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Abstract Probabilistic properties of vantage point trees are studied. A vp-tree built from a
sequence of independent identically distributed points in [—1, 114 with the £oo-distance func-
tion is considered. The length of the leftmost path in the tree, as well as partitions over the
space it produces are analyzed. The results include several convergence theorems regarding
these characteristics, as the number of nodes in the tree tends to infinity.
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1 Introduction

A vantage point tree (vp-tree) is a data structure for fast executing of nearest neighbor
search queries in a given metric space. This class of trees was first introduced in 1993
in [17], and is widely used since then. It is not the only class of trees used for nearest
neighbor search, other famous examples being kd-trees [3, 12], ball trees [14] as well
as many other data structures.

Nearest neighbor search is used nowadays in a wide range of tasks. A simple
example of day-to-day usage is geographic search of objects close to a specific loca-
tion. The nearest points search is used in computational geometry, for example, for
identifying intersections, which is a routine task in computer graphics or physics sim-
ulations. Last but not least example we mention here is a similarity search, such as
search for similar images or similar articles.
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Another major field, where the nearest neighbor search is an important tool, is
machine learning. More precisely, it is used in variety of regression models. We refer
the reader to [5] and [7] for a nice introduction to such models. We also refer to
[6], which is a good exposition of ideas behind solving classification problem with
the nearest neighbors search. These models proved useful in areas of classification
such as text categorization, multimedia categorization and search, pattern recognition,
information retrieval and many others. Recent studies have started to combine the
nearest neighbor search and neural networks for better and more stable results, see,
for example, [15].

Although the fast nearest neighbor search is important by itself, as well as an
important ingredient in many algorithms, it and the corresponding data structures are
not fully understood from the mathematical viewpoint. Most of the results describing
the structure of these trees were obtained using empirical methods. For example,
in [9] or [16] vp-trees and their heuristic variations were statistically investigated
on specific datasets. Another approach is to compare different tree structures, for
example, vp-trees and kd-trees, and collate their characteristics on the same datasets,
see [11, 13]. In this paper we use a probabilistic approach to analyze a vp-tree and
some related characteristics, as the number of nodes in the tree goes to infinity.

The structure of this paper is the following. In Section 2 we describe a vp-tree
model and introduce characteristics that we are going to study. Section 3 contains our
main results. In Section 4 we specialize some of the results to a number of partial
cases and analyze them in more details.

2 Random vantage point tree model

Let (X, dist) be an arbitrary metric space. A vp-tree is a binary tree in which each
node T stores two values: an element x7 € X called a vantage point and a threshold
77 > 0. One of the most common ways to construct a vp-tree is to do this in a
recursive manner from a sequence of elements x1, x2, .... The tree is empty at the
beginning, the first element x; is always stored in its root and some threshold 7 is
assigned. In order to insert the n-th element x,, the following recursive procedure is
executed. We start from node T which is a root of the tree. If dist(x7, x,) < t then
we proceed recursively by adding a new element to the T-th left son, otherwise we
proceed into the right son. When on some step the node is empty, then the value x,, is
stored in it and some threshold is assigned.

In this article we study a special class of random vp-trees. More precisely we
consider the metric space ([—1, 114, dist) (d = 1) with a max-distance function

dist(x, y) = [max lxi — yil. (H

We also need to specify the choice of the thresholds. To this end, fix a parameter
7 € (0, 1). The threshold of each node T is given by the rule t7 = t”*, where A is the
distance from T to the root of the tree plus 1. Another possible option is to pick % as
the number of “left turns” in the path from the root to T plus 1. Let us emphasize that
such a choice of thresholds is quite natural. If one wants to assign thresholds as mean
distances then they will also follow the exponential pattern.
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We define the leftmost path of a vp-tree (or of an arbitrary binary tree) as a path
which starts in the root and always goes into the left son of the current node till
reaching a leaf. Note that for both aforementioned rules of picking a threshold, the
value / is the same for elements of the leftmost path.

The sequence of elements x1, x2, ... is a sequence of independent uniformly dis-
tributed points on [—1, l]d and this makes the vp-tree, that we construct, random.

Each node in the leftmost path can be enumerated starting from 1. To understand
how leftmost path is formed and evolves let us associate with each node 7}, (h > 1) in
this path a part of space I, C X, which contains all points x that, if added to the tree
would be saved in left subtree of Tj,. It is obvious that I, C I;_; and, furthermore, a
point x is saved in the left subtree of T} if dist(x, x7;,) < 7", This gives

In=I1NBu(xyg), h=>1, ()
where B (x7,) is a metric ball of radius 7" and center x7, , that is,
Bi(xy,) = {x € X : dist(x, x7;,) < ). 3)

Note that by our choice of the metric, dist(x, x7;,) < 7" is a d-dimensional cube. The
root T of the tree is always a part of the leftmost path, hence we can naturally put
Iy =X =[-1, l]d which is also a cube. From (2) we conclude that, for all 7 > 1,
I;, is an intersection of a rectangle and a cube, and hence is a rectangle itself with
edges being parallel to coordinate axes. For such figures it is enough (up to parallel
translations) to store only information about their sizes in each dimension which we
denote by I(i), 1<i<d.

