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Abstract This paper investigates sample paths properties of ¢-sub-Gaussian processes by
means of entropy methods. Basing on a particular entropy integral, we treat the questions on
continuity and the rate of growth of sample paths. The obtained results are then used to in-
vestigate the sample paths properties for a particular class of ¢-sub-Gaussian processes related
to the random heat equation. We derive the estimates for the distribution of suprema of such
processes and evaluate their rate of growth.
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1 Introduction

This paper is devoted to the investigation of important classes of exponential type
Orlicz spaces of random variables, namely, ¢-sub-Gaussian random variables. Such
spaces of random variables and corresponding stochastic proceses provide general-
izations of Gaussian and sub-Gaussian random variables and processes and are im-
portant for various applications.
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The main theory for the spaces of ¢-sub-Gaussian random variables and stochas-
tic processes was elaborated and presented in [4, 5, 15, 29] and has gained numerous
further developments in the recent literature.

Recall that a random variable £ is sub-Gaussian if its moment generating function
(Laplace transform) is majorized by that of a Gaussian centered random variable
n ~ N(0, 0?), that is, Eexp(A§) < Eexp(An) = exp(02k2/2).

The generalization of this notion to the classes of ¢-sub-Gaussian random vari-
ables is introduced as follows (see [4, Ch. 2]).

Definition 1 ([4, 15]). A continuous even convex function ¢ is called an Orlicz N-

function if ¢(0) = 0, ¢(x) > 0 as x % 0 and limy_¢ @ =0, limy_ %x) = 0.

Condition Q. Let ¢ be an N-function which satisfies lim infy_. ¢ &’;) = ¢ > 0, where
. . X
the case ¢ = oo is possible.

Definition 2 ([5, 15]). Let ¢ be an N-function satisfying condition Q and {2, L, P}
be a standard probability space. The random variable ¢ is ¢-sub-Gaussian, or belongs
to the space Suby, (2), if E¢ = 0, Eexp{A¢} exists for all A € R and there exists a
constant a > 0 such that the following inequality holds for all . € R

Eexp{is} < exple(ra)).

The random process ¢ = {¢(¢),t € T} is called ¢-sub-Gaussian if the random vari-
ables {¢ (), t € T} are ¢-sub-Gaussian.

The space Sub,, (£2) is a Banach space with respect to the norm (see [5, 15]):
7,(¢) = inf{a > 0 : Eexp{A¢} < exp{p(alr)}.
Definition 3 ([4, 15]). The function ¢* defined by

@*(x) = sup(xy — ¢(»))
yeR

is called the Young—Fenchel transform (or convex conjugate) of the function ¢.

The Young—Fenchel transform is also known as the Legendre (or Legendre—Fen-
chel) transform, especially in the convex analysis and in the theory of large deviations.

The function ¢* plays an important role in the theory of ¢-sub-Gaussian random
variables and processes.

It is known that one can estimate the ‘tail’ distribution of a centered random vari-
able by using the convex conjugate of its cumulant generating function.

For a ¢-sub-Gaussian random variable £ the following important estimate for its
‘tail” probability holds ([15]):

P{l¢| >u}szexp{—¢*(r2))}, )
@

thus, the estimate can be written in terms of the convex conjugate of the function .

The property of ¢-sub-Gaussianity for stochastic processes allows to evaluate the
behavior of their suprema, to derive estimates for various functionals of such pro-
cesses, to treat their sample paths properties.
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The classical monograph [4] contains the detailed account of conditions for ¢-
sub-Gaussian processes X (¢), t € T, to have bounded and continuous sample paths,
and also presents estimates for modulii of continuity and distribution of supremum
for such processes. For derivation of these results the entropy approach is used, which
is based on evaluation of entropy characteristics of the parameter set 7" with respect
to a particular metrics generated by the process X. Conditions needed to state the
results are formulated in terms of the so-called entropy integrals.

The origins of entropy methods can be traced back to the paper [7] where suffi-
cient conditions for the boundedness of Gaussian processes were stated in terms of the
corresponding entropy integrals. Further these ideas were extended in [9, 21] using
the majorizing measures methods. A thorough presentation of the results on sample
paths properties stated via the entropy approach for Gaussian and related processes
can be found, for example, in the classical monographs [8, 22, 27, 28], and others.

The questions of applicability of entropy based methods for general classes of
processes from Orlicz spaces were treated in the monograph [4]. The power of en-
tropy methods was combined with the fine structure of Orlicz spaces, which are
Banach spaces with special properties. In such a way the substantial progress was
achived in studing sample paths properties of stochastich prosesses more general than
Gaussian ones, and strong and attractive theory was developed, which is of great im-
portance for various applications.

One of possible applications of this theory is in the study of partial differential
equations with random factors. The important practical demand in this field is in
relating the behavior of solutions to the correspoding initial conditions.

Partial differential equations with random initial conditions have been intensively
studied, especially, starting from the papers by J. Kampé de Feriet [10] and M. Rosen-
blatt [26] who introduced rigorous probabilistic tools in this area. In particular, the
paper [26] considers the heat equation with stationary initial conditions and presents
the spectral representation of the spatially stationary solutions in the form of stochas-
tic integrals.

