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Abstract A complex-valued linear mixture model is considered for discrete weakly station-
ary processes. Latent components of interest are recovered, which underwent a linear mixing.
Asymptotic properties are studied of a classical unmixing estimator which is based on simul-
taneous diagonalization of the covariance matrix and an autocovariance matrix with lag . The
main contributions are asymptotic results that can be applied to a large class of processes. In
related literature, the processes are typically assumed to have weak correlations. This class is
extended, and the unmixing estimator is considered under stronger dependency structures. In
particular, the asymptotic behavior of the unmixing estimator is estimated for both long- and
short-range dependent complex-valued processes. Consequently, this theory covers unmixing
estimators that converge slower than the usual /7 and unmixing estimators that produce non-
Gaussian asymptotic distributions. The presented methodology is a powerful preprocessing
tool and highly applicable in several fields of statistics.
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1 Introduction

In modern statistics, there is an increasing demand for theoretically solid methodol-
ogy which can be applied beyond standard real-valued data, in the realm of more ex-
otic data structures. In this paper, we consider a complex-valued linear mixture model
based on temporally uncorrelated components. We consider the problem under dis-
crete weakly stationary processes. We aim to find latent processes of interest when
only linear mixtures of them are observable. The recovery of the latent processes
is referred to as the unmixing procedure. The properties of the recovered processes
themselves can be the source of interest, or alternatively, the approach can be used
to reduce multivariate models into several univariate models, which can simplify the
modeling burden.

In the context of linear mixture models, the assumption of uncorrelated compo-
nents or stronger conditions that imply uncorrelated components is considered to be
natural in several applications, for example, in finance and signal processing, see
the article [14] and the book [10]. Applications where the observed time series are
naturally complex-valued are frequent in, e.g., signal processing and biomedical ap-
plications, see [19, 41]. In such applications, the interest can lie in the shapes of the
unobservable signals, such as the shapes of three-dimensional image valued signals,
which correspond to different parts of the brain under different activities. In the signal
processing literature, the problem is often referred to as the blind source separation
(BSS) problem. In the BSS literature, it has been argued that discarding the special
complex-valued structure can lead to loss of information, see [1]. Thus, it is often ben-
eficial to natively work with complex-valued signals in such applications. We wish
to emphasize that our C¢-valued model does not directly correspond to existing R>¢
valued models, e.g., the one in [23]. In R?4 yalued BSS, it is assumed that all 2d com-
ponents are uncorrelated. In our model, the real part and the corresponding complex
part are allowed to be correlated. For a collection of BSS applications, see [10].

In parallel to the signal processing community, linear mixture models, with sim-
ilar model assumptions as in BSS literature, have recently received notable attention
in finance, see for example [14, 22]. In financial applications, the term blind source
separation is rarely used, and usually more descriptive model naming conventions
are utilized. Note that our complex-valued approach is highly applicable in many
real-valued financial applications. In our approach, we assume little concerning the
relationship between the real and imaginary parts of a single component. Thus, from
the real-valued perspective, the problem can be equivalently considered as model-
ing real-valued temporally uncorrelated pairs, where the elements contained in a sin-
gle pair are not necessarily uncorrelated. However, transforming this complex-valued
problem into a real-valued counterpart is often unfeasible, as it usually introduces
additional constraints that would be otherwise embedded within the complex-valued
formulation. Once the temporally uncorrelated components are recovered, one can
then, for example, model volatilities bivariately (or univariately) or assess risk by
modeling tail behavior with the tools of bivariate (or univariate) extreme value the-
ory. Moreover, our approach is natural in applications where a single observation is
vector valued, that is, the observations have both a magnitude and a direction, e.g.,
modeling the latent components of wind at an airport.
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The main focus in this paper is on asymptotic behavior of a classical unmixing
estimator. We consider an algorithm that is identical to the so-called Algorithm for
Multiple Unknown Signals Extraction (AMUSE), [35]. In the financial side, asymp-
totic properties of an alternative approach, with slightly differing model assumptions
compared to our approach, are given in, e.g., [14]. In the context of real-valued BSS,
asymptotics have been considered in, e.g., [23-25]. Compared to the above men-
tioned approaches, we consider a substantially wider class of processes. In particu-
lar, we analyze the asymptotic behavior of the corresponding estimators under both
long- and short-range dependent complex-valued processes. Furthermore, we take
a semiparametric approach, that is, our theory is not limited to specific parametric
family of distributions. As a pinnacle of the novel theory presented in this paper, we
consider square-integrable processes without summable autocovariance structures,
which causes the limiting distribution of the corresponding unmixing estimator to be
non-Gaussian. Instead of using the classical central limit theorem, we take a modern
approach and utilize general central limit theorem type results that are also applicable
for processes with strong temporal dependencies. Moreover, we consider convergence
rates that differ from the usual v/7. We wish to emphasize that modeling long-range
dependent processes, that is, processes without summable autocovariance structures,
are of paramount importance in many financial applications.

The paper is structured as follows. In Section 2, we recall some basic theory re-
garding complex-valued random variables. In Section 3, we present the temporally
uncorrelated components mixing model. In Section 4, we formulate the estimation
procedure and study the asymptotic properties of the estimators. In Section 5, we
consider a data example involving photographs, which can be presented as complex-
valued time series. The proofs for the theoretical results are presented in the supple-
mentary Appendix.

2 Random variables in the complex plane

Throughout, let (2, .%, P) be a common probability space and let z. := (z,);en be
a collection of random variables z; : Q — Clr e N = {1,2, ...}, where the

dimension parameter d is a finite constant. Furthermore, let z,(k) = pr;, oz;, where pry

is a projection to the kth complex coordinate. We refer to the process z*) := (Z,(k))teN
as the kth component of the C?-valued stochastic process z.. Note that the components
can be expressed in the form zgk) = a[(k) + ib,(k), where a,(k), bt(k) are real-valued
Vk € {1,2,...,d} and is the imaginary unit. We denote the complex conjugate of z,
as z} and we denote the conjugate transpose of z, as zH := (z¥) . Furthermore, we use
A(C?) and B(R>?) to denote the Borel-sigma algebras on C¢ and R?“, respectively.

We use the following notation for the multivariate mean and the (unsymmetrized)
autocovariance matrix with lag 7 € {0} UN:

Ry = Elz] € (Cdv Sr [z,]=E [(Zt - Mz,) (Zt+t - I"Z,H)H] e C4.

Furthermore, we use the notation S; [z,] = %[gr[zl] + (S;[z:DH] € C9%4 for the
symmetrized autocovariance matrix with lag t € {0} UN.
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In the case of univariate stochastic processes, we use 'S;, [x:, ys] to denote
Selxs, ys1 = E [(xr — tx)(Vs47 — Hyy,.)*]- Note that the unsymmetrized autoco-
variance matrix S; is not necessarily conjugate symmetric, i.e., Hermite symmetric
or Hermitian, and it can have complex-valued diagonal entries. In contrast, the sym-
metrized autocovariance matrix S; is always conjugate symmetric, that is, S; = Slf'l,
and the diagonal entries of the symmetrized autocovariance matrix are by definition
real-valued.

In the literature, the definition of stationarity for complex-valued stochastic pro-
cesses varies. In this paper, we use the following definition.

Definition 1. The C?-valued process z. := (z;),cy is weakly stationary if the com-
ponents of z. are square-integrable and if for any 7 € {0} U N and for any pair
(u,v) € N x N, we have that E[z,] = E[z,] and S;[z,] = S;[z,].

Let Z = (Z/)jeT’ T = {1,2,..., T}, be a sampled process generated by

z., where Z; is C¢-valued for every j € 7. We use the following classical fi-
nite sample estimators for the mean vector and the autocovariance matrix with lag
tef{0,1,....,T — 1}

R 1 T . 1 T—t1 X X
Ml =73 25 SclZl= 73 (2; = RIZ]) (Z)+ = RIZ))"

j=1

where for v = 0, the scaling used in Scis1 /(T — 1). Furthermore, the symmetrized
autocovariance matrix estimator withlagz € {0, 1, ..., T — 1} is defined as ST [Z] =
%[gf [Z] + (ST [ZDH]. Note that the symmetrized autocovariance matrix estimator is
always conjugate symmetric.

Let y, and y, be R¢-valued random vectors such that the concatenated random

vector, that is, (yir y; )T, follows a R??-valued Gaussian distribution. Then, the
C¢-valued random vector y =y 1 + iy, follows the C9-valued Gaussian distribution

with the location parameter Ry, the covariance matrix Xy and the relation matrix Py,
defined as

uy=Ely|=E[y,]+iE[y,] eC’ %y=E [(y —1y) (v — /Ly)H] e Cdxd,
Py =E[(y—ny) (v —ny) | e O

We distinguish between complex- and real-valued Gaussian distributions with the
number of given parameters — Ny (i y» ) denotes a d-variate real-valued Gaussian
distribution and Nd(uy, Y, P) denotes a d-variate complex-valued Gaussian distri-
bution.