Let 7,1 be currently the last node in the leftmost path. Then the new node 7}, will
be added to the left of 7j,_; if a new point x,, falls inside 7, _;. From the properties of
the uniform distribution, conditionally on x,, € I,_1, x, has the uniform distribution
on [;_1. Taking into account that Ij,_ is a rectangle, we also obtain that x,,’s position
inside I, has the uniform distribution along every dimension i = 1, ..., d. Thus,
we can write d recursive equations in each dimension for the size of each side of Ij,
which is just a size of an intersection of two segments: a segment of length / }(l'_)l and
a segment of radius t”* and a center distributed uniformly inside the first segment. We
compute the size [ ,El) as the distance between right and left endpoints of the intersec-

tion. Let u h > 1,1 <i < d, be a family of independent uniformly distributed
random varlables on [0, 1]. We have, forh > 1,1 <i <d,

I,Ei) = min{I(')], u,(j)l(’) +1 } max{0, ug)ligizl — rh}
= (u,(j)llil_)l — max{0, uﬁf)l(’) — "
+ (min{,wl’ P10 gy 00
= (u 1}” | + min{0, 7" (’)1(’)1})
+ (mln{],?)l, (l)I(l) +1 } (l) (l) )

= min{u{" 1", 7"} + min{(1 — u§j>)1(’>1, . @)
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Making the substitution X }(,i) =1 ;Ei) /7" we obtain the basic recursive formula de-
scribing evolution of 7 in max-distance case:
(@) y () @)y y (D)
. u,” X;’ 1—u; )X,
x,gw:min{w,]]mm{#,]}. 6
T T

3 Convergence of the length of the leftmost path

3.1 The analysis of the process (Xy)

The process (5) defines sizes of X, = I /rh in different dimensions. (Xp)n>0 can
be considered as a Markov chain over rectangles (with omitting their positions). We
define by | X} | (or |I;,]) a Lebesgue measure of a corresponding rectangle, which can
be simply computed knowing sizes of each edge

d
Xal =[] x5 ©)
i=1

Proposition 3.1. The Markov chain (5) satisfies
1<x <2, (7)

forh>0and1 <i <d.

Proof. Let us fix i and prove the statement on & by using induction. For a random
vp-tree Ip = X = B1(0) = [—1, 1]%, hence X(()') = IO(') = 2 and the statement holds.
Since min{a, b} < b from (5) we have

XD <141=2 8)

To show that X ;li) > 1 we first note that if any of the minimums in (5) takes value 1,
then the statement holds. On the other hand, if both minimums are less than 1, then

R T

(@
X, =
h T T T

> x> ©)

by the inductive assumption, and since 7 € (0, 1). O

Let us denote by S a set of all possible values the chain (Xj) can visit provided
that Xy = B;(0). Note that S is uncountable.
We shall use the notation of stochastic ordering which we recall for convenience.

Definition 3.2. For two random variables X and Y we say that Y stochastically dom-

inates X and write X % Y if
P{X <t} >P{Y <t} forall t € R. (10)

The key ingredient for the subsequent analysis is the following theorem which
says that the chain (X},),>0 visits the state B (0) relatively often.
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Theorem 3.3. Fix « € S and put
Ry :=inf{h > 1 : X}, = B1(0) given that X¢ = «a}.

Then ER, < o0.

Remark 3.4. We do believe that the counterpart of this theorem holds in arbitrary
metric on [—1, 1]¢, however we have not been able to prove it in such generality.

Proof of Theorem 3.3. We rewrite (2) as follows:

Xn
Xipr = [ Bi(wjp), (1)

where uj, 1 18 uniformly distributed inside X5 /7.
Since the positions of rectangles are not important, the recursive equation (11)
can be also rewritten as

Xn—u
Xyt = = Bi(0). (12)

where uj,41 is uniformly distributed in Xj,.

From Proposition 3.1 it follows that for any state X}, there is a d-dimensional
square with sides 1 inside Xy, or in other words there is always a point X such that
Bs(xp) C Xp, with § = 1/2.

Let us assume that point 1y is chosen inside Bs(x;) and denote

A = dist(upy1, £n) < 6. (13)

From the triangle inequality we obtain

max dist(upy1,y) < A+34, (14)
yedBs(&p)

min  dist(upy1,y) =6 — A, (15)
y€3B5(3n)

where 0 B defines the boundary of the set B.
Then, in view of (12), we have

. A+
max dist(0, y) < ) (16)
y€((Bs(Xp)—p+1)/7) T
and s
min dist(0, y) > (17
y€d((Bs(&n)—upn11)/7) T

From (16) we have our first property that if ATJ“S < 1 (orequally A < 17 —9§),
then Bj/: ((Xp — up41)/7) C Xpq1. From (17) we have our second property that if
3= > 1 (orequally A < § — 1), then Xp41 = B1(0).