Much attention in the literature has been devoted to the study of rescaling pro-
cedures for partial differential equations with random data. Limiting behavior of
rescaled solutions have been investigated for the heat, fractional heat, Burgers and
some other equations with Gaussian and non-Gaussian initial conditions possessing
weak or strong dependence. In particular, the Gaussian and non-Gaussian limiting
distributions for the heat equations with singular data are presented in [1, 23], which
can be considered as the starting point for numerous further studies in this area.

In another series of papers, solutions to partial differential equations subject to
random initial conditions were investigated by means of Fourier methods, represen-
tations of solutions by uniformly convergent series and their approximations in dif-
ferent functional spaces were developed (see, for example, [11, 19, 20] among many
others).

We cite some publications the most closely related to our study. In [13, 14] the
heat equations with sub-Gaussian stationary initial conditions were studied, exponen-
tial bounds for the distribution of supremum of the solution were presented. Higher-
order heat-type equations with ¢-sub-Gaussian harmonizable initial conditins were
investigated in [2, 16, 17].
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In this paper our interest is focused on further investigation of sample paths prop-
erties of ¢-sub-Gaussian processes related to the heat equation with random initial
condition.

The structure of the paper is as follows. Section 2 contains some definitions and
preliminary results which will be used further in the paper. In Section 3 we treat the
questions on continuity and the rate of growth of trajectories of p-sub-Gaussian pro-
cesses. The conditions are stated in terms of a particular entropy integral. The results
of Sections 2 and 3 are then used in Section 4 to investigate the sample paths prop-
erties for a particular class of ¢-sub-Gaussian processes related to the random heat
equation. We derive the estimates for the distribution of suprema of such processes
and evaluate their rate of growth. Section 5 outlines some directions for future studies.

We can compare our study with some close publications on this topic. Results
presented in our Section 3 extend and generalize the results on asymptotic bounds
with probability 1 for the rate of growth of Gaussian and ¢-sub-Gaussian processes
stated in [6, 12] and in [20] correspondingly. The questions of continuity of sample
paths are treated in the similar way as in [29], but basing on different conditions.
Within a similar approach, estimates for the distribution of increments were derived in
[18] for square-Gaussian processes. The results obtained in Section 4 concerning the
distribution of supremum for the processes related to the heat equations with ¢-sub-
Gaussian initial conditions provide the generalization and extension of results from
papers [13, 14] where the cases of Gaussian and sub-Gaussian initial conditions were
considered. In [16, 17] similar results were obtained for the case of higher order heat-
type equations, but under the conditions stated in terms of a different entropy integral
(see also [16] for more references on the theory of ¢-sub-Gaussian processes and
additional references on partial differential equations with random initial conditions).

2 Preliminaries

In this section we present some results for ¢-sub-Gaussian processes which will be
used to obtain the results in Section 3.

Let (T, p) be a metric (pseudometric) space and X = {X(¢),t € T} be a ¢-sub-
Gaussian process. Introduce the following conditions.

A1 g9 = sup,c1 7o (X (1)) < oo.
A.2 The space (T, p) is separable and the process X is separable on this space.

A.3 There exists a strictly increasing continuous function o = {o(h), h > 0} such
that o (0) = 0 and

sup To(X() — X(s)) < o(h).
p(t,s)<h

A.4 Let the function r = {r(x), x > 1} be such that

(i) r is nonnegative and nondecreasing;
(ii) r(e¥),y > 0is a convex function.

Let N(u) = Nt(u), u > 0, be the metric massiveness of the space (T, p), that is,
N (u) is the number of elements in the minimal u-covering of (T, p).
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Denote

S
Ir(8)=/ r(N@ P w))du, § > 0. 2)
0

For a function f(¢), t > 0, we will denote by f (")(u), u > 0, the inverse function.
Denote yp = o (sup; ser £ (1, 5)).

Theorem 1 below is a variant of the result stated in [4, Theorem 4.4, p. 107] (see
also [17, Theorem 2.3]). The analogous result for a Gaussian process is presented in

[6].

Theorem 1. Let X = {X(t),t € T} be a ¢-sub-Gaussian process and Conditions
A.1-A.4 hold. Suppose I.(yp) < oo.
Then for all 0 < 6 < 1 such that feg < yp andu > 0, A > 0

Eexp {)\sup|X(t)|} <200.,0), 3)
teT
and
Plsuplx@) 2 u} <2400, w), @)
teT
where
A©, u) = exp{ . ¢*<%§m)}r(_l)(%>. 6)

Corollary 1. Let us consider a separable metric space (T,d), T = {a; < t; <
bi,i =1,2}, d(t,s) = max;—1,2 |t; — si|. Then

1) < I,(e) = /Ogr((zil(__l)‘é;) 1) (3o 1) )

Iffr (&) < o0, then estimates (3) and (4) holdAwith O\, 0)and A, u) given by
Formulas (5) and (6), where I,.(-) is replaced by I,(-).