The classical central limit theorem (CLT) for independent and identically dis-
tributed complex-valued random variables is given as follows. Let {x1, X2, ..., X}
be a collection of i.i.d. C¢-vectors with square-integrable components, mean fiy, co-
variance matrix X and relation matrix P. Then,

IZ — 1ty) ?XNNd(OEP)
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D . C . . . .
where — denotes convergence in distribution. We can harness the rich literature on
real-valued limiting theorems via the following lemma.

Lemma 1. Let {v,}nen be a collection of R*@-valued random vectors v;.r =

(x;.r y—l!—), where xj, y; are Re-valued for every j € N, and let v! = (xT yT).

Then, v, i) v ifand only ifx, + iy, L x +iy.
n—>oo n—oo

Lemma | can be, for example, applied to Gaussian vectors in a straightforward
manner, see Corollary 1 in the supplementary Appendix.

In our work, we utilize Lemma 1 in order to apply real-valued results for complex-
valued scenarios, but we wish to emphasize that it also works in the other way — the
complex-valued asymptotic distribution automatically grants the corresponding real-
valued limiting distribution. For additional details regarding complex-valued statis-
tics, see, e.g., [13, 15, 31].

3 Temporally uncorrelated components model

In this section, we consider a linear temporally uncorrelated components model for
discrete time complex-valued processes. We define the following version of the model.

Definition 2. The C?-process X. := (X;),cy follows the temporally uncorrelated com-
ponents mixing model, if

X, = Az + py, VteN,

where A is a constant nonsingular C?*¢-matrix, u, € C¢ is a constant location

parameter and z. is a C?-process with components having continuous marginal dis-
tributions. In addition, the process z. satisfies the following four conditions for every
t,k €N,

(1) puy, =0, (2) So [z] =14,
3) SK [z] is finite and depends only on «,

@) 3t eN: S, [z] = A, = diag (Ag“, o x§d>) ,

such that +o00 > kgl) AP > x§d> > —00.

To improve the fluency of the paper, from hereon, the term mixing model is used
to refer to the temporally uncorrelated components mixing model. The conditions
(1)—(4) of Definition 2 imply that the latent process z. is weakly stationary in the
sense of Definition 1. Note that under these model assumptions the concatenated
R?-process (Re(z,—r) Im(z_T))T is not necessarily weakly stationary in the classical
real-valued sense. One could also require that the concatenated vector is stationary,
which can be done by adding to the model a condition involving the complex-valued
relation matrix, defined in Section 2. However, adding the extra condition would also
fix the relationship, up to heterogeneous sign-changes, between the real and imagi-
nary parts inside a single component. In this paper, we do not wish to make assump-
tions regarding the complex phase of a single component. Consequently, many of the
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following results involve a so-called phase-shift matrix J, that is, a complex-valued
diagonal matrix with diagonal entries of the form exp(i6;), ..., exp(if). A phase-
shift matrix J is by definition unitary, i.e., JJH = JHJ = I,. Note that all possible
phase-shift matrices can be constructed by considering phases on some suitable 27 -
length interval, e.g., the usual [0, 27).

Condition (3) is included in Definition 2 to ensure that we can apply limiting
results that require the traditional real-valued weak stationarity. Since Condition (3)
is solely used to guarantee stationarity, the only requirements for S« [2;] are that it
has finite elements and that it is invariant with respect to the time parameter ¢.

For a process x. that follows the mixing model, the corresponding unmixing prob-
lem is to uncover the latent process z. by using only the information contained in the
observable process X..

Definition 3. Let X. := (X;),;cy be a process that satisfies Definition 2, such that
condition (4) holds for some fixed 7. The affine functional g : a — F'(a—p) : C¢ —
C4 is a solution to the corresponding unmixing problem if the process g o x. satisfies
conditions (1)—(3) and condition (4) is satisfied with the fixed .

Given a process X. that follows the mixing model and a corresponding solution
g :aw— I'(a— p), we refer to A, see Definition 2, as the mixing matrix and we
refer to I' as the unmixing matrix. The objective of the unmixing matrix is to reverse
the effects of the mixing matrix. However, under our model assumptions, we cannot
uniquely determine the relationship between the mixing and the unmixing matrix.
The relationship between the two matrices is TA = J, where J € C9%d i some
phase-shift matrix, see Lemma 3 in the supplementary Appendix.

Under our assumptions, we cannot distinguish between solutions that contain un-
mixing matrices that are a phase-shift away from each other. Thus, we say that two
solutions g1 : a+— I'j(a— p;) and g» : a — T'r(a — p,) are equivalent, if there
exists a phase-shift matrix J such that I'y = I'>J.

We next provide a solution procedure for the unmixing problem. Recall that in the
mixing model we assume that the mixing matrix A and the latent process z. are unob-
servable. Therefore, the solution procedure relies solely on statistics of the observable
process X..

Theorem 1. Let x. := (x;);c be a process that satisfies Definition 2. The functional
g:a— T@a—p): C?— C?isa solution to the corresponding unmixing problem
if and only if the eigenvector equation

Sole D' S: x 1 TH =THA,, WreN, (1)
and the scaling equation
ISo[x,]TH =1,;, VreN, )

are satisfied.

One can apply Theorem 1 to find solutions by first estimating the eigenvalues and
eigenvectors of (So [x,])_l S: [x;] and then scaling the eigenvectors so that the scaling
equation is satisfied. In addition, see Corollary 2 in the supplementary Appendix.
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4 Estimation and asymptotic properties

The algorithm for multiple unknown signals extraction (AMUSE), [35], is a widely
applied blind source separation unmixing procedure. AMUSE and the correspond-
ing asymptotic properties have been previously studied in the real-valued case, see,
e.g, [23]. Here, we adopt the estimation part of the AMUSE algorithm. However, our
underlying model assumptions are not identical to the ones in [23] and [35]. In this
section, we consider the consistency and the limiting distribution of the correspond-
ing unmixing estimator under complex-valued long-range and short-range dependent
processes, significantly extending the results given in [23].

Definition 4. Let x. := (X;),cy be a process that satisfies Definition 2 and let X
be a CT*?_valued, | < d < T < oo, sampled stochastic process generated by X..
Let it = [L[X] and let 17 be a R”-vector full of ones. The mapping § : C

(C—1rp )F : CT*d 5 CT*4 js 3 solution to the finite sample unmixing problem,
if x&” > ... > A(Td), such that

FSoxiF" =1,  and  FSxIF" = A, dlag( 5.0 ...,ig””).

Recall that Sr is the symmetrized autocovariance matrix, and it is, by definition,
conjugate symmetric. In addition, recall that the diagonal entries and the eigenvalues
of a conjugate symmetric matrix are, again by definition, real-valued. Hereby, the or-
dering of )\9 ) is always well-defined. The diagonal elements (eigenvalues) 5»(/ ) can
be seen as finite sample estimates of )éj ). Even though the population eigenvalues
A(j ) are assumed to be distinct, it is possible, due to, e.g., limited computational ac-
curacy, that ties occur among the estimates A(j ) Hereby, in the finite sample case,
strict inequalities are not imposed on the estimates )A»(,] ) in Definition 4.

Using Lemma 4 of the supplementary Appendix, we can straightforwardly im-
plement the unmixing procedure. The first step is to calculate So := So[X], from a
realization X, and the corresponding conjugate symmetric inverse square root X =

S(; 1/2. Recall that, by assumption, the components of z. have continuous marginal
distributions and the mixing matrix is nonsingular. Thus, the eigenvalues of covari-
ance matrix estimates are always real-valued and almost surely positive. Hereby, the
matrix X can be obtained by estimating the eigendecomposition of So. The next

step is to choose a lag-parameter T and estimate the eigendecomposition Sr [XZ‘0 1=

20S:[X]Xo = VA;V . The covariance matrix and autocovariance matrix estima-
tors are affine equivariant in the sense that S ; [XCT] = CS;[X] cH, j €10, t}, forall
nonsingular C?*¢-matrices C. An estimate for the latent process can then be found

via the mapping (X — lTﬂT)(VHio)T, where ji is the sample mean vector of X.

In practice, one should choose the lag parameter T # 0 such that the diagonal
elements of [\T are as distinct as possible. Strategies for choosing t are discussed,
e.g., in [9]. From a computational perspective, the estimation procedure is relatively
fast. Hereby, in practice, one should try several different values of t and study A-.

We emphasize that one can apply the theory of this paper to other estimators
as well. That is, under minor model assumptions, the estimators Sp, S; can be re-



482 N. Lietzén et al.

placed with any matrix-valued estimators that have the so-called complex-valued
affine equivariance property, see [16].

The conditions given in Definition 4 remain true if we replace I with JT, where
J € C?*4 can be any phase-shift matrix. Thus, as in the population level, we say that
the estimates fl and fz are equivalent if fl =] f‘z for some phase-shift matrix J.

Justified by the affine invariance property given in supplementary Appendix Lem-
mas 5 and 6, we can, without loss of generality, derive the rest of the theory under the
assumption of trivial mixing, that is, in the case when the mixing matrix is A = 1.
See also the beginning of the Proof of Lemma 2.