Let us now fix a constant k = min{k € N : l%tk_l < %}. Since Bl/z()?h) C Xn,

we have BHTITH(ih) C Xjp,. Since k > 2, it holds l%tk’l < 7. Therefore, if
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Upt1 € Be, (Xp) withe) =7 — l%tk’l, which happens with a positive probability,
we will obtain B Lt k2 (Xp+1) C Xpy1 from the first property. Repeating this k —

1 times in total, where ¢; = 7 — l%tk_i > 0,for1 < i < k — 1, we obtain
that Biir (Xp4k—1) C Xpyi—1 and l% > 7. Thus, if up4x € By, (Xh4k—1), which
2

happens with a positive probability, where & = HTT — 1, we get that X, = B1(0)
from the second property. Summarizing, we see that from an arbitrary state « € S
the chain jumps in k steps to the state Bj(0) with a positive probability which is
independent of the starting state . Note that k also only depends on t.

We split the evolution of the chain into blocks of length k. The state at the end
of each block can be B;(0) with a positive probability, say p, obtained from the
described scheme. We denote by g a number of the first block which ends up in the
state B1(0). Then since actual probability to end up in the state B1(0) at the end of
the block is not less than p we have, for any r > 0,

Plg =1} = P{G <1}, (18)

where G has a geometric distribution with parameter p (number of trials). Or in terms
of stochastic order

st
§=6G. 19)

Similarly, since the moment R,, of the first visit to state By (0) (after starting state)
can occur in the middle of each block, we can write

Ry < kg. (20)

From the properties of stochastic order, inequality also holds for expectations,
hence combining last two comparisons we have

k
ER, < kEG = = < co. 1)
p

O

Remark 3.5. We note that in the proof of Theorem 3.3 we did not significantly
use that uj has the uniform distribution, and it works for any absolutely continuous
distribution, since probability for u, to fall inside some B, (X},) is positive and larger
than some fixed positive constant.

Remark 3.6. The process (11) in particular case T = 1 is called the diminishing
process of Balint Toth. This process was studied in various partial cases including
one-dimensional [1] and multi-dimensional case [10] with B (0) = [—1, 114, as well
as in other metrics [2, 10]. However evolution of this process with t < 1 differs a lot
and requires an independent study, whilst methods used for 7 = 1 cannot be applied
to treat the case T < 1.

From Theorem 3.3 it follows that the chain (X5)n>0 evolves as follows. There is
a special state B;(0), which the chain visits infinitely often and time to return to this
state is a.s. finite and, moreover, has a finite mean. Thus, the whole evolution of X,
can be split into independent cycles between visiting the state Bj(0).
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In order to proceed we need to recall a notion of the Harris chains. For information
about Harris chains and examples we refer the reader to the book [8, Chapter 6]. We
will only present here the required definitions.

Definition 3.7. A Markov chain (Xp)s>0 on a state space S is a Harris chain if there
are two sets A, B C S, a positive function g(x,y) > ¢ > 0forx € A,y € B,and a
probability measure p concentrated on B such that the following two conditions hold:

1. P{inf{h > 0: X;, € A} < oo} > 0 for all possible starting states Xg € S;
2. ifx € Aand C C B, then P{X;41 € C|X, = x} > [~ q(x, y)p(dy).

Definition 3.8. A Harris chain is called recurrent if there is a state « such that
P{inf{h > 1: X}, = a} < o0} = 1 when X¢ = «.

Definition 3.9. A recurrent Harris chain is aperiodic if the greatest common divisor
ofset{h >1:P{X;, =a|Xg=a} >0}is 1.

Proposition 3.10. (Xp)n>0 is an aperiodic recurrent Harris chain.

Proof. Let us first show that (X3).>0 is a Harris chain. Put A = B = {B1(0)}. From
Theorem 3.3 it follows that P{Ry, < oo} = 1. Since inf{h > 0: X;, € A} < o0} <
R, for all possible starting states, the first condition holds. For the second part of the
definition we put g(x, y) := p := P{X;+1 = B1(0)| X, = B1(0)}. From the proof of
Theorem 3.3, more precisely from the property (17), it follows that p > 0.

To show recurrence of the chain we put « = Bj(0). Then from Theorem 3.3
we have that R, < oo almost surely. For the aperiodicity it is enough to note that
P{X| =a|Xg=a}=p > 0. OJ

Theorem 3.11. The Markov chain (Xp)n>0 has a stationary distribution I, and

lim ||P{X} = -|Xo = Bi1(0)} — Ic)llTv =0, (22)
n— o0
where || - ||Tv denotes the total variance distance.