Proof. The statement follows due to the inequality (see [4]):

_ by —a by — ay
(=D
N@™ W) = (20(—1)(u) " 1)(26(—“(»0 +1)

O

For a particular form of o, by choosing an appropriate function r, the expres-
sion r(=D (%&6)“)) can be calculated in the closed form, and we obtain the next two
corollaries.

Corollary 2. Let in Corollary 1 o(h) = cih? withc; > 0,0 < B < 1. Let » =
max{b; — a;j,i = 1,2}. Then for any 6 € (0, 1) such that 0ey < o () and any



46 O. Hopkalo, L. Sakhno

u>0,1>0

E exp {A flEJIT) | X ()|t <2exp {(p(%)]fh(éeo),
u(l — )

P{supIX(l)l > ”} = 2exp{ —90*( &0

teT

) ai6e0.

where
%20%//322(2/;3—1)

Ay (0g0) :2%‘1(W+1).

B
Corollary 3. Let in Corollary I o (h) = cz(ln(eﬂ n 5)) B> 1,00 > 0. Let
» = max{b; —a;,i = 1,2}. Then for any 6 € (0, 1) such that fey < o () and any
u>0,1>0
N
1-0

E exp {/\ sup |X ()]} < 2exp |<p( )]Az(éso),

teT

P{fgwn > uf =2exp] —w*(%ge))}Az(eeox

where

2 281"
Aalben) = - exp | (B — D(0s0) /P J

4
Proof. To prove Corollaries 2 and 3 we calculate the expression r(~! (%530)) for

two different forms of o, choosing an appropriate function r for each case.
For the case o (h) = clhfj with ¢ > 0,0 < 8 < 1, we choose r(x) = x% — 1,
0<a<p/2

1/B
We have e D (h) = (%) and rCD(x) = (x + D1/,

Denote 3 = max{b; — a;,i =1, 2}.
By using calculations similar to those for Corollary 2.3 in [6], we obtain the esti-

mate
i < /6 (( > N 1>2¢1 l)d - <%C}/ﬁ)2a §l=2a/B
—_— —1)du
=)y \\26GD ) -\ 2 -

and

~ 1 _
r(—1)<[r(8)) < ((%Cl/ﬁ>2‘:’8 2a/p +1>1/(¥.
b) 2 1— %‘x

Applying then the inequality (a 4+ b)? < 2P~ !(a? + bP); p > 1, and choosing
o = B/4 we get

2 1/B\2~ 32
/1 (8) 4_q (e, ")2F
=h(Zr 1 _
r ( 5 )52’3 ( 527P +1>'
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Consider now the case o (h) = c(In(ef + %))”3 with ¢ > 0, 8 > 0. Let us choose
r(x) =Inx.

We have o=V (h) = (CXP {(%)l/ﬁ} - 6/3)_1 and r D (x) = exp{x}.

‘We can estimate fr (8) as follows. We have
1,(8) Zfoar((bl ;al (exp {(£>l/ﬂ} - e’g> + l)
(5 (e ()] ) 1)
Let 8 > max {1, In (ﬁ) In (bzzuz)}’ then
fr(é) < /06 r<(bl _ a1)4(b2 —a2) exp {2(5)1/5})du

= [ (P e o)

by —ap)(by — 8 1/B
:(SIn( 1= abr — a) +/ 2<£> du
0

4 u
b — a) (b — 2c1/Bs1-1/B 2 5.l/Bgl-1/8
_ s Lzl —ar) | 2 s 2P
4 1_% 4 1_%

Therefore, we can write the estimate

o (1) it 2cVBsTVE Y 2 2Bc1/P
(1 > =
r ( 5 >§exp{ln4—|— 1_% } 4eXp{(ﬂ—1)81/ﬁ]'

O

The above calculations are also used to prove Corollaries 5 and 6 in the next
section.

We will need some additional definitions and facts on g-sub-Gaussian variables
and processes.
Definition 4 ([11]). A family A of random variables { € Sub,(£2) is called strictly
@-sub-Gaussian if there exists a constant Ca such that for all countable sets I of
random variables ¢; € A, i € I, the following inequality holds:

o 172
T (Z m-) <Cal|E (Zmi) : (7
iel iel

The constant Cy is called the determining constant of the family A.

The linear closure of a strictly ¢-sub-Gaussian family A in the space L, (£2) is the
strictly ¢-sub-Gaussian with the same determining constant ([11]).

Definition S ([11]). Random process ¢ = {¢(¢),t € T} is called strictly ¢-sub-
Gaussian if the family of random variables {¢(¢),t € T} is strictly ¢-sub-Gaussian
with a determining constant C.
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Let K be a deterministic kernel and suppose that the process X (¢), ¢t € T, can
be represented in the form X (¢) = fT K(t,s)dé&(s), where £(t), t € T, is a strictly
@-sub-Gaussian random process and the integral above is defined in the mean-square
sense. Then the process X (¢),t € T, is strictly ¢-sub-Gaussian random process with
the same determining constant (see [11]).