4.1 Limiting behavior of the AMUSE estimator

We next consider limiting properties of the finite sample solutions. Note that the finite
sample statistics and the sampled stochastic process X depend on the sample size 7.
In the framework of this paper, our usage of the notation is equivalent with the one
presented in [38]. We use the short expression X7 = 0, (1) to denote that a sequence
of C?*?_matrices X1, X5 ..., converges in probability to a zero matrix. In addition,
we use Yg = O,(1) to denote that a collection of C*4_matrices {Yg : B € B}
is uniformly tight under some nonempty indexing set B. By saying that a matrix is
uniformly tight, we mean that real part and imaginary part of every element in the
matrix is uniformly tight.

Lemma 2. Let x. :== (x;),cn be a process that satisfies Definition 2 and let X be a
CT>4 yalyed, 1 <d < T < oo, sampled stochastic process generated by x. and let

g:Cr— (C—17 [LT)fT be a T-indexed sequence of corresponding finite sample
solutions. Furthermore, let o (§0[X] —Solx:]) = Op(1) and Br (.§T [X]—S:[x]) =
O, (1), for some real-valued sequences ot and Br, which satisfy ar 1 oo, v 1 00
as T — oo. Then, for y; = min(o;, B;), there exists a sequence of T -indexed phase-
shift matrices j , such that

r(JE-T)=0,)

holds asymptotically.

Hereby, under the assumptions of Lemma 2, there exists a sequence of 7'-indexed
matrices J such that JT converges in probability to I'.

Theorem 2. Let X, g and g be defined as in Lemma 2 and denote the element (j, k)
of S [X] as [S,] jk- Then, under the assumptions of Lemma 2 and the trivial mlxlng

scenario A = 1, there exists a sequence of T-indexed phase-shift matrices J, such
that
s R rr 3 .
yr (J;E5 -1) = : ([so] - 1) +O,(/yr). Yje(l.....d}), and
v (A0 <20V B =y <,\<;> [so] - [S}]ﬂ) +O,0/yr). j#k.

By Theorem 2, we can directly find the asymptotic distribution of the unmixing
matrix estimator I', if we have the asymptotic distributions and the convergence rates
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of the estimators §0 and Sf. Note that, if the rates a7 and Br differ, the estimator
with the faster convergence will tend to zero in probability in Theorem 2. Further-
more, note that the asymptotic distributions of the diagonal elements of y7 (J r— 1)
only depend on the asymptotic distribution of the covariance matrix estimator SO.
However, the rate of convergence of the off-diagonal elements depends on both So
and S;, and consequently, if the covariance estimator So converges faster than the
autocovariance estimator Sr, the diagonal elements of yr (J I - I;) converge to zero
in distribution and in probability. Conversely, it may happen that the autocovariance
estimator S converges faster. In that case, the off-diagonal elements of yr (J 1)
converge to zero in distribution and in probability.
Theorem 2 can alternatively be presented in matrix form as

yr (diag [JF —14]) = »r (%diag [S0 - Id]) +Op(1/1),
yr (jf _ diag [jf“]) = yr (H © [A,So — sr]) +0,(/yr),

where Hj; = 0 and Hj;, = (xﬁ’” — kgj))_l, Jj # k, © denotes the Hadamard (i.e.,
entrywise) product and J is the 7-indexed sequence of phase-shift matrices that set
the diagonal elements of T to be on the positive real-axis.

4.2 Limiting behavior under summable covariance structures

In this section, we consider a class of stochastic processes that satisfy the Breuer—
Major theorem for weakly stationary processes. The Breuer—Major theorem is con-
sidered in the context of Gaussian subordinated processes, see, e.g., [2, 8, 30]. A uni-
variate real-valued Gaussian subordinated process z., defined on a probability space
(2, F, P), is a weakly stationary process that can be expressed in the form z. = foy,,
where y, is a R¢-variate Gaussian process and f : R¢ — R.

We emphasize that Gaussian subordinated processes form a very rich model class.
For example, recently in [39], the authors showed that arbitrary one-dimensional
marginal distributions and a rich class of covariance structures can be modeled by
f oy. with simple univariate stationary Gaussian process y,. While the model class
is very rich, underlying driving Gaussian processes still provide a large toolbox for
analyzing limiting behavior of various estimators. Such limit theorems have been a
topic of active research for decades. For recent relevant papers on the topic, we refer
to [27-30] and the references therein.

We next give the definitions of univariate real-valued Hermite polynomials and
Hermite ranks. We define the kth, k € {0} U N, (probabilistic) Hermite polynomial
Hj, using Rodrigues’ formula

k

He(x) = (=Dkexp (x2/2> % exp (—x2/2) .

The first four Hermite polynomials are hereby Hp(x) = 1, Hi(x) = x, Hy(x) =
x% — 1 and H3(x) = x> — 3x. The set {Hy/~/k! : k € {0} UN} forms an orthonormal
basis on the Hilbert space EZ(R, Py), where P, denotes the law of a univariate stan-
dard Gaussian random variable. Consequently, every function f € £*(R, Py) can be
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decomposed as
[ =) arHi(x), 3)
k=0

where a; € R forevery k € {O}UN. If x and y follow the univariate standard Gaussian
distribution, the orthogonality of the Hermite polynomials and the decomposition of
Equation (3) give

ELf(0)fD]=)_klog E[(x —ExD(y — ElyDD* = ) klaj (Covx, y)*.

k=0 k=0

In the following, we consider real-valued functions of several variables and apply
some known results that are based on multivariate Hermite polynomials. However,
our derivations (in Section 4.3) require the use of univariate Hermite polynomials
only. Thus, we only define univariate Hermite polynomials here.

The Hermite rank for a function f is defined as follows.

Definition 5 (Hermite rank). Lety be a Rf-valued Gaussian random vector, ¢ € N,
and let f : R — R be a function such that f oy is square-integrable. The function
f has Hermite rank g, with respect to y, if

EL(f ¥ —ELf WD pmn ] =0,

for all Hermite polynomials p,, : R? — R that are of degree m < ¢ — 1 and there
exists a polynomial p, of degree g such that

E[(f ) —ELf 0D pg ()] # 0.

Note that in the one-dimensional setting, the Hermite rank ¢ of a function f is
the smallest nonnegative integer in Equation (3), such that o, # 0. We next present
the multivariate version of the well-known Breuer—Major theorem from [8].

Theorem 3. Lety. := (y;)ien be a R¢-valued centered stationary Gaussian process.
Let f1, fo, ..., fa : RY — R be measurable functions that have the Hermite rank
at least q € N, with respect to y,, and let f; oy, be square-integrable for every
Jj €{1,...d}. Additionally, let the series of covariances satisfy

o0 q o0
.. - k ;s k
> 18 [yl("),ﬁ )]‘ = Z‘E[yl(")yﬁ)r]
=0

=
Then, the R?-sequence

%(zle (A0 —E[A00]) - X, (fa00 —E[fa00])T

q
< +4oo, Vjkell,... ).

converges in distribution, as T — 00, to a centered Gaussian vector p =
(,01, 02y nns ,Od) with finite covariances E [pj pk] equal to

oo

So[£i00- frioD]+ D Se [£i0D. frD] +Se [fron. £i00]) -

=1
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The proof of Theorem 3 is omitted here. Theorem 3 follows directly from the
univariate Breuer—Major theorem, given in [8], and by using the usual Cramér—Wold
device, see, e.g., [7, Theorem 29.4]. A similar version of Theorem 3 can also be found
in Section 5 of [2].

We next present the following assumption which enables us to find the asymptotic
behavior of the unmixing matrix estimator using the Breuer—Major theorem.

Assumption 1. Let x. := (x;);cn be a process that satisfies Definition 2 with the
trivial mixing matrix A = I and let X be a CTXd-valued, 1<d<T < oo, sampled
stochastic process generated by x.. Denote 7. = (b; 4+ ict);eny = b. + ic.. We assume
that there exists £ € N and a centered R¢-valued stationary Gaussian process 1.,
such that, for all k € {1, ...d}, the component b has the same finite-dimensional
distributions and, asymptotically, the same autocovariance function as fi(1.), for
some function fy : RY — R. Similarly, we assume that, for all k € {1, ...d}, the
component ¢® has the same finite-dimensional distributions and, asymptotlcally, the
same autocovariance function as fk+d(17) for some function fk+d : R - R
Furthermore, we assume that E[ |fk (171)| ] < 400, Vk € {1,...,2d}, and that

rﬂ‘/ k)(t) = [nt(i)mﬁk)] satisfies rn/ /)(O) =1,Vjell,..., £}, and

>

t=1

r,gj’k)(t)‘<+00, Vj7k€{1,,£}

Note that the finite-dimensional distributions of the R-valued stochastic process
c. is the collection of probability measures defined as,

{P[{cn€Bi.....c,,€Bn}] ImeN:VB; € B(R) and {1y, ..., tn} C N}.