Proof. From Proposition 3.10 we know that (X}) is an aperiodic recurrent Harris
chain. By Theorem 6.8.5 in [8, p. 323] this chain has a stationary measure. By Theo-
rem 6.8.8 in [8, p. 324] an aperiodic recurrent Harris chain converges to a stationary
distribution in the total variation distance as (22) if Rp, (o) is almost surely finite. The
latter is secured by Theorem 3.3. O

3.2 Limit theorems for the length of the leftmost path

Using the results on the behavior of the chain (X}) we can analyze the length of the
leftmost path of a vp-tree constructed from n random points. Let us introduce the
following random walk

k—1
So:=0. Sg=)» Gy k=1, (23)
h=0

where, given the path of (I;)n>0, (Gr)r>0 are conditionally independent random
variables such that the distribution of G}, is geometric on N with parameter g—f;‘ This
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sum shows how many points are needed to have the leftmost path of size at least k%,
since the new node is added to it when a point x,, falls into area of size |Ij,| which is,
given (I)p>0, a Bernoulli trial.
The size (number of nodes) of the leftmost path in terms of S; can be expressed
as
L, =max{k >0: S <n}. (24

The length of the leftmost path can be simply computed from its size as L, — 1.

Theorem 3.12. For a random vp-tree the size of the leftmost path L, satisfies the
following weak law of large numbers, as n — 0o,

L, P 1
—

. (25)
logn —logt

To prove this theorem we need two lemmas. We note that if X ~ Geom(a) and
Y ~ Geom(b), then

X<ivyea>b (26)

Lemma 3.13. For random variables Gy ~ Geom(lzl—’;l) (k>0)

1
. log G £_ log T, (27)

as k — oo.

Proof. We compute the distribution function of % log Gi. Note that

1 1
]P’{ElogGk fx}:]E{]P’{ElogGkgx’Ik}}, (28)
and further
P{k~'log Gx < x|Ix} = P{Gk < expkx)| [t} = 1 — (1 — |Ix|/2%)lexP*0] - (29)
From Proposition 3.1 we have that
™% < 1| < 29<%. (30)

Thus we can bound the probability in (29) by inserting lower and upper bounds of | I |.
Thus,

1— (1 —27dgkylexe®n) < pre=liog Gy < x|} < 1 — (1 — th)lexpn],
Both upper and lower bounds converge, as k — oo, to

0, iflogr+x<0

. . (€29)
1, iflogr+x>0
Hence by the standard sandwich argument P{k~!log G; < x|I;} converges to the
same values almost surely. By the dominated convergence theorem, the same holds
for the unconditional probability P {% logGy < x } This finishes the proof. g
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Lemma 3.14. For a random walk Sy described in (23)

1 P

% log Sy — —logt 32)

as k — oo.
Proof. We write the distribution function of S; as
P{Sk < x} = E{P{Sk < x[(In)o<n<k}} (33)

and study the conditional probability under the expectation.
Since Sy > Gi—1 we have an upper bound

P{Sk < x|(Un)o<n<ik} < P{Gr—1 < x|(Un)o<h<k}, (34)

and the inequality holds for expectations, that is, the unconditional probability.
Let us recall that, given (/;)o<n<k, the random variables (Gj)o<n<k are inde-

st
pendent. We also have that G, YS Gk (0 < h < k) since the sequence (|;|)n>0 1S
nonincreasing. Thus, we have the bound

k—1 k—1

t .
3 6h =Y 6" Sk max G = kGy (35)
h=0 h=0 O=h=k

where (G]((h))()ih<k is a set of independent copies of geometrically distributed ran-

St ~
dom variables with the parameter ¥ /2¢, providing Gy 55 G,(Cl), and we put Gy =

maxg<p<k G,(Ch). Note that the inequality stays for expectations, giving that it holds
for unconditional values of Sj. .
We compute the distribution function of Gy:
1 A A k
P {% log Gy < x} — P{Gy < exp(kx)} = (1 — (- r"/zd)texﬂ’“ﬂ) . (36)
and therefore, as k — o0,

1 A 0, ifl 0
P{—logGkgx}e ! ogr +x <0 (37)
k , iflogr+x >0

—

Now we combine (34) and (35) to obtain

log Gi—1 % log Sk ; logk + log Gr. (38)

Dividing everything by k we obtain

k —1log Gk—1 st log Sk st logk n log(fk‘

39
kK k-1 — k — k k 9
From Lemma 3.13 and (37) sending k — oo yields

1 d

% log Sy — —logr~. (40)

Convergence in probability is implied from the fact that the limit is a constant. O
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Proof of Theorem 3.12. We start by computing the distribution function of ; OLg"n in
any point x > Oand x # —1/logt:
Ly
P >xt =P{L, > xlogn} =P{S|x10gn] < n}
logn
IOg SLx logn ]
= P{IOg S[xlogn] = lOgn} =P|——=<1
logn
:P{logs\_xlognj Sl} (41)
xlogn x
By Lemma 3.14 we have
p log S|x10gn] < l N 0, 1/x< —logr’ @2)
xlogn X I, 1/x > —logr

as k — oo, and therefore

L L —
]P’{ n <x}=1—IP’{ n >x}—> Iox>—l/logr s
logn 0, x<-—1/logr

Since the convergence in distribution to a constant implies the convergence in proba-
bility to the same constant, the theorem is proved. d

We note that for proving Theorem 3.12 we only used that | ;| /" is bounded both
from zero and infinity by some absolute constants. The following results demonstrate
convergence of L, over subsequences. We first state and prove the result for the ran-
dom walk (Si). Recall that I, is the stationary distribution of the chain
(In/t"n=0.