3 Properties of sample paths of ¢-sub-Gaussian processes

Let (T, p) be a metric space and X = {X(¢),t € T} be a ¢-sub-Gaussian process.
In the next two theorems we evaluate the increments of the process X in terms of the
integral I, (-) given by (2).

Theorem 2. Let X = {X(t),t € T} be a ¢-sub-Gaussian process, Conditions A.1—
A.4 hold and I,(yy) < oo. Then for any p € (0, 1) andany e > 0, A > 0

Eexp |2 s IX@) - X1}
p(t,s)<e

< 2exp{(1 —p)w(m((f)_(i;zp)) (???)P“”(ifff?)

ro(e)(3 — p))]r(_1)<lr(0(8))>'

(1—p)? po(e)

Proof. The scheme of the proof is analogous to that used in [29], however, with some
modifications, since the condition of convergence of another entropy integral is used.
Note also that the same method was applied in [18] to prove a similar result for the
case of square-Gaussian stochastic processes. In view of this, we present only the
main steps.

Let o = o (infyer sup,cp o(t, ), & = 0 "D (@ph), k= 1,2,....

Consider a minimal g;-covering of T, formed by closed balls of the radius ¢ and
denote by V;, the set of centers of these balls. The number of points in V;, is equal
to N7 (&g).

For the points ¢, s € T such that p(¢, s) < &, we choose k: ¢ < € < gr_1, thatis
o(er) < o(e) < o(ex_1) or, in other words, ozpk <o(e) < apk_l.

Denote Vy = Uj?ozk Ve;. The set Vi is a p-separability set for the process X and
sup; ser 1 X (1) — X($)| = SUP; sevy [X (1) — X(s)I.

Define functions o,: Vi — Vg,,n > Oas a,(t) =t ift € Vg, andif t ¢ V, ,
then o, (¢) is the point of V;, such that o (¢, o, (¢)) < &,. If there is more than one of
such points, then we choose any of them (see [29], p. 74).

Note that the family of maps {«,,, n > 0} is called the «-procedure for choosing
points in Vi (see [4, Definition 2.5, p. 94]).

We will use the following inequality from [29] (see Formula (2.76)):

§2eXP[<p(

sup | X (1) — X(s)] SZZ max | X (u) — X (a;(u))]

p(t,s)<e 1=k uEVSl+l
+ max IX () — X ().
u,veng;

Ty (X (W)= X (v) <0 () =2
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(We omit here the details, but note that the derivation of the similar formula for
the case of square-Gaussian processes can be found also in [18], see Formula (10)
therein.)

Then for all A > 0

1::Eexp{k sup |X(t)—X(S)|}

p(t,s)<e

g]Eexp{,\(zz max  |X ) — X (o ()]
1=k

UEVery

T max X (u) — X(v)|>].

u,veng;

7, (X ()= X () <0 () =2

Using the Holder inequality ([4], p. 220) we can write

1

1 §<Eexp {Aqk max |X(u) — X(U)|}>a
u,vEng

1

Tl (Bexp {2012 max 1X () — X (@ @)1})”
I=k+1 el

where {g;, | = k,k + 1, ...} is a sequence satisfying > =, % =1
We can write the following inequalities:

Eexp{kqﬂ max [ X (u) — X (o (M))|}
ue Ve,

< N(er) max Eexp [ra21x @ - X @)l
ueVe,

< Nen) max exp {o (1g127, (X () = X @ @) ) }

ueVy,

< Neen2exp ¢ (a2 (en) |-

where we used the inequlity 7, (X (1) — X (o (1)) < o (&), since for u € V,; we have
o(u, o;(u)) < g. For more details on the last chain of inequalities we can refer to the
book [4] (see, for example, the proof of Theorem 4.1, p. 102 therein). Analogously
we obtain

Eexpiigry max |X(u)—X(v)|}
u,vevgk

< N2 max exp fo(rairy (X @) — X))}

u, V€ Vg,
k

< N(ex)2exp {§0</\4k<‘7(8) + 2a 1 [i p>)}’

where for the last inequality we used the following estimate: for u, v € V,,,

pk

T (X (1) = X()) < 0 (6) + 20t
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(see Formula (2.74) in [29], or Formula (7) in [18], where a quite similar derivation
is given for the case of a square-Gaussian process).
We obtain

k

1= (V) 2H o Lo (rar(ote + 202

X 10_0[ (N(sl))$2% exp{%go()wﬂ%(ez))}

I=k+1
o
H(e
= 2exp { Z ) + —(p()»qk(a(s) + 2a )) Z (Aqﬂa(el)).
= 4 qdk i
Letqzzm,l:k,k‘f'l ThenZ?okéz Z k+1ql—p We
have also <p(kq12o(€1)> = w(sz‘; ) ()LCIk(U(S) + 20 %= p)) = <P(M((37(ps)zp)>‘

Using convexity of r(e*) we can write:

o 301D < e

1=k 1=k

K

P = pHE @)

~
/

exp[Zpl 1= pHE D @'))))

™
<O 4 - pir(Wio D apty))
ke [ (o)

<7D m/og(g)r(N(G(_l)(u)))du)