We again want to emphasize that a wide class of stochastic processes satisfy As-
sumption 1. Indeed, we allow an arbitrary dimension ¢ for the driving Gaussian pro-
cess 7, and arbitrary (summable) covariance structures. In comparison, it was shown
in [39] that in many cases it would suffice to relate only one stationary Gaussian
process /) to each function fi. iz

We are now ready to consider the asymptotic distribution for the unmixing matrix
estimator under Assumption 1.

R AToaT
Theorem 4. Let Assumption I be satisfied and let g : C — (C — IT[LT)F beaT-
indexed sequence of finite sample solutions. Then, under the trivial mixing scenario
A =1, there exists a T -indexed sequence J of phase-shift matrices such that

VT - vec (jf —Id) D Y~ Np@O, T, Py).
T—o00

The exact forms for X, and Py are given in the supplementary Appendix.

Note that it is possible to present Theorem 4 with even weaker assumptions. In
the current formulation, we require that the Gaussian process y, (equivalently, ,) has
summable covariances and cross-covariances. By studying the exact Hermite ranks
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of the underlying functions, weaker summability conditions would suffice (cf. Theo-
rem 3). However, given the Hermite ranks of the functions f;, itis in general impos-
sible to say anything about the Hermite ranks of transformations such as fj2 arising

from So, see the proof of Theorem 4. On the other hand, assuming Hermite rank equal
to one is a very natural assumption in many occasions. For example, the modeling ap-
proach given in [39] sets the rank of f; to equal 1. Hermite rank 1 is stable in a sense
that even small perturbations in a function with higher Hermite rank leads to rank 1
again. For further discussion on the stability of Hermite rank 1, we refer to [4].

4.3 Notes on noncentral limit theorems

In this section, we provide examples where the convergence rate of the unmixing
estimator differs from the standard /7 and where the limiting distribution is non-
Gaussian. Such situations arise, especially, when the convergence summability con-
dition of Theorem 3 does not hold.

Assumption 2. Let x. := (x;);cN be a process that satisfies Definition 2 with the
trivial mixing matrix A = 14 and let X be a (CTXd—valued, 1 <d<T < 400,
sampled stochastic process generated by x. and z. = b. + ic.. We assume that there
exists centered R-valued stationary Gaussian processes n_(k), kef{l,2...,2d}, such
that, for all k € {1, ...d}, the component b® has the same finite-dimensional distri-
butions and, asymptotically, the same autocovariance function as fr (X)), for some
function f; : R — R. Similarly, we assume that, for all k € {1, ...d}, the compo-
nent ¢® has the same finite-dimensional distributions and, asymptotically, the same
autocovariance function as frrqa(m* D), for some function fk+d : R — R. Further-
more, we assume thatE[|fk(n§k))|4] < 400, Vk € {1, ..., 2d}, and that the Gaussian
processes §V, 9@, ..., 9@ are mutually independent.

In comparison to Assumption 1, we here assume that real and imaginary parts of
each component are driven by a single Gaussian process. As discussed in Section 4.2,
this is not a huge restriction. In addition, we assume independent components and
that the real and imaginary parts of each component are independent. Although in-
dependence is a common assumption in the blind source separation literature, we
note that our results can be extended to cover dependencies as long as, for every
Jj.ke{l,2,...,2d}, the cross-covariances between n(k) and 17(-/) are negligible com-
pared to the decay of the autocovariance functions rp() ().

If the autocovariance functions r, ) satisfy

D Iy 0] < 400, Vjefl,...2d}, )

t=1

then we are in the situation of Theorem 4. More generally, a weakly stationary se-
ries is called short-range dependent if the corresponding autocovariance function r
satisfies Equation (4). Hence, we assume that at least one of the functions T'p(i) is not
summable. For such components, we assume the following long-range dependence
condition.
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Definition 6. We say that a R-valued weakly stationary process 7. is long-range de-
pendent if the autocovariance function r;, satisfies

Jim K21y (k) = C (5)

for some H € [1/2,1) and C € (0, c0).

Note that the definition of long-range dependence varies in the literature. For
details on long-range dependent processes and their different definitions, we refer to
[5, 6, 33].

There is a large literature on limit theorems under long-range dependence. See,
e.g., [3, 11, 34] for a few central works on the topic. For an insightful and detailed pre-
sentation we refer to [18], and for recent advances on the topic, see, e.g., [21, 40]. In
the case of long-range dependent processes, the rate of convergence of the normalized
mean is slower than the usual +/7 and the limiting distribution depends on the corre-
sponding Hermite rank. More precisely, the limiting distribution follows a so-called
g-Hermite distribution, where ¢ is the Hermite rank of the underlying function. Note
that g-Hermite distributions can be fully characterized by the corresponding Hermite
rank g and a self-similarity parameter H, i.e., the Hurst index. In the stable case
g = 1, we obtain a Gaussian limit, and in the case ¢ = 2 we obtain the so-called
Rosenblatt distribution that is not Gaussian. Similarly, for ¢ > 3 the limiting distri-
bution is not Gaussian. For details on Hermite distributions and processes, we refer to
[3, 12, 36]. In particular, we apply the following known result (see [11, Theorem 1]).

Proposition 1. Let 1. be a R-valued stationary Gaussian process with autocovari-
ance function ry such that r,(0) = 1 and ry satisfies Equation (5) for some H €
[1/2,1). Let f be a function such that E[(f(n1))%] < +00 and the Hermite rank of
fequals q. If q(2H — 2) > —1, then, for some constant C = Cy,, > 0, we have

T
TI0==1 N () — BLf (1)) —— €2y,

t=1
where Z follows a q-Hermite distribution.

In view of Proposition 1, in the long-range dependent case the Hermite rank plays
a crucial role. Thus, one cannot pose general results without any a priori knowledge
on the ranks. Indeed, it can be shown — see, e.g., [6, Equation 4.26] withd = H—1/2
— that if f has Hermite rank g and r satisfies Equation (5) with some H such that
q(2H —2) > —1, then

2
. _ |
lim 7420 (7Z(f(m)—E[f(nz)])> =C. (6)

T—o00
t=1

This justifies the normalization in Proposition | and also gives the constant explic-
itly, as E[Z,] = 0 and E[(Zq)z] = 1. We pose the following assumption on the
autocovariances Ty and Hermite ranks.
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Assumption 3. We assume that for every j € {1,2,...,2d} the autocovariance
functions Iy with Iy (0) = 1 satisfy either Equation (4) or Equation (5), and that
Equation (5) is satisfied for at least one index. Let I C {1,2,...,2d} denote the set
of indices for which Equation (5) holds, and for every i € I, denote the Hermite rank

- ~ ~ . 2
of x = fi(x) by q1,; and the Hermite rank of x +— [fi x) —E(fi (1)(’)))] by q2.;.
We assume that, for any indices j, k € I, j # k,

f?eaIX612,i(2Hi -2)> ]n}(ag; {01kQHy —2) +¢1,j(2H; — 2), —1}, 7

and, forany k € I,
max q2,i(2H; —2) > q1 k(4Hk — 4). ®)
L

We stress that Assumption 3 is not very restrictive. We allow a combination of
short- and long-range dependent processes /) and we assume that at least one of
the processes is long-range dependent, since otherwise we may apply Theorem 4. In
this respect, Condition (7) guarantees that at least one of the [ f, (x)—E( f, M ON1?is
long-range dependent. Indeed, if max;cy ¢; (2H; — 2) < —1, then Theorem 4 applies
again. Moreover, one could also study the limiting case max;c; gi(2H; — 2) = —1.
Then, one usually obtains a Gaussian limit, but with a rate given by /7 /log(T). Our
more restrictive Assumptions (7) and (8) are posed in order to apply known results
on limit theorems in the long-range dependent case. Indeed, if these conditions were
violated, then we would need to study the convergence of complicated dependent
random vectors towards some combinations of Hermite distributions. Unfortunately,
to the best of our knowledge, there are no studies in this topic that would fit into our
general setting (on some results in special cases, see, e.g., [3]).

In view of Proposition 1, the rate of convergence, TV, of our unmixing estimator
arises from Equation (7). We set

1
y = —-maxq;(2H; —2). )
2 iel

By Equation (7), we have that y < %, meaning that our rate is slower than the usual
/T . The following results show that cross-terms do not contribute to the limit.

Proposition 2. Let Assumptions 2 and 3 be satisfied. Then for every j # k, we have
that

T
1Y (o) = BLAGO) (Fa) - ELG o) >0 (o)

t=1

and

T
1Y (R = BLAGON) (Falo - BLfad) >0 an

t=1

L
where = denotes convergence in the space Ly(2,P). Consequently, the conver-
gence also holds in probability.
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In the presence of long-range dependency, the mean estimator ft[X] in the defini-
tion of S; [X] has to be studied separately as it may contribute to the limit.