Lemma 3.15. For a random walk Sy defined by (23), as k — oo,

s % G, (44)

where G is a random series Z;}O:I &j. Here (§5) j>0 are conditionally independent,

given I, random variables such that & ~ Exp(%).

Proof. Let us write the characteristic function of & Sy:

. ‘ s 12;1/2¢
it Sy __ itt Sy _ J
Ee =K [IE (e |(1h)0§h<k)] =K /11) 1™ — (1 |1;1/24)

(k-1

. 11;1/2¢

= ok 2% d
i 1 —itth + 0(t%) — (1 —|1;]/29)
(k-1

_E 1—[ |Ij|/2d
0 11j1/24 —itth + O(r?k)
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k‘
—_

=E

1
2k
izo 1= 2ditTh= ”I +0G7)

k 1
=El_[

1—2d1ttfr |+0(|Ik |)O(t)

M k

1 1
=E 1_[ rk/ 1_[ .otk

| joi 1= 2dine, |+0(1:k) o 1 2dzzr/|,kjj’_"+0(zk)

=E [Agm(1) - Bk,M(t)] ; (45)

where 1 < M < k is a fixed parameter and O(\I |) = O(1) by Proposition 3.1.

From Theorem 3.11 the convergence in total variance implies the convergence
in distribution, the convergence of modules is also implied considering specifics of
given rectangles. Thus, for every fixed M as k — oo we have

M
d 1
A t _— 46
"’M()_)jljll—zdmf/llool 0
Let us show now that, for any ¢ > 0,

hm lim sup P{| Ak, s (8) Bk, (t) — A,y (1)] = €} = 0. 47

M—o0 0

By Markov’s inequality

E|Ag,pm (O B, p (t) — 1

P{ A v (0 B (1) — A ()] = e} < ——M ud . @8)

&

At first we want to show that By ps(¢) converges to 1 by separately showing that
module and argument of the complex value converge. We have

k

1
|Biw (D] = 5 . (49
o jzl;[H (14+ 092 + re) = + 0(th))?
k k 2
2 _ _ k d,j - =
log [Bi,m(1)|” = Z log [(1 + 0’ + <2 tT |Ik—/| +0(T )) }
j=M+1
k . 'L'k_j 2
=— Y log [1 + O(th) + 22412 % (—) + 0(rk)]
j=M+1 [ i=j1
k . -L'k*j 2 . .
-2 [22%%21 (—) +0@) +0aY) + 0¥ + O(r”‘)}
j=M+1 [ i—j|
k
S [0(7:2j)+0(tk)].
j=M+1

(50)
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The expansion for logarithm holds starting with some large enough M. We also used
Proposition 3.1 which shows that 7877 /| I _ i1 is bounded by nonrandom constants,
which also do not dependent on k — j. We note that for a fixed #, the constants in the
remainders O(t2/) and O(Tk) are uniform, that is, do not depend on j, k. Thus, we
can write

k
lim limsup Y [O(IZj)+0(rk)]:O as. (51)
M—00 o0 J=M+1

For the argument we write

k k=

argBey () =— Y Arg( Wit —— 7 +0(z")>
j=M+1 [ i=j1
k i T
> il 1 o)+ 0ah
J=M+1 \/1 4 02d4272j (rk i )2
T
k
-y [O(f/‘)+0(rk>]. (52)
j=M+1

The expansion for the principal argument holds starting from some large enough M.
Arguing as before we can write

lim limsupargBi py(t) =0 a.s. (53)
—X k-0
We also showed in process that starting from some large enough k and M the
quantity | By p(¢)| is bounded by a nonrandom constant B > 0on every stochastic
path. Since |Ag p (t) Bk, m (t)| = 1, then |Ag p(¢)] is also bounded by some constant
‘A > 0. Thus, we can write

E|Akm (Ol Bes () = 1] _ AE| By (1) — 1

< (54)
€ e
We already showed that
lim limsup By p(2) — 1| =0 as.
M=o foo
Since |Bi,y(t) — 1] <1+ B, then by the dominated convergence theorem
lim lim E|Bg pm(t) — 1] =0. (55)

M — 00 k— 00

Combining pieces together we obtain (47).
By Theorem 3.2 in [4, p. 28] we have that as k — o0

ke d M 1 ad 1
itt" Sy Ii s I — 356
© 7 Mﬂnoo H 1—24i179 /[1no)| ,Hl 1—24i179 /|1 (56)



Probabilistic analysis of vantage point trees 425

ok . . .
Elements of the sequence (e'!* Sk)kzo are uniformly integrable as characteristic
functions, so expectations also converge as k — oo,

o0

. 1

B S E]] — — 57
© 7 ]1:[1 1= 24i179 /|1 (57)

and the limiting value here is a characteristic function of G, which finishes the
proof. O

Theorem 3.16. For any fixed T > 0,
Lipen —n % LD (58)
as n — oo and the distribution function of Lg) is given by
PLY) <m}=1-P(Gs < TT™) (59)

for any m € Z with G », defined in Lemma 3.15.