(Omitted intermediary steps can be checked, for example, in [18], see the derivation
of Formula (23).) Finally, we obtain:

o (7)< 0 ()
1

r(N(a<—1>(u)))du).

a(e)
o 1)(

po(e) Jo
O

Theorem 3. Let X = {X(¢),t € T} be a ¢-sub-Gaussian process, Conditions A.1—
A.4 hold and I,(yy) < oo. Then for any p € (0, 1) and any ¢ > 0

®)
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Proof. Using Theorem 2 and Chebyshev’s inequality, we obtain for any A > 0

P{ sup |X(t)—X(s)|>x}§IEexp{k sup |X(t)—X(s)|}exp{—,\x}

p(t,s)<e p(t,s)<e

< 2exp {¢()LG((18)_(73]7;217)) — Ax}r(_l)(ﬁ /(;U(S)r(N(U(_l)(u)))du).

It remains to note that
A 3—
inf (= + w(ia(g)( p)))
>0 (1 - p)?

=_§g<hﬂw6—p>xa—pﬂ @n@xs—pn>

1—p2 o@G-p N a=p2
- _ *( x(l—P)z )
a(e)3—p)/’

O

Remark 1. The most general results on the behavior of increments of stochastic
processes in Orlicz spaces are presented in [4] (see, e.g., Theorems 5.1, 5.2, pp. 109—
112). Specifications of these results for ¢-sub-Gaussian processes are given in [29],
with conditions stated in terms of the entropy integrals I (¢) = f(f Y (n(w))dv, ¢ >
0, with ¥ (v) = m, v > 0. In Theorems 2, 3 we state the results analogous
to Lemma 2.8, Theorem 2.9 ([29]), but under the conditions given in terms of the
entropy integral (2). We use the «-procedure technique, which is a usual approach to
derive results of this kind (see [4]). Similar results are stated in [18] for increments of
square-Gaussian processes, with conditions given in terms of the integral (2).

Remark 2. Theorem 3 suggests a way to check if a given ¢-sub-Gaussian process is
sample continuous. Indeed, under the conditions of Theorem 3, if the right hand side
of Formula (8) tends to O for ¢ — 0, then P{ SUP, (1 5)<e X () — X(s)] > x] — 0.
Therefore, as ¢ — 0, sup,, o)<, | X () — X (s)| — 0 in probability, but also (due to
the monotonicity of the supremum) with probability 1. This would entail the sample
continuity of the process X = {X(¢), t € T} with probability 1. Theorem 3 is speci-
fied below for particular cases of o. For example, from Corollary 5 below we can see
that for o' (h) = chf withc > 0,0 < B < 1,and p(x) = 2, 1 < & < 2 (in which
case ¢*(x) = ﬂ, y >2and é +1 1), the convergence to zero of the right hand
side of Formula (8) holds. Therefore, in this case one can conclude that the process is
sample continuous with probability 1.

Corollary 4. Let under the conditions of Theorem 3, T = {a; < t; < b;,i =
1,2}, p(t, $) = max—1 2 |t; — s;1. Then

Pl s xo - xoi= ) <20 |- (2557

a(e) _ —
| (ot + ) G 1))



52 O. Hopkalo, L. Sakhno

Corollary 5. Let under the conditions of Theorem 3 and Corollary 4, T = {t =
(t o) :ai <t < biyi = 1,2}, 0(h) = ch? withe > 0,0 < B < 1. Let
» =max{b; —a;,i =1, 2}.

Then

P{ sup |X(t)—X(s)|>x}524/ﬂexp{_(p*<

p(t,s)<e

N2 4/-2_2
sl Kl

Corollary 6. Let under the conditions of Theorem 3 and Corollary 4, T = {t =
(1) tai <t; <b,i = 1,2}, o(h) = c(lnef + 1)) P withc > 0, B > 0. Let
» =max{b; —a;,i = 1,2}.

Then
P{ p(fs,lg)« X () — X(s)| > x} SZeXP{ - ¢*(%(ln (eﬂ * é))ﬁ)}

I\ 1\ 721
< (Z) (P +o)"
4 3

Proofs for Corollaries 5 and 6 are based on the same calculations as those for
Corollaries 2 and 3.

Now we investigate the rate of growth of ¢-sub-Gaussian processes. Namely, we
present exponential upper bounds for the weighted @-sub-Gaussian process defined
on the half-axis X = {X(¢), t > 0}.

Let us introduce the following condition.

A5 Leta(t),t > 0, be a continuous strictly increasing function such that a(t) > 0
and a(t) — oo ast — oo. Introduce the sequence by = 0, by > by, by —
00,k — oo. Denote By = [bi,br+11,k = 0,1,..., ar = a(by), ex =
SUp;ep, Tp (X (¢)), and suppose that 0 < g < oo.

Denote yx = oy (?k—H — by), where oy, are defined below in the condition (i) of
Theorem 4, and 6 = inf} Z—’k‘

Theorem 4. Let X = {X(t),t > 0} be a ¢-sub-Gaussian separable process and
Conditions A.4 and A.5 hold.
Suppose further that the following conditions are satisfied.