In order to obtain the limiting distribution for 77 (J r— I;), we introduce some
notation. For each k € {1,2,...,2d} we define Hermite processes Z,, , and Zg, ,,
such that for a given k, we allow Z; , and Z,,, to be dependent on each other,
while both are independent of Zy, ;, Z,, ; for j # k. We also introduce constants
Cik, Cox in the following way: if k € [ is such that equality holds in (8), i.e.,
max;er q2,; (2H; — 2) = 2[q1.x(2H — 2)], then we let C; x to be the constant given
in Proposition | associated to the limit

T
Ta1k(1—H)—1 Z (fk("lfk)) fk(yh(k)) ) —> CikZg -
t=1

Otherwise we set C1 = 0. Similarly, if k£ € I is such that

@k QH; —2) = max q2,i(2H; — 2), (12)
1

we let C2 x to be the constant given in Proposition | associated to the limit

T
ras(-Ho-1 32 (hk(nﬁk)) [h (n(k))]) oo CokZani
t=1

where s
k & k z k
) = (™) —ELfan)".
Otherwise we set C2 x = 0. The following theorem is our main result of this subsec-
tion.

Theorem 5. Let Assumptions 2 and 3 hold. Then,

.. 1
TV (Jr _ Id) AN
T—oo 2

where Y is a R4*? -valued diagonal matrix with elements given by

(T)]] ~ C2] q2,j +Cl . q1 +C2]+dZCI2 j+d +C ]+qu1 j+d”

We remark that it might be that most of the elements vanish. Indeed, the coeffi-
cient Cy j (C2, j1a, respectively) is nonzero only if the real part (imaginary part, re-

spectively) of [ i) —E(f ,~(17))]2 converges with the correct rate 7. In this case,
C1,j (C1, 44, respectively) is nonzero only if the corresponding element in ji con-
verges with the rate 77/,

5 TImage source separation

The restoration of images, which have been mixed together by some transformation,
is a classical example in blind source separation (BSS), see, e.g., [26]. The image
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Fig. 1. Original images

source separation is usually only considered for black and white images, where the
colors can be presented using a single color parameter. Since there is only a single
color parameter associated with a single pixel, the black and white image source
problem can be straightforwardly formulated as a real-valued BSS problem. This
does not remain true for colored photographs.

In our example, we consider colored photographs and conduct the example us-
ing the statistical software R ([32]). We start with three photographs that are of size
1536 x 2048, 1200 x 1600 and 960 x 720, the figures are imported to R using the
package JPEG, [37]. As a first step, we resize all of the photographs to be of equal size
960 x 720. The resized images are stored in a 960 x 720 x 3 array format, such that
a red-green-blue color parameter triplet, denoted as (R, G, B), is assigned to every
pixel.

We apply a bijective cube to unit sphere transformation for every color triplet.
Then, we use the well-known stereographic projection, which is an almost bijective
transformation between the unit sphere and the complex plane. The stereographic
projection is bijective everywhere except for the north pole of the unit sphere. For
almost all photographs, we can choose the color coordinate system such that no pixel
has a color triplet located on the north pole. This holds for our example and we can
apply the inverse mappings in order to get back to the color cube surface.

We then have a single complex-number corresponding to every pixel of the color
corrected images and we can present the images in a C*%*720_matrix form. We de-
note the images with complex-valued elements as Z, Z, and Z3 and apply the fol-
lowing transformation,

vee(X)) T T vec(Z1) "
X" =[veecXo)T | =|vecZ)T| Iz+E+iF),
VCC(X3)T vec(Z3)T

where I3 is the identity matrix and the elements of E and F were generated indepen-
dently from the univariate uniform distribution Unif (-1/2, 1/2).The complex-
valued mixed images X1, X, and X3 can then be plotted by performing the chain of
inverse mappings in reverse order. The corresponding mixed images are presented in
Figure 2.

We then apply the unmixing procedure presented in Section 4 to the matrix X,
using several different lag parameters 7. In this example, X has three columns and
691200 rows, such that every element of the matrix is complex-valued. In controlled
settings, where the true mixing matrix is known, the minimum distance index (MD)



Modeling temporally uncorrelated components of complex-valued stationary processes 491

Fig. 3. Unmixed images using the AMUSE procedure with 7 = 1

index is a straightforward way to compare the performance of different estimators,
see [20] for the complex-valued formulation. The MD index is a performance index,
defined between zero and one, where zero corresponds to the separation being per-
fect. In addition, the MD index ensures that comparison between different estimators
is fair, this is especially important in this paper since under our model assumptions,
different estimators do not necessarily estimate the same population quantities. The
minimum distance index is based on the minimum distance between the known mix-
ing matrix and the unmixing matrix estimate with respect to permutations, scaling
and phase-shifts. While applying the AMUSE procedure, if we can find a parameter
7 such that the diagonal elements of A are sufficiently distinct (from a computa-
tional perspective), we can recover the unmixing matrix up to phase-shifts. Hereby,
the choice of the mixing matrix in this example is inconsequential from the viewpoint
of minimum distance index, identical values are obtained for a fixed t with any finite
mixing matrix. Consequently, in this example, minimum distance index will produce
the same value if the mixing matrix was replaced with, e.g., the identity matrix.

We tried several different lag parameters and the best performance, in the light of
the MD index and visual inspection, was attained with 7 = 1 and the corresponding
MD index value was approximately 0.174. The unmixed images obtained using the
unmixing procedure with T = 1 are presented in Figure 3. In addition, for example,
lag parameter choices 7 = 2, 3,961, 962, 963 provided only slightly worse results,
the corresponding MD index values were between 0.177 and 0.183. Note that the
autocovariances are calculated from the vectorized images, and for example the first
and the 961st entries are neighboring pixels in the unvectorized images.

Comparing the original color corrected images in Figure 1 and the unmixed im-
ages in Figure 3, the shapes seem to match almost perfectly. The color schemes vary
since the complex phase is not uniquely fixed in our model. In addition, recall that
under our model, solutions that are a phase-shift away from each other are consid-
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Fig. 4. Unmixed images produced by equivalent solutions

ered to be equivalent. In Figure 4, we present the first unmixed image, produced by
the unmixing procedure with v = 1, under three equivalent solutions. The images in
Figure 4 are obtained such that we first find an unmixing estimate I' and then right-
multiply the obtained estimate with a diagonal matrix with diagonal entries exp(if).
In Figure 4, the left image is obtained with 6 = 7 /4, the middle one is obtained with
0 = 3w /4 and the right image is obtained with 6 = 5 /4.

A Appendix

Proof of Lemma 1. Both directions of the claim follow directly from the multivari-
ate version of the continuous mapping theorem. Note that the mapping f: (r1, 2, ...,
rzd)T = (r,ra, ..., rd)—r +i(Fa4+1,Td+2, - - - ,rgd)T ‘R2 5 s homeomorphic,
that is, f is continuous and bijective, and the preimage f~! is also continuous. [

Corollary 1. Let {v,}nen be a collection of R*-valued random vectors v}— =

(x;!— y;), where x, y ; are RY-valued for every j € N. Let

n

Oan(Vj —ILV) % v~ N (0,%,),
j=1

where o, 1 00 as n — oo and

Ky Yy Xy
= and X, = .
o (”’y ) ’ (ZxTy 2y

Then, for the sequence of C¢-valued random vectors z j =Xj +1iy;, we have that

n

Oan(Zj —[Lz) %ZNN[{(O, ZZ’Pz)a
j=1

where p; = fytifly, Xz = Zx+Zy+i(E)—Zy) and P, = T =Xy +i(Z],+Zyy).

Proof of Corollary 1. The corollary follows directly by applying Lemma 1 and by
calculating the mean, the covariance and the relation matrix of z. O
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Lemma 3. Let x. :== (x;);cn be a process that satisfies Definition 2. The functional

g:a— T@a—p):C?— C4isa solution to the corresponding unmixing problem
if and only if

mw=p, and TA=],

where J € C4*4 is a phase-shift matrix.

Proof of Lemma 3. Let y, := g o x.. First, let y, be a solution, that is, y, satisfies
conditions (1)—(4) of Definition 2. Recall that T is assumed to be nonsingular. Using
condition (1), we get that

Ely, ] =EIT (x — )] =E[T (Az; + py — )] = TE [y — n] =0,

and thus py, = u, since I' is nonsingular. Next, we can rewrite condition (2) as
Soly,] = E [y,yf‘] ) [I‘Azl (FAz,)H] — TAAMTH = 1,

which implies that I'A is a unitary matrix. Similarly, we can rewrite condition (4) as

1
Selyil =5 (E [y,y,HH] +E [ymy?]) — TAAARTH Z A,
which is equivalent to
A AHTH = AHPHA

Since A; has real-valued distinct diagonal entries and since A, and AHTH commute,
we get that T'A is also a diagonal matrix. Consequently, I'A is a unitary diagonal
matrix, which implies that the diagonal elements of the matrix product are of the
form exp(i61), ..., exp(ify).