Proof. Since L|7.-»| — n takes values only on Z, we study the distribution function
only over integer values. For fixed T > 0 and m € Z we have

IP{LLTT_”J —n>m}= P{LLTI_”J >n+m}=P{S4m < LTT_nJ}
=P{" " Sy < T TTT"]) (60)

From Lemma 3.15 and the fact that " |Tt™"| — T as n — 0o we obtain

lim P(e"*" S, < ¢ Tt |} = P(Goo < TT"), (61)
n—oQ
which finishes the proof. |

4 One-dimensional convergence

In this section we analyze the random recursive equation (5). Sending h — o in (5)
we formally obtain the stochastic fixed-point equation for the limit X, of X,(;):

Xoo L minfr " uX o, 1} + min{z " 1(1 — 1) Xoo, 1}, (62)

where u is a uniformly distributed random variable on [0, 1]. Let us show, using the
contraction method, that X}(,’) converges to X0, as h — 00.

Theorem 4.1. The function

f(X,u):Law(min{g,l}—l—min{w,l}) (63)

T

is a strict contraction in the space of probability measures on [1, 2] endowed with
the €1-minimal metric, where u is a uniformly distributed random variable on [0, 1]
independent of a random variable X taking values in [1, 2].
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Definition 4.2. The ¢;-minimal metric between two random variables X and Y is
given by o
£1(X,Y) =infE|X — Y|, (64)

wherf: the infimum is taken over all pairs of random variables ()A( % ) such that X~X
andY ~ Y.

Proof of Theorem 4.1. Similarly to the proof of Proposition 3.1 it can be checked
that if X takes values in [1, 2], the same holds also for f (X, u).

We prove the contraction property in two steps.
Step 1. We compute the £1-minimal distance between f (x, u1) and f(y, up) for fixed
nonrandom numbers x, y € [1, 2]. We have

G (f e, u), fQy,w) =infElf(x, u1) — f(x, uz)l. (65)

Since the infimum is taken over all possible dependencies between u1 and uj, we
may pick u1 = up = u. Then
GG, F,u) < /0 £ G = £, w)ldu. (66)
[0,1]
Let us assume for the time being that there is « € (0, 1) such that

fmu(x,u)—f(y,undusa|x—y|. 67)

Step 2. We compute the ¢1-minimal distance between f (X, u1) and f(Y, up). Com-
bining the above estimates, we obtain

O (f (X, ur), f(Y,u2)) < aE|X — Y], (68)

for arbitrary pair (5(\ ,Y) such that X ~ X and ¥ ~ Y. Passing to the infimum over
all such pairs, we obtain

G(f (X, u), f(Y,u2)) < ali(X,Y) (69)

for some constant « € (0, 1), which is the definition of contraction.
It remains to prove (67). At first we divide f into sum of two functions.

feu) = filx,u) + falx,u), (70)

where
ux

fl(X,M)Zmin{g,l} = { T

1, u >

(71)

==

and fo(x,u) = min{%, 1}.
We compute the following integral under the condition x < y:

! T/y
/ | fi1(x, u) = fi(y, u)ldu =/ (ﬂ _ ﬂ) du
0 0 T

T
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T/x 1
+/ (1—ﬂ)du+/ (1 = Ddu
Tt/y T T/x
t/y u T/x T/x x
=/ —(y—x)du~|—/ du—/ —du
0 T T/y t/y T
ty (1 T x u?
- + - = -
T 2 1o X y T 2 T/y

_y—xv:2+ T T x (% ©?
T2t )2 X oy 2t \x2 2

y —x u? T/x

t(y—x) 1© T T X
=53 T T 5:1t52
2y x y 2x 2y
_tx(y—x)+ 21y% — 2txy — 1y% + X2
- 2xy?
2
_ xy+zty _Ty x. 72)
2xy 2 xy
Similarly if y < x we obtain that
1 TXx—y
[f1(x,u) — fi(y, w)ldu < > ey (73)
0 Xy
which results in .
T |x —yl
/ [fitx,u) — fi(y, w)|du < = : (74)
0 2 xy
Now we estimate the same integral for f>, where
1 l—u>Z%
x,u)=14 . - x 75
f2( ) {(1_:))(’ 1_u<% ( )

In the integral we make a substitution v = 1 — u:

1 1
/0|fz<x,u)—fz(y,u>|du=f0 G 1= — On ] —)ldv,  (76)

where we instantly obtain the same estimation as (74), since fa(x, 1 —v) = fi(x, v).
Finally,

1
/ |f e, u) — f(y, u)ldu 5/ [f1(x, u) = fi(y, u)ldu
[0.1] 0

1
+f0 o) — fo(y. uw)ldu

‘E’ J— — J—
S_Ix y|+3|x y_ =l
2 xy 2 xy Xy

<tlx -yl

)
which proves (67) with o = 7. |
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Corollary 4.3. The stochastic fixed-point equation (62) has the unique solution X o

in the space of probability measures on [1, 2] and X}(li) 4 Xoo, as h — o0, for every

fixedi =1,...,d.