(i) There exist increasing continuous functions ox(h), h > 0, such that ox(h) —
Oash — 0,

sup T, (X (1) — X(5)) < ok(h)

t,S€By,|t—s|<h

andfork =0,1, ...

Yk -1
Lk (vk) = /() r(Np (o, ' (u)))du < o0;

(i) A=Y % < oo

ak
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(iii) Forany6 € (0, min(1, §))

o]

S@,r)= Z Z—Z log (r(_l)(%f:k))) < 00

Then
(i) forany € (0, min(1, é)) and any ) > 0
| X ()] LA NCRORN
Eexp{kf‘jﬁ a() }Sze"p{‘p<1—9)]e’(p[ A ] ©)

(ii) forany0 € (0, min(1, 5)) andanyu > 0

I L B R A

Proof. Letr; >0,k=0,1,... andzk ~0 7 _1 Then for any A > 0

[ X ()] |X(;)|

1= Eexp{)‘f‘i‘é w0 | =B 0
i X\
§]£[O(Eexp{krkts.€u£ o ])k

By using Theorem 1 we obtain

10) < ]ﬁ)Zl/"’(exp {w((lk_r%)})% (ﬂ—l)(%ﬁjk)))%

on| ol ) L v (o ()
=2€xp{k§:¢((1)‘_rk;l)cak) } Xp{i% ((—l)(h,kg(fjk)))}.

Letr, = AS—Z". Then we obtain the claimed bound (9):

LA 1 < &k )G
109 =208 {o(5=5 ) fexn{ 3 20 Jrtoe (W (=) )
(A) <2expio 1_9) exp A%ak oglr fer
‘We obtain the second bound (10) by applying Chebyshev’s inequality. O
Note that under the conditions of Theorem 4 we have the estimate

R Vi
Lic(ve) < Li(wi) = / r(
0

brt1 — b

o 1)du,
20, (u)

Therefore, we can state Theorem 4 in terms of the integral IAr, k-
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Corollary 7. Let conditions of Theorem 4 hold with o (h) = ckhP, e > 0,0 < B <
1, but condition (iii) be replaced by the following one:

(iv) There exists 0 < y < 1 such that

S =

o 1} ;
& " (b1 — D)’ ¢y,
Z < 0.

a
k=0 k
Then

(i) forany0 € (0, min(1, é)) and any . > 0

E exp [Asup X @) ] <27 lex exp [w(%)}f\l(@);

=0 a()

(ii) forany 0 € (0, min(l,é)) andanyu > 0

P{su X }52%_lexp{—¢*<@)}Al(0),

t>0 a(t

where

S1 2/3 4
A1(9)—exp{ ( ) }
YA 0 B
Proof. We estimate the expression for S(@, ) given in condition (iii) of Theorem 4

for the case when oy (h) = ckhf, ¢ > 0,0 < B < 1, choosing r(x) = x* — 1,x >
1,0 < o < B. We obtain

) ()

Let us use the inequality: for 0 < y < 1and x > 0, log(1 + x) < "— . Then

bir1 — b o2 1 /bgsy —b 5 21\
10g(1+ k+1 k( )ﬁzﬂ 1)_ ( k+1 k( )ﬂzﬁ ) ’
95 Ek Y 9,3 Ek

and we can write the estimate for S(6, r):

1-Y 15
2_ g ’ cf2F Ny
SO, 10827 ) + = Y b — b0 (),
Vk=0 ag 0B

from which we obtain the expression for A ().
Statement (i7) follows from (i) in view of Chebyshev’s inequality. O

Corollary 8. Let conditions of Theorem 4 hold with oy (h) = cr(In(e* + %))"",
ck > 0, o > 1, but condition (iii) be replaced by the following one:
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1

W) $0) = T2 & (I (25) + —C ) < oo

(@—1)@ex)a

Then
(i) forany 6 € (0, min(1, 6)) and any A >0

sonliag S| <20 o (25) oo 5

>0 all 0 A

(ii) forany 6 € (0, min(1, 6)) and anyu >0

2] 2o (2

Proof. The proof is analogous to the proof of Corollary 7. With the given oy (h) and
the choice r(x) = In(x), we obtain:

1

) (it o

and then we estimate the expression for S(6, r) given in condition (iii) of Theorem 4.

|
4 Stochastic processes related to the heat equation
In this section we consider the Cauchy problem for the heat equation
0 xeR w0 (1)
—=p—,t>0, xeR, u=>0,
o Morx o
subject to the random initial condition
u(©,x) =nx), x €R, (12)

where 1(x), x € R, is a stochastic process.
We will follow the approach used in the paper [14] for the case where 1 is a
sub-Gaussian process. Here instead we suppose that 7 is a ¢-sub-Gaussian process.
Introduce the following assumption.

H.1 n(x),x € R, is a real, measurable, mean-square continuous stationary (in wide
sense) stochastic process, which is strictly ¢-sub-Gaussian with the determin-
ing constant ¢, (see Definition 4).