For the second part of the proof, let 4 = py and TA = J, where J is some
phase-shift matrix. We next verify thaty, := g o x. is a solution, that is, we verify that
y. satisfies conditions (1)—(4) of Definition 2. Condition (1) is clearly satisfied, since
E[x;] = py. Furthermore, we have that, for every 7, € N,

Scly/] = E|PAz (TAz4)" | = JAJY,

where Ag = I;. Thus, conditions (2)—(3) are satisfied. Finally, we have for a fixed ©
and for every ¢t € N that

Scly,1 = JS: [z 1" = JA JH = A,

since diagonal matrices commute. Thus, condition (4) is satisfied and the proof is
complete. g

Proof of Theorem 1. In order to simplify the notation, we denote Sg := Sp [x;] and
S; = S;[x/]. First, let g be a solution. Then, since x. follows the mixing model,
Lemma 3 gives

Sor = AAfrf — A — A =s,r).
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Using the above expressions, we get that

S, TH = AA ARTH = S§oTHJA  JH = SoIr'HA,,

and left-multiplying by S, ! yields Equation (1). In addition, Lemma 3 directly gives
Equation (2). Since the process x. is weakly stationary, the previous is true for every
teN

Next, let Equations (1) and (2) be satisfied for every t+ € N. Left-multiplying
by So, Equation (1) can be reformulated as

AAARTH = AAHTHA

which, after left-multiplication by A~!, gives that ATH and A, commute. Since
the diagonal matrix A has real-valued distinct diagonal elements, we get that AHH
is a diagonal matrix. Then the scaling equation gives that TAARTH = 1, ie., TA
is a unitary matrix. Consequently, TA = J, where J is some phase-shift matrix.
By Lemma 3, the functional g is hereby a solution to the corresponding unmixing
problem, and the proof is complete. U

Corollary 2. Let x. := (x;),cn be a process that satisfies Definition 2 and denote
S =8;lx] Let Sal/z be a conjugate symmetric matrix, such that S(;I/ZSOS(;I/2 =

1. Then the eigendecomposition S, Y 2STS(; 172 _ VAV is satisfied for some uni-
tary V, and the functional

_1
g:a— VHSOZ(a—,ux):(Cd—>(Cd
is a solution to the corresponding unmixing problem.

Proof of Corollary 2. Under the assumptions of Definition 2, we have that Sg is a

positive-definite matrix and that S; is a conjugate symmetric matrix. Thus, the matrix-

square root of Sy exists and the conjugate symmetric matrix-square root is unique,

and consequently similar arguments as in the real-valued counterpart presented in
[17] can be applied here. Hereby, S, 1/ 2S Sy % can always be eigendecomposed.

The second part of the proof follows dlrectly from Theorem | by verifying that

= VHSE 12 satisfies Equations (1) and (2). O

Lemma 4. Let x. :== (x;),cn be a process that satisfies Definition 2 and let X be a
CT>4 yalyed, 1 <d < T' < oo, sampled stochastic process generated by x.. Denote
L= p[X] and S] = S] [X], j € {0, t}. Let Eo be a conjugate symmetric matrix

that satlsﬁes ZQSQZO = I, and let EOST 0= VATV , where Vis unitary. Such
matrices %, V exist, and the mapping

~H ~ T
2:Cr (C—17i") (vﬁzo) . CTxd _, ¢Txd

is a solution to the finite sample unmixing problem.
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Proof of Lemma 4. Note that Lemma 4 can be seen as a finite sample version of
Corollary 2. By assumption, the components of z. have continuous marginals, which
implies that covariance matrix estimates are almost surely nonsingular. Thus, we can
almost surely find a unique matrix %0 which is the conjugate symmetric inverse

A . A sHa o y
square root of Sg. We proceed to verify that I' = VX satisfies the conditions of
Definition 4. First,

AH A ~ ~H~ \H ~H A
VHZOSO<VH20) =VV=1,

and similarly,

AHr n faHa \H L Hi~ ~Hx A

V808, (V zo) —V'VA, V'V =4, 0
Lemma 5. Let x. := (x;),cn be a process that satisfies Definition 2 and let g : a +—
I'(a — p) be a corresponding solution. Furthermore, let X. = (Cx; + b);cn, where
C e C* is nonsingular, b € C? and let § : a — T(a — j) be a solution for the
process X.. Then,

r=Jjrc!

for some phase-shift matrix J.
Proof of Lemma 5. By Lemma 3, we have that TA = J; and I'CA = Jo, where
J1 and J; are some phase-shift matrices. Recall that the mixing matrix A is nonsin-

gular. Hereby, we get that T' = J 1A~ and T = J,(CA)~'. By using the obtained
expressions for I and T, we get that

I=)LLAT'C! = BRIy A-ICc! = jsre !,

where J3 = Jlel{ is a phase-shift matrix as the set of phase-shift matrices is stable
under matrix multiplication. O

Lemma 6. Let x. := (x;),cy be a process that satisfies Definition 2 and let X be a
CT™dvalued, 1 < d < T < oo, sampled stochastic process generated by x. and

A AT AT . . . .
letg : C— (C— IT;LT)I' be a corresponding finite sample solution defined in
Lemma 4. Let B € C9%4 pe nonsingular, let b € C4 let X = XBT + 17" and
letg : C— (C— ITﬁ,T)i“T be a corresponding finite sample solution for X. Then,
I = JTB~! is a finite sample solution for X, where J is some phase-shift matrix.

~ ~H ~ N
Proof of Lemma 6. By Lemma 4, we can yvrite I' =V Xy, where X( denotes the
conjugate symmetric inverse square root of Sp. Note that the matrix-valued estimators
are affine equivariant in the sense that

S,[XB" —17b"] = BS;[X]BY,
j € {0, t}, for all nonsingular C?*“-matrices B and all C?-vectors b. We proceed
to verify that JTB™! satisfies the criteria of a finite sample solution, given in Defini-
tion 4. Using the affine equivariance property, we get that

A A~ ~ H ~H~ ~ A A
JEB180[X] (JrB—l) = V'S XIS VI = JIH = 1,
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and
~ A~ ~ H ~HA~A = A A ~ ~
JEB8,[X] (JrB—l) = V808, (XIS VIH = JA,JH = A,

Hereby, J I'B~! is a finite sample solution for X and the proof is complete. O

Lemma 7. Let X be a T-indexed sequence of C*? valued nonsingular estimates
and let ot be a real-valued sequence that satisfies ar 1 00 as T — oo. Furthermore,
letar (X —13) = O,(1). Then the following two statements hold.

(i) 3¢ Tl> 1, where a € {—1, —%, 1}.
—00

(ii) ar(E* — 1) = 0,(1), where a € {—1, -1},

Proof of Lemma 7. The assumption a7 ()5 —1;) = Op(1) implies that 3 - I; =

. & P
(1/a1)Op(1) = 0,(1)O,(1) = 0p(1), thatis, X — Iy, as T — oo. Note that the
matrix inversion and the conjugate symmetric square root of the inversion are contin-
uous transformations in the neighborhood of I ;. Thus, we can apply the continuous

mapping theorem which gives us that 3¢ LY Ij,asT — oo, fora € {—1, —%}.
Using part (i) and Slutsky’s lemma, we get that the inverse is uniformly tight,
since

arE " —1) =7 —Ierdy — %) +ardy — %)
= o,,(l)(’)p(l) + Op(l) = O,,(l).

For the final part, first note that

1 —

- L1 .1
E -I=C "-1)E *+1.

Since T 2 4+ Iy converges in probability to 2I; and the matrix inversion is a con-
tinuous transformation in the neighborhood of 21,4, the continuous mapping theorem

1
gives us that (X 2 + 1)~ TL> 1. Thus by Slutsky’s lemma,
—> 00

A1 A—1 P
ar(E I =ar(X —I)E 2417 =0,0). 0

Proof of Lemma 2. Denote Sj = §j [X] and S; := S;[x;], where j € {0, t}. By
Lemmas 5 and 6, it is sufficient to consider the trivial mixing scenario A = I;. Note
that yT(jf' -I) = )/T(le"l"_1 — I;)T and by Lemma 6 we have that JIT lisa
finite sample solution for XT'T. Hereby, the trivial mixing can be generalized to any
full-rank mixing matrix A.

Under trivial mixing, we have that ar(So — Is) = O,(1) and Br(S; — A;) =

~ ~H ~

Op(1). Furthermore, by Corollary 2 and Lemma 4, we have I' = V Xgand I =
- A—1/2 _

VHY, where ¥ = So / and o =S Y2 are conjugate symmetric. Note that under

trivial mixing we have Sg 72 _ I; and V = J, where J is some phase-shift matrix.
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We next denote f), = ﬁosffo and show that yT():TT — A;) = Op(1). The
uniform tightness follows from Lemma 7, Slutsky’s lemma and the factorization

yrEe = A0 =1 [Bo— 16 — A G0 — 10 + o — L) S: — Ao)
+ (B0 — L) A«(Z0 — 1) + (Zo — 1) Ar + B: — A7)
+ S = ADEo— L) + Ac (B — 1)

=0, +7r B0~ IAr + S — A0) + Ar(Bo— 1)
=0,(1).