Remark 4.4. We obtained the same result as in the previous section without resort
to geometric interpretation but with explicit usage of the distribution of sequence of
points xi, x, .... It also allowed us to deduce the stochastic fixed-point equation
for Xoo. Recall that I, is a rectangle with edges being parallel to coordinate axes,
its sizes in all dimensions can be given by (Xé?, - Xé‘é)), where (Xé".))lfl-sd are
independent copies of X .

It turns out that the distribution of X, can be found explicitly using the stochas-
tic fixed-point equation (62) by directly computing its distribution function F(t) =
P{X~ < t}. The solution depends heavily on the parameter t.

We start with a rather simple and special example T < 1/2.

Fort € [1, 2] we write

P{X oo <t}=]P’{min{uXToo,1}+min{m,l} <t}

T
Xoo >1, (I —u)Xoo > 1}
T T
uXoo (1 —u)Xeo uXoso (1—-—u)Xs 1}
<

:P{1+1<z,”

+P + <t, <1,
T T T T

uXoo uXoo -1, (1 —u)Xso - 1}

+P +1<t,
T

| — )X X 1—w)X
splpp EWXe uXeo ) ”)°°<1}. (78)
T T T

The first term is obviously 0, since we assume ¢ < 2. The second term is also O since
events {% < 1} and {% < 1} cannot occur at the same time for T < 1/2.
And the last two terms are symmetrical.

X X 1 —w)X
P(Xo < 1) = 2P 22 uXoo _ ( ”)°°>1}

T =

X 1— X
_op| Ko g Um0 X 1}

=2PJu <

Xoo T X

o0

T(t_l),u< Xoo—r}zzp{u< r(t—l)}‘ (79)

uXoo

Here in the second equality we used that the event {=

+ 1 < t} implies the event

{”XT"O < 1}. And in the last equality we used that the event {u < T(;(—;l)} includes the

Xo—T
Xoo

]P’{Xoo<t}:2]P’{u< T“‘”}:m(x@{w_l) >u}|Xoo>
X X

o0 o0

event {u < } since ¢ < 1 < X. Finally,
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t—1 1
=ZIE<T( )) = 2tE—(1 — 1). (80)
[e¢) XOO
And we also have a special state X, = 2:
X 1—u)X
P{Xoo=2}=zp>{1+1=2,”—°°zl,uzl}
T T
T T 1
=Plu>—u<l——}=1-2tE—. 81)
Xoo Xoo Xoo

From (80) and (81) we see that X, is a combination of the uniform distribution
on [1, 2) and an atom at point 2. We only need to compute a constant ]Eﬁ

1 1 21
E— = —P{Xo =2} +/ ;dIF’{Xoo <t}
1

X 2
1 1 22¢E-L
=—(1-2tE— +/ T Xy
2 Xoo 1 t
o ! +2E1(1211) (82)
=—-|1-2tE— tE——(log2 —log 1).
2 Xoo X 08 &

We solve (82) for an unknown Eﬁ and obtain that

1 1
E— = .
Xoo 27(1 —2log2+1/7)

(83)

On Figure 1 the reader can see simultaneous plots of just obtained theoretical
values of F(¢) and statistical values. We refer to statistical values as an empirical
cumulative distribution function obtained from values of X }(,') taken in 10000 consec-
utive iterations of the process (5).

From now on we assume that 7 > 1/2. We begin as in previous case but write all
possibilities for minimums separately.

The situation X, = 2 is possible only when both minimums are 1.

Xoo - (1 —u)Xeo }

IP’{XOO=2}=IP>{1+1=2,1SM <
T T

X _
=P LSMS e T,XOOZZ'C
Xoo Xoo

=/ (1— 3) dF(x)—/ TAF k)
[27,2] X [27,2] X

1
=1-FQr1)— 2‘[[ —dF(x)
[27,2] X

=1-FQr)—-2t (IEL - / ldF(x)) . (84)
[

00 1,2t) X

When X, < 2 there are two possibilities that only one of the minimums in (62)
is 1, and both of these situations are symmetrical, so we compute only one of the
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Theoretical
[ statistical

F(t)

Fig. 1. Plot of theoretical and statistical values of the distribution function F () of X with
t=04

probabilities:

]P’{MXOO uXoo | (1—u)Xeo - 1}

+1<t, <1,
T T

Tt —1) Xoo — T
:P{u< X ,Xooztt}+IP’{u§°;7,Xoo<rt}

o0 o0

2/ f(t_1)511V(x)+/ (1—3)dF(x)
[t2,2] X [1,7¢] X

=1(—1) (EXL — / ldF(x)) + F(tt) — ‘L’/ ldF(x). (85)
[

00 1,tt) X [1,70) X

And the last possibility of X, < 2 is when both minimums are less than 1.

