-AC) holds. Furthermore, (SIN) and (NBJ) hold from the same
argument as in [29, Section 10.].

We can check (IFC) for (X, B) using a result of [14]. We take a, (r) = C(q)r I+e,
where ¢ is a sufficiently small positive constant and {C(g)},en is a increasing se-
quence. It is easy to see that there exists a sequence {C(g)} such that (5.17) and (5.41)
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in [14] holds. Using [14, Theorem 6.1], {B1} in [14] holds for (X, B). Remark that
the assumption f Xdug < oo in [14, Theorem 6.1] is proved by [14, Lemma 5.4].
Moreover, we see that {C1} and {C2} in [14] holds from Theorem 2.11. Then, [14,
Theorem 3.3] implies that (X, B) satisfies {B2} and {B3} in [14]. Therefore, from [14,
Theorem 3.2], (X, B) satisfies (IFC).

Finally, we have checked all assumptions in Lemma 6.3, which completes the
proof of Theorem 2.2. O

7 Dynamical convergence

7.1 General theory of finite particle approximation to ISDEs

This subsection is devoted to prepare a general result for finite particle approxima-
tions to ISDEs. Recall that 4"V and u satisfy (B1). Additionally, we suppose the
following:

(B3) Foreachm € N,

lim w0 (M) =po ()" weakly in S™.
N—o0

We shall later take u™ o (IN)~! as an initial distribution of labelled processes for
finite particle systems. Hence, (B3) means weak convergence of the initial distribution
of the labelled dynamics.

For a labelled process XV = (XV-HN e W(SV), we set

N
N, i
X = Z‘SX,N*J"

J#
Recall that d*" denotes the logarithmic derivative of uV. We introduce a finite-
dimensional SDE of XV = (XN)¥ :for1 <i <N,

. | ‘ .
dx¥' = dB! + Ed“N(X,N”, XN-Cyqr. (7.1)

Then, we assume the following:

(B4) For each N, there exists the logarithmic derivative d" of w and SDE (7.1)
with initial condition Xf)v = sy has a unique solution for uN o (IN y~las. sy.
Furthermore, this solution does not explode.

(B5) There exists T > 0 such that, for each R > 0,

lim inf sup

r—>00 NeN [ /x|§r+R PN’I (X)dx]Erf(\/(V‘fr——R)T)

Moreover, we write s; = [V (s) and, foreach R, T € N,

lim limsup y_ / Erf(w),ﬂ (ds) = 0.
S

L—00 N_oo .y



120 Y. Kawamoto

We say {X"}yen is tight in W(SY) if each subsequence XNf of XV contains a
subsequence XV such that, for each m € N, XV = (XN"H)" s convergent
weakly in W(S™). The following theorem is a special case of [12, Theorem 2.2].

Lemma 7.1. Assume (A3), (A4), and (B1)~(BS). Assume that X} = u™ o (IN)~lin
distribution. Then, the following (1) and (2) hold:

(i) The family of processes {XN }nen is tight in W(SY), and each limit point X of
(XN nen is a solution to

. 1 o
dX; =dB; + - d"(X], Xi®)dr

with initial distribution o 7.
(ii) If each limit point X satisfies (IFC), (SIN), and (NBJ), then, for eachm € N,

lim (XN, xN2 o xNmy = (x!, X2, X (7.2)

N—o00
weakly in W(S™).

Proof. Claim (i) follows from [12, Theorem 2.2]. Since X is a limit of {XN } and
D 1<i<n Sxn.i starts from reversible measure w™, each limit point X satisfies (u-
AC). Then, from [29, Corollary 3.2], the distribution of each limit point X is unique.
Therefore, combining the uniqueness with the tightness proved in (i), we obtain (7.2).

O

7.2 Proof of Theorem 2.4

We use Lemma 7.1 (ii) for 4 = o and uV = u to prove Theorem 2.4.

Proof of Theorem 2.4. We have already shown (B1) and (B2). Assumption (B3) cor-
responds (2.4). It is easy to see that (B4) holds. With the aid of [12, Lemma 4.6], we
can check (B5).

Let X be an arbitrary limit point of X"V From Lemma 7.1 (1), X is a weak solution
to (2.2) with initial distribution 4 o [~!. Since u(X) is reversible with respect to g,
X has the Lyons—Zheng type decomposition (see [14, Section 9]). Then, the non-
collision property holds from [14, Theorem 6.1]. It is easy to see the nonexplosion of
tagged particles. Therefore, we have (SIN) for X. Furthermore, the Lyons—Zheng type
decomposition makes it possible to use the same argument as in [29, Lemma 10.3],
which proves (NBJ). From the same argument as the proof of Theorem 2.2, X satis-
fies (IFC).

Thus, Lemma 7.1 (ii) completes the proof of Theorem 2.4. O
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