- A~ aH
Next, recall the eigendecomposition X, = VAV  and that the space of unitary ma-
trices is compact. Consequently, U = O, (1) for any unitary U. By right-multiplying
both sides of the eigendecomposition with V and by subtracting A, from both sides,
we get

2.V—A, =VA, — A,
where both sides of the equation can be further factorized as
(Ee = AV + AV —1) = (V-T)A; + (A; - A0,
and multiplying by yr and rearranging the terms yield
yr [ AV =10 = (V=10 — A: = A0)| = 0, (1), (13)

By assumption, the diagonal matrix A, has distinct real-valued diagonal elements.
Furthermore, since the matrix A; is obtained by estimating an eigendecomposition,
it is also diagonal, with diagonal elements denoted as A(l) e, iid). Then, consider
the element (j, k), j # k, of Equation (13):

Vi Y =30y = 0, 1. (14)

Since yT(fJf — A;) = Op(1), we get that iﬁ") converges in probability to )\gk). Fur-
thermore, since the diagonal elements of A, are distinct, we can divide both sides of
Equation (14) by )ng ) _ )Auﬁk) , which gives us that yr [V] ik = Op(1) holds asymptoti-
cally when j # k.

Next, let J be a T-indexed sequence of phase-shift matrices, such that the di-

agonal entries of the product VjH are in the positive real axis for every T € N.
Note that any complex number can be expressed in the form r exp(i@), where 0
is the phase and r is the modulus, i.e., the length of the complex number. In the
matrix case, we can similarly express V so that V = V, Vg, where Vg is a phase-
shift matrix that contains the phases of the diagonal elements of V and consequently
V, is a matrix with real-valued diagonal entries. Then, given a phase-shift matrix

A

\79 = diag(exp(i61),...,exp(if4)), we can always construct a matrix J =
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diag(exp(—if1), ..., exp(—ify)) such that the product VjH has real-valued diago-
nal entries.

After the diagonal entries have been rotated to the positive real axis, the rotated
diagonal elements are equal to the corresponding moduli, that is, kaijk = |ka|.
Then, since Vis unitary, each of its row vectors has length one and the absolute value
of a single element is at most one, which gives us

~ ~H ~ ~H ~
\1 —kaJkk\ — 1 Vidg =1 \ka] =1-

By unitarity of V, the above square root is always between zero and one, and thus
squaring the square root produces a smaller or equal number. Hereby, using the
(asymptotic) uniform tightness of the off-diagonal elements, we get that asymptot-
ically
~ ~H d ~ 2 d N 2
‘1 - kaJkk‘ <1-1+4 Z ‘th‘ = Z )th) = 0,(1/v}.
h=1 h=1
hk hk
Hereby, by combining the results for the diagonal and off-diagonal elements, we get

- ~ ~H
that there exists a sequence of phase-shift matrices J such that y7 (VJ —1) = O,(1)
holds asymptotically.
The claim of the lemma can then be written as

YT [jf" - Id] =yr [((\A’jH)H 20— Id:|

~ ~H\H A ~ ~H H
= (Vi) yrGo -1 +yr (Vi" - 1)
=Op(1)op(1)+op(1)=op(l)~ |

Proof of Theorem 2. Let S i o= S i[X], T € {0, t}, and recall the equations from
Definition 4

S =1,  and S, 1V =A,. (15)

In order to simplify the notation, we denote G = j f, where j isAa T -indexed se-
quence of phase-shift matrices such that the diagonal elements of JI" are on the posi-
tive real axis. Under Lemma 2, we have that y7 (G — I4) = O, (1) and note that both

parts of Equation (15) also hold for G.
The left part of Equation (15) can then be expanded as

A A~ AH A A H ~H
(G =1)SoG + So —10)G +(G —14) =0,
where the left-hand side can be further expanded as

€ —1)Go — 16" — 1) + G —1)So — 1) + G — 1)E" 1)



Modeling temporally uncorrelated components of complex-valued stationary processes 499
A A ~H A ~H
+(G -1+ S0 —ING —1y)+So—1) + (G —1p)
A A ~H
= G-I+ -1+ (G —L)+0,1/yP).
By rearranging the terms, we get the form
~H ~ ~
(G —Ip)=>s—G)+ g —So) + O, (1/77). (16)
Similarly, the right part of Equation (15) can be expanded as
N ~ ~H A ~H ~H A
(G —-I)S:G +S:—A)G +A(G I+ (A —Ap) =0,
where the left-hand side can be further expanded as
~ ~ ~H ~ ~
G—-I)S: —ANG -1+ (G -1 —Ar)
N ~H A A ~H
+(G-IDA(G I+ (G —IDA: +(S: —A)G 1)

+ 8 — A+ A(G — 1) + (A, — Ap)
= (G —T)A; + Sr — Ar) + A (6" —1g) + (A; — Ar) + O, (1/32).

Hereby we obtain
N ~ ~H N
(G —IDAr + S —A) + A(G —1p) = (Ar — Ar) + O, (1/y7),

which is, by using the expression for GH — Iz given by Equation (16), equivalent to
GA: — A:G = (Ar = 80) + A:So — 1) + (Ar = A) + O, (1/yp). (17

Recall that G = j I and that A, ]\t are both diagonal matrices with real-valued
diagonal elements. Then, by rearranging the terms and by considering the element
(j, j) of Equation (16), we get that

A oA 1 A
Jjt—1= 3 (1 — [so] ) +0,(1/y7).
ji
Similarly, by considering the element (j, k), j # k, of Equation (17), we get that
0 Ayt =20 [8] -~ 8]+ 0,077,

The theorem then follows by multiplying both sides by 7. O

Proof of Theorem 4. In order to incorporate the shift ¢ given in Definition 2, we first
introduce some notation. For 5, given in Assumption 1, we sety| = (nT '7.11)- We

also introduce functions g;(y.) : R* — R,j € {1,2,...,4d)}, through relations
giy) = fim),j €{l,2,....2d} and gj42a(y) = fj(m17).j € {1,2,...,2d}.
That is, for j > 2d + 1 the function g; corresponds to f; evaluated at shift 5., .
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The unsymmetrized autocovariance matrix estimator with lag t is defined as

~ 1
SeIXl = 7= > (X = &) (X = )"

where i := i[X].Let X = X — 17" and ft = i — . Under Assumption 1, we
5 (k . . .
have that the kth component X ,( ) has the same asymptotic autocovariance function

as gk (y;) +igk+a(y;) — Elgk(y;) + igk+a(y;)]. To improve the fluency of the proof,

we denote fi(y,) = gk(¥,) — Elgr(y,)].
We can reformulate the estimator as

T—7
1 . _oH -
T3 E [XZX,H - X1 - X, + MILH] )

t=1

S.[X] =

where the last three terms of the sum are equal to

[ Z X, it +ZuX (T+r);1ﬁH}=O,,(1/T). (18)

t=T—-1+1

Equation (18) holds, since the first two terms are finite sums. Furthermore, since
E[it] = 0, we get that under Assumption 1 the kth component TARST asymptoti-
cally equivalent to (1/T) Y/ [ fe(¥,) — ELfi(Y)] + i (fura) Vo) — Bl fira 7D
We can then directly apply Theorem 3, which in combination with Prohorov’s theo-
rem and Corollary 1 gives that ji = O,(1/ V/T), and consequently the last term of
Equation (18) is O, (1/T).
The symmetrized autocovariance estimator can then be expressed as
=
SelXl=5—— > (X X +X ) 0,(/T
r[] 2(T—‘L')§l: t t+'[+ t+r + (/ )

and the existence of fourth moments and the model assumptions given in Definition 2
give us that

E[S.(X]] = % (A + &) +o01/7),

where Ao = I;. Hereby, we have that

JT (SO[X] — Id) f Z (5([ [X,X ]) +o,(1).

Note that asymptotically it is indifferent whether we scale the autocovariance estima-
tors with 1/ Torl/ £T — 7). Thus, for the fixed t, that satisfies Definition 2, we have
that E[A;So[X] — S;[X]] = O(1/T), which gives that

VT (AcSolX] - $:X])
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is equal to

1 1 - oH - oH
3 <2A XX —XX., - X X
T t=1 2

H o~ ~H
_E [2Afx,x, —XX, — XX, ])+o,,(1)

such thaAt in the above expression the terms Xkﬂ =0whenk+71t>T.

Let J be the T-indexed sequence that sets the diagonal elements of I to the pos-
itive real axis. By Theorem 2 and Assumption I, we have that the diagonal element
(j, j) of JT (j | . 1) is asymptotically equivalent to H;; + 0, (1) defined as

% > (150 = Ehj 0] +i (B0 =B [Rj00])).
t=1

such that for j € {l,...d} we have h; ;(y,) = (fj(yt))2 + (fj+d(y,))2 and
hj.j(y:) =0.

The off-diagonal element (j, k), j # k, of /T T —1,) is asymptotically equiv-
alent to Hjx + o (1), where H j is equal to

T
m t; ( k) —E[hjxyp] +i (ﬁj,k(yt) _E [ﬁj,k(yt)])) ,

where

. 1
Ry =2 [ £ o) + Fia(yo) fira(y)] — 3 [£i ) frr2a(¥y)
+ fi+a V) fi3a ¥ + fia2a¥) e (V) + fi+3a ) fira 3]

and

- . 1
hjk(y) =29 [ Fiva D firy) = £ feva (9] — 3 [fi+a ) feaa(y)
+ [i43a ) [ ) — Fi (V) fea3a V) — fir2a (Vo) fera (V)] -

Let PRe[H] be the real part and Jm[H] be the imaginary part of the matrix H, and
let v = vec (Re[H] Jm[H]), such that the C24* _valued vector v first contains the
columns of the real part and then the columns of the imaginary part.