P{uXoo+(1—u)Xoo - uXoo <1, (1 —u)Xeo <l}

’

T T T T

Xoo— T T T T
:IF’{ <u<—,x<rt}=/ —dF(x)—/ (1—--)dF(x)
X [ [1,7] X

Xoo ) o] X
1
= 21/ —dF(x) — F(z1). (86)
[1,7¢] X
We combine (85) and (86) and get the following for ¢ € [1, 2]:
X 1—u)X X 1—u)X
IP’{Xoo<t}:IP’{u o, dzwXeo  uXeo - (d=u) °°<1}
T T T
X X 1—u)X
+2IP>{”—°°+1<t,”°°<1,( ”)“21}
T T T
1 1
=F(t)+2t(t—1) (IE— — / —dF(x)) . (87)
Xoo [1,77) X
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Now we will show how to retrieve exact values for probability (87). On step 1 we
consider that 7 € [1, 1/7], then ¢ < 1 and from (87) one gets:

1 1
P{Xeo <t} =0+21(t - 1) <E— - 0> =2t(t - HE—. (88)
Xoo Xoo
We also compute the derivative
1
dF(t) =2tE——dt. (89)
Xoo

We repeat the procedure by computing probabilities and the derivatives for ¢ €
[1/7,1/7?] and so on following intervals by using results from previous intervals.
More generally, let us compute an interval on step k when ¢ € [1/7%~1, 1/7%].

We have 7t € [1/7%72, 1/t%~1] which means that F (t) is a value from previous
interval and we can use it. We also have an integral part in (87):

1 1/t 4 1/72 4 LI
/ —dF(x):/ —dF(x)+/ —dF(x)+~'-+/ —dF(x) (90)
[1,ze) X 1 X 1z X 1/ck=2 X
where the integrals are taken by using computed derivatives on first k — 1 intervals
respectively.
At some k we have 1/7¥ > 2 so we stop computing intervals. We have only one
unknown variable Eﬁ We compute this value directly by using computed proba-
bilities and solve an equation for it.

Example 4.5. Let us compute X, when 1/7 < 2 < 1/72 (k = 2). We also have that
2t < 1/t.
When ¢ < 1/t, we have

1 1
P{Xoo <t} =27(t — DE—1, dF(t) =2tE—dt. o1
Xoo Xoo
Whent > 1/7,
1 Tt ZTEXL 1
/ —dF(x) = / © dx = 2tE— log(tt). 92)
(1,7] X 1 X Xoo

After plugging (91) and (92) into (87) we obtain

1 1
P{Xe <t} = F(tt)+2t(t — 1) (IEX— — 21:IEX— log(rt))

oo oo

1 1
=2t(tt — I)EX— +27( — I)EX— —47%(t — 1) log(z1)

oo oo

1
= ZIEX—(I + tt — 2ttlog(tt) + 2t log(tt) — 2), 93)

o0

and the derivative is

dF(t) = 2rIF£XL (1 + 17 —27(1 + log(z?)) + 21;) . (94)

o0
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Finally, we also return to a special case value X, = 2 which was computed at
the beginning in (84):

1 1
P{Xo =2} =1—FQ21) — 21 (E——/ —dF(x)):l—]P’{Xoo<2}
Xoo [1,27) X
1
=1- ZTIEX—(Z + 2t — 4t log(2t) + 27 log(27) — 2)
o
1
=1—47E—(1 — log(27)). (95)
Xoo

We only need to compute the constant ]EXL:
oo

1 1 1 1/t ZIIEXL
E— == (1-47t2E—(1 — log(2 x g
X 2< T Xoo( og( r))) +/1 < x
2 2tE-(1+ 7 — 27(1 +log(t1)) 4+ 271)
+/ == dx
1/t X
1 1 1/t ZTEL
= - (1-42E—(1 — log(21)) +/ X dx
2 Xoo 1 X

1 2 -2 2 2171 29
+2tE— (/ der/ wdx+/ —de>
Xoo \J1/z X /7 X 1z X

D1 — a2m— (1 — 10g2r)) +/1/T2IEﬁd + 2R
=—|1-4"E—(1 — log(2t TE—x
2 Xoo 5 ! x X

e¢]

* ((1 — 1)(log2 — log(1/7)) — t(log*(27) — log*(t/1)) — 2t (% — 1:>>
= % <1 - 4&!3%(1 - log(21))> - ZIEilog(t)

+ ZIIEXL ((1 —1)log27) — 7 10g2(2t) + 2t (r - %)) . 96)

0]

By solving this equation for an unknown IEXL we obtain:
oo

1 1
E— = 5 . (Cn)
Xoo  2(1 — 413 + 472 4+ 27210g”(27) + 27 log(t) — 27 log(27))
As the end of the example, Figure 2 shows plots of theoretical and statistical
values of F(¢) with t lying in the studied range.

Finally, without computing theoretical values of the distribution function, we want
to show how it further evolves with increasing t by showing only its statistical values
on Figure 3 with r = 0.9.
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