Recall that En(x) = 0, x € R, since the process 7 is ¢-sub-Gaussian.
Let B(x), x € R, be a covariance function of our stationary process n(x), x € R,
therefore, we have the representation

B(x) = f cos(Ax)dF (L), (13)
R
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where F (1) is a spectral measure, and for the process itself we can write the spectral
representation

n(x) = f e Z(d)). (14)
R

The stochastic integral (14) is considered as L, (£2) integral. The orthogonal com-
plex-valued random measure Z is such that E|Z(dA) |2 = F(dA).
Consider the process {u(t, x),t > 0, x € R} defined by

u(t, x) = /Rg(t,x —y)n(ydy, (15)
where 5
1 X
g(t,x):WeXp{—rW},t>O,xER, (16)

is the fundamental solution to the heat equation (11).
In view of the representation (14), the process given by (15) can be written in the
form

u(t, x) = / exp{i,\x - Mtkz}Z(dA). (17)
R

The process (17) can be interpreted as the mean-square or L,(€2) solution to the
Cauchy problem (11)—(12), as justified in [14]. Note that the random solution in the
form (17) to the heat equation with stationary initial condition appears already in the
paper by Rosenblatt [26] (see Formula (1.11) therein).

Theorem 5. Ler u(t,x),t > 0,x € R, be the stochastic process given by (17) and
Assumption H.1 hold. Then the following statements hold:
1) if fore some ¢ € (0, 1]

/k48F(dk) < 00, (18)
R
then
o(h) = sup To(u(t, x) —u(ty, x1)) < o1(h) = cyer(e)h®,  (19)
t,t1€la,bl:|t—t1|<h;
x,x1€[c,d]:|x—x1|<h
where 12
are) = ( / WA+ H2F @) (20)
R
2) if for some o > 0
2a
/ (ln(l + |A|)) F(d}) < oo, @1
R
then 1
—o
—_ o _
o(h) < oa(h) = c,,cz(a)(m (e ¥ h)) : 22)
where

eo(a) = (fR ([m(e“ n W\z)]m n 4[ln(e°‘ n %|x|)]2a)F(d,\))”2. (23)
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Proof. The process u(t, x) is strictly ¢-sub-Gaussian with the determining constant
c¢y. Therefore, we can write

1/2
sup 7, (u(t,¥) —ultr, x)) = ¢ sup (Bt x) —ute,x)?) . 24)

[t=t1|=<h; [t=t11=<h;

|x—xi|<h |x—x1|<h

We need to evaluate the expression in the right hand side of Formula (24). From
this point the proof is the same as that of Theorem 3.1 in [14]. So, we just present the
main steps.

We will use below some calculations from [14].

The covariance function of the process (17) is of the form

Cov(u(t, X), ulty, x1)> - / exp {ik(x —xy) — w2+ tl)}F(dA)
R

and 5
B(utt, 0~ x) = [ GIPF@R, (25)

where
b(A) = expf{iix} exp{—u)\zt} — exp{i)\xl}exp{—,u)\ztl}.

From Formula (3.11) from [14] we have:
2 2 o1
b < (1 _ exp{ — Wl —1 |}) +4sind(FA( = x1).
For |t — 1] < h and |x — x1| < h we can write for any ¢ € (0, 1] (see [14]):
) 1 . h 2¢e
4sin’(SA(x = x1) < 4min (Em, 1) (26)

and
5 2 . 5 2¢
(1 —exp| — U |t—t1|}) < (mm(,uk h, 1)) 7
(taking into account that |x| < |x|° for |x| < 1, ¢ € (0, 1]).
Using (26)—(27) we estimate the integral in the right hand side (25) for |t —#(| < h
and [x — x| < h.
Therefore, under Condition (18) we can write the bound (19).
For the second statement we use the bound
1 o
min (*.1) < (M)“ (28)
v In(e* + v)
foru > 0,v > 0, a > 0 (see, for example, [ 14, Lemma 3.1], [17, Lemma 2.1]).
We estimate (25) by using (26)—(28). Then under Assumption (21) we obtain the
bound (22). |

From Theorem 5 and Corollaries 2 and 3 we derive now the estimate for the
distribution of supremum of the field u(#, x) considered in the domain {a < t <
b,c <x <dj}.

Denote €0 = supu</<p: Tp(u(t, x)), 2 = max(b —a,d — ¢), 0; = 0i(3) /%,
c<x<d
i = 1,2, where o1 and o7 are defined in (19) and (22) respectively.
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Theorem 6. Let u(t,x),a <t < b,c < x < d, be a separable modification of the
stochastic process given by (17) and Assumption H.1 hold. Then the following bounds
for the distribution of supremum hold:

1) if for some B € (0, 1]

/x“ﬁF(dx) < oo,
R
then for all 0 < 6 < min(1, 6;) and u > 0

1-96 ~
Pl sup e ol > u) <200 | " (U 2) Ao,
a<t<b; &0
c<x<d

where
(%cnc:/ﬂ)222(2/ﬂ_l)

T + 1),

A5 =287

c1 = c1(B) is given by Formula (20);
2) if for some B > 1

2
/<1n(1+|,\|)) F(d)) < oo,
R

then for all 0 < 6 < min(1, 6>) and u > 0

ud =0\~
P{ sup |u(t, x)| > u} < 2exp{ —@ <~4)}A2(980),
a<t<b; &0
c<x<d
where 1
~ P 2Bcyc
2080 =4 X gz 78 5 — 1)

¢y = c2(P) is given by (23).