Under Assumption 1, we have that f;(y,) has finite fourth moments for every j €
{1, ...4d} and every ¢ € N. Hereby, the Cauchy—Schwarz inequality gives that every
hjk(y,) and h .k (¥;) are square-integrable for every ¢ € N. Furthermore, covariances
and cross-covariances of the Gaussian process y, are summable. Hereby, we can apply
Theorem 3 for v, which gives that

X X
v AN p~Nop(0,%,), where X,= 7'21 P2
T—00 zplz Eﬂz
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Corollary 1 then gives us
~T - vec (jf - Id) Ti> v~ Np,X,,Py),
—> 00

where T, =, +3,, +i(Z, —%,,)andP, =%, — %, +i(Z) +3I,,).

Denoting v = (v1,1 IR EEE vd,d), we get that X, has entries of the form
E (w075 ] = S0 (1) hun¥0)] + S0 [0 i (o) |
o0
+ 37 (Re [1a 0 i OD] + Re A3 b))
=1
i (So [Ajk 0. b D) | = So [hix D). hm @) ])

by (Re [0 humyn) | = Re [y Bum 30 )
=1

where Sg and R; are

Selxe ysl = E[(r — pa,) Osr — Hyyy)*]  and
Re[x:, ys1 = Selxz, ysl+ Selys, x¢1.

The elements of the relation matrix P, have the form
E [vvm] = So [k 30 hn@D] = S0 [k 00). By |
© ~ ~
+ 37 (Re [0 haan¥0] = Re [ ). B ) ]
=1
i (So [k 0. ) |+ So [hix D), b 1) ])

03 (Re [0 humyn) |+ Re [hav0 hum v )
=1

Note that the diagonal elements of X, are real-valued and recall that h j,j = 0for
every j € {1,...d}. U

Lemma 8. Ler Assumptions 2 and 3 be satisfied. Let ft ‘= j[X] and it = jt — .
Then for every element (j, k), such that j,k € {1,2,...,d} and j # k, we have

-~ L L .
[TV;L;LH]jk T—') 0, where =5 denotes convergence in the space L1(2, P). Con-
—> 00
sequently, the convergence also holds in probability.

Proof of Lemma 8. Recall that the real part of the kth component [L(k) is given by

23 [Aa®) — & ()]

k=1
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As in the proof of Proposition 2, we may assume k € [ and that g1 x(2H; —2) > —1,
in which case we have

E [(%(fl(")))z}

IA
H|“

XTj S0 [, fean]|

T
2 _ —
ad 191k (2H=2) q1.k(2Hx—=2)
=7 E <aT ,

where ¢y, ¢, ¢3 € (0, 00). Similarly, for j € I and ¢4 € (0, 00), we obtain

. 2
E [(meoz(”)) ] < ey TNICHI=2),

Hereby, the Cauchy—Schwartz inequality yields

E I:‘Tyme(ﬁ(k))%e(ﬁ(j))u < TV\/IE [(me(ﬁ(k)))z} E [(S)fie(ﬁ(j)))z}

<csTY T‘]l,k(Hk—l)+‘Il,j(Hj_l)’

which converges to zero by Equation (19) and ¢5 € (0, 00). Note that identical argu-
ments remain valid for the imaginary parts. Finally, the short-range dependency cases
and the boundary cases q; x(2Hy — 2) = —1 can be treated similarly as in the proof
of Proposition 2. ([

Proof of Proposition 2. With y given by Equation (9), Condition (7) translates into

y < ﬂié} {q1c( = Ho) + q1,;(1 — Hj), 1/2}. (19)

Using independence of the processes ) and (/) together with straightforward
computations, we obtain

. [TV—I 5 () —E (7)) (a0 - (Fad) ))]}

t=1

2

T

=772 So[fatn), )] So[ £, Fin]

t,s=1
cary 8o [ Zen®). ] 8o [ Fia. ]|
t=1

where ¢; € (0,00) and the inequality follows from change of variables and the
Fubini—Tonelli theorem. Note that if

Z\so (@), fe@) So (75, 7)) < +oo,
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the claim follows, since by Equation (19) we have that y < 1/2. In particular, this is
the case if fx(®) or f j(n(j )y is short-range dependent. Hence we may assume that
J.k € I and that g1y (2Hy — 2) + q1,;(2H; — 2) > —1. Let first g1 x (2Hy — 2) +
q1,j(2Hj — 2) > —1. In this case we get

7271 XT: ‘So (J;k(n;k))’ fk("ik))) So (fj(n N, Fia') )‘
t=1

T

< oT? 71N G0, Q1 =2)
t=1

< cszerq.,k(szszql_,-(2H,,'72)’

which converges to zero by Equation (19) and ¢2 € (0, 0o). Similarly, if g x (2Hx —
2) +q1,;(2H; —2) = —1, we obtain

T2r-1 i ‘So (Jgk(ngk)), fk(ﬂgk))) So (fj(ﬂzl)) fj (n(/) )‘
=1

T
<71 Zt_l < qT? ! log T,

which converges to zero, since y < % and c3,cq4 € (0, 00). This verifies Equa-
tion (10). Treating Equation (11) similarly concludes the proof. O

Proof of Theorem 5. Similarly as in the proof of Theorem 4, we set

T 1 2 2d
Y =(n0 @ g0 gD % a89).
We also introduce functions g;(y.) : R* — R, j € {1, 2, ..., 4d}, through relations

gi(y) = fimD), jefl.2,.. ZMmMﬁmw—ﬂMWJEU2 . 2d}.
Moreover, we denote fi(y,) == gk(yt) — E[gk(y,)], which gives that E | fk(yt)] =0
forallk € {1,2,...,4d}.

Following the proof of Theorem 4, we can express the symmetrized autocovari-
ance matrix estimator as

T—1
. 1
$eXI = 57— ; (XIX,H + XX ) + i+ 0,1/7).

We begin by showing that the off-diagonal terms vanish. Following the proof of The-
orem 4, we obtain

7 (AcSolX] - 8:1X1).

which is equal to

~ ~H -
77! Z (2A XX -X XL - XX ) FTY (A — 1) i + 0, (1),
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with the convention XHT = 0, when k + t > T. By Lemma 8, the off—diagonal
elements of 77 [L;lH vanish. Thus, the off-diagonal element (j, k), j # k,of TV (Jf —
I;) is asymptotically equivalent to H + 0,(1), where independence and the proof
of Theorem 4 give that

Tv-!

Hj, = W Z( ok (¥e) +lh] k(Yt))

with

. 1
Ry =29 [ £ o) + Fia(yo) fira(y)] — 3 [fi ) frr2a(yy)
+ fi+a V) fi3a ) + fia2a¥) e V) + [i+3a V) fira 3]

and

- ; 1
hixye) =2 [Fiaa ) ey = [0 fira 3] = 5 [Fi+a ) fiesaa )
+ [i43a ) [ ) — Fi (V) fea3a V) — fir2a (Vo) frra V0] -

Thus, by Proposition 2, Hj; converges to zero in probability. Hence it remains to
prove the convergence of the diagonal elements. We can write

y (SO[X] - Id) =771 XT: (X,X? —E [X,Xf{]) + 77 il + 0, (1).
t=1

Thus, the diagonal element (j, j) of TV(jf — 1) is asymptotically equivalent to
THj; + 5TV (~ ~H) _ +o0,(1), where
Ji

~

Hjj =T"" Z 510 —E[hj )]

with i ;(y,) = (fj (Y,))z + (fj+d(Yt))2’ and
N2 S\ 2
~ ~H = (R ~(j) T i) .
[ML ]jj ( e[ft ]) +( mli ])

Recall that E[ f;(y,;)] = 0,

( (j)) ij(yt and ( (j)> Zf]er(Yt

Hence, due to independence, it suffices to prove that, for every j € {1, ..., d},

T 2
V™ IZ 1/(Yz j}(yl + 717" : |:Zf/(yti| + |:ij-%1(%):|
t=1
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2
q1,j+d "

D 2 52 2
— (224, +C1 24+ Cojvaley g+ ChjraZ

T—o0

The convergence follows from independence and the continuous mapping theorem,
if, Vj € {1, ..., 2d}, the following two-dimensional vector converges:

'Y (6 B[00\ o (cz,quzyj)
75! Z;T=1 fi(ye) CrjZq;)

Using Equation (6) for the asymptotic variance, we observe first that

(20)

T—o00

ey (e -E[Uen?)
t=1

converges to a nontrivial limit only if max;es q2; 2H; — 2) = q2,j(2H; — 2). Simi-
larly,

T
r_
27! Z f j (¥
t=1
converges to a nontrivial limit only if max;es g2,; (2H; —2) = q1,j(4H; —4). Finally,
if both of these conditions are satisfied, the convergence in Equation (20) follows
from [3, Theorem 4]. O
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