Proof. The assertion of this theorem follows directly from Theorem 5 and Corollaries

2 and 3. We need only to check that 2y = sup,<;<p: 7, (u(t, x)) < 0o. We have indeed
c<x<d

- N\ 12
€0 < cy sup (E|u(z,x)| )
a<t<b;
c<x<d

5 1/2 1/2
<cp sup exp{—2uAr“t}F(dA <c F{da < 00.
n 2 (d2) n (d2)
a<t<b; “JR R
c<x=d

O

Consider now the process u(t, x), (¢, x) € V, defined on the unbounded domain
of the form V = [0, c0) x [—A, A].

Define the sets Vi = [bk, br+1] X [—A, Al, k = 0,1, ..., where a family {[by,
bi+1],k = 0,1, ...} is introduced in Condition A.5, here we suppose additionally
b1 — by = 2A, and V. = U2 V. Denote g = SUp; ey, ToU(t, X)), @ =
inf {0 (bk+1 — br)/er}, i = 1,2, where o1 and o, are defined in (19) and (22)
respectively.
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Theorem 7. Let {u(t, x), (t,x) € V} be a separable modification of the stochas-
tic process given by (17), Condition H.I1 hold, and Condition A.5 hold with ¢ =
SUP(s xyev; 7, (u(t, x)). Suppose that for some B € (0, 1]

/ ABF@d)) < oo;
R
oo

Z_k

k=0

SRS
~

and there exists 0 < y < 1 such that

i . 2y/ﬁ(karl — by)? -
a

k=0

Then for any 6 € (0, min(1, /9\1)) and anyu > 0

pl s o] 22 oo [ =g (D)

where

A10) =

(cqc1 (BNHES) (24P 2y
AP { VA ( 02/p ) }
and c1(B) is given by Formula (20).

Theorem 8. Let {u(t, x), (t,x) € V} be a separable modification of the stochas-
tic process given by (17), Condition H.1 hold, and Condition A.5 hold with & =
SUP(t xyev; T, (u(t, x)). Suppose that for some B > 1 and any 6 € (0, min(1, 6,))

2
/(ln(l—}-lM)) F(d)) < oo
R

A= 3 &k < 00;
k=0 %
50 =3 2 n(2) o (U522) " <o

where ¢y () is given by Formula (23).
Then for any u > 0

1,
P{ sup lu(z, x)|
ey a()

LUl —=0) 285,(0)
>u}§26xp{ q)( 2 )}exp{ 1 }
For the proof we note that Theorem 4 and Corollaries 7 and 8 can be straight-
forwardly extended to the stochastic processes u(¢, x) defined on the domains of the
form {(#, x) € [0, c0) x [—A, A]} with corresponding definition of &; and oy.
Then Theorems 7 and 8 can be derived from such generalization of Corollaries 7
and 8 and Theorem 6.
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5 Conclusions and future studies

The upper bounds for the distribution of increments for ¢-sub-Gaussian processes
are stated in Theorems 2, 3 in the forms different than those obtained previously in
[4, 29] and other literature on the topic. This form of bounds can be more useful in
particular situations, as one can calculate the bounds explicitly. We address to the
future research the investigation of their exact expressions for different functions ¢,
in particular, by graphical methods.

Theorem 4 and Corollaries 7, 8 on the rate of growth of ¢-sub-Gaussian processes
generalize Theorem 2.4 [6] (which is stated for Gaussian case) and are different from
the analogous results in [20] stated for ¢-sub-Gaussian processes. The use of the
integral (2) allows to simplify some expressions in the statements of the results, and,
correspondingly, to simplify their application for study of solutions to the random
heat equation.

The results on the distribution of supremum for the processes related to the heat
equations with @-sub-Gaussian initial conditions generalize the corresponding results
from papers [13, 14] where sub-Gaussian initial conditions were considered. The
results on the rate of growth under this setting was not stated before. Note that the
results obtained in Section 4 hold also for Gaussian and sub-Gaussian case, with
substitution ¢(x) = % in the corresponding bounds. Due to the use of Theorem 1,
which is based on the entropy integral (2), for the Gaussian and sub-Gaussian case
our bounds appear in the form which is simpler but somewhat different from the
corresponding bounds in [13, 14]. We postpone for the future research the accurate
comparison of these bounds, in particular, by simulation studies.

In the future studies it would be also interesting to study the cases of generalized
heat equations with random initial conditions, in particular, equations of fractional
order (for possible models of equations we address, for example, to papers [3, 24, 25]
among many others). One can also consider some other classes of equations with
fundamental solutions being of the form which allows to construct and investigate
random solutions by the methods of the present paper.
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