Modern Stochastics: Theory and Applications 8 (1) (2021) 93-113
https://doi.org/10.15559/20-VMSTA170

Asymptotic normality of the residual correlogram in
the continuous-time nonlinear regression model

Alexander Ivanov*, Kateryna Moskvychova

National Technical University of Ukraine “Igor Sikorsky Kyiv Polytechnic Institute”,
Peremohy avenue 37, Kyiv, Ukraine

alexntuu @ gmail.com (A. Ivanov), moskvychova@matan.kpi.ua (K. Moskvychova)

Received: 28 July 2020, Revised: 5 December 2020, Accepted: 5 December 2020,
Published online: 21 December 2020

Abstract In a continuous time nonlinear regression model the residual correlogram is con-
sidered as an estimator of the stationary Gaussian random noise covariance function. For this
estimator the functional central limit theorem is proved in the space of continuous functions.
The result obtained shows that the limiting sample continuous Gaussian random process co-
incides with the limiting process in the central limit theorem for standard correlogram of the
random noise in the specified regression model.
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1 Introduction

Estimation of the signal parameters in the “signal+noise” observation model is a clas-
sic problem of statistics of stochastic processes. If the signal (regression function)
nonlinearly depends on parameters, then this is a problem of nonlinear time-series
regression analysis. Another problems arise when there is a need to estimate the func-
tional characteristics of the correlated random noise in the given functional regression
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model. For the stationary noise it can be estimation of the noise spectral density or co-
variance function. Asymptotic properties of the Whittle and Ibragimov estimators of
spectral density parameters in the continuous time nonlinear regression model were
considered in Ivanov and Prykhod’ko [16, 15], Ivanov et al. [17]. Exponential bounds
for the probabilities of large deviations of the stationary Gaussian noise covariance
function in the similar regression model are obtained in Ivanov et al. [11]. Stochas-
tic asymptotic expansion and asymptotic expansions of the bias and variance of the
residual correlogram in the same setting were derived in Ivanov and Moskvychova
[21, 19]. In both cases it is first necessary to estimate the parameters of the regres-
sion function to neutralize it influence, and then use residual periodogram to estimate
spectrum parameters and residual correlogram to estimate covariance function. The
residual correlogram generalizes the notion of the averaged residual sum of squares
in classical regression analysis.

However, unlike the residual sum of squares and usual correlogram, the results on
the residual correlogram are not sufficiently represented in statistical literature except
for a few theorems for discrete time linear regression with stationary correlated obser-
vation errors (see Anderson [1], Hannan [8]). These statements were obtained using
explicit expressions for the least squares estimator (LSE) of unknown regression pa-
rameters. In the multitude of works dealing with stationary stochastic processes in the
correlograms the values of the processes are centered by their sample means that are
the LSE of their expectations. Some field generalizations of such a centering can be
found in Leonenko [22].

In this paper we prove the functional central limit theorem (CLT) in the space
of continuous functions for the normed residual correlogram as an estimator of the
stationary Gaussian random noise covariance function in continuous time nonlinear
regression model. The first result of such a kind has been obtained in Ivanov and
Moskvychova [20]. In current paper we significantly weakened the requirements to
the regression function under which the indicated CLT is true, namely: brought them
closer to the conditions of the LSE asymptotic normality [18]. In addition we replaced
the condition for the existence of a certain moment of the noise spectral density by
much weaker condition on the weighted spectral density admissibility with respect
to regression function spectral measure. In the last section of the paper we apply our
result to the trigonometric regression.

2 Setting
Suppose the observations are of the form
X(1) = g(t,0%) + (1), t €0, +00), e

where g : (—y, +00) x ©®, — Ris a continuous function depending on unknown
parameter 90 = (90, R 93) € ©® C R?, © isan open convex set, ©, = U\|e||<l(®+
ye), y is some positive number, and ¢ is a random noise described below.

Remark 1. The assumption about domain (—y, +00) for function g in ¢ is of techni-

cal nature and does not affect possible applications. This assumption makes it possible
to formulate the condition RN1(i) which is used in the proof of Lemma 3.
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N1. (i) ¢ = {e(t), t € R} is areal sample continuous stationary Gaussian process
defined on a complete probability space (2, §, P), Ec(0) = 0;

(i) covariance function B = {B(t), t € R} of the process ¢ is absolutely inte-
grable.

Obviously, if B € L1 (R), then the process ¢ has a bounded and continuous spec-
tral density f = {f (1), A € R}.

Definition 1. LSE of unknown parameter 60 € © obtained by observations of the
process {X (1), t € [0, T} is said to be any random vector 67 = (017, ..., 0;1) € OF
(®F is the closure of ® in R?) such that

T
Qr@r) = min Q7(r), QOr(r) = / [X (1) — g(t, D)) d, @)
0

provided that the minimum in (2) is attained a.s.

The existence of at least one such a vector follows from the Pfanzagl results [23].
As an estimator of B we take the residual correlogram built by residuals

X(t)=X@) —g(t,0r), t€[0, T+ H],

namely:
T
Brdp =17 [ Xe+aRwar, ze 0. )
0

H > 0 is some fixed number. In particular Br (0, é}) =71"! QT(§T) is LSE of the
variance B(0) of stochastic process . On the other hand

T
Br(z,0%) = Br(z) = T*I/g(t +2)et)dt, z € [0, H], )
0

is the correlogram of the process ¢.

From the condition N1 it follows that integrals (3) and (4) can be considered
as Riemann integrals based on single paths of the corresponding processes and
Br(z, é}), Br(2), z € [0, H], are sample continuous stochastic processes.

Consider the normalized residual correlogram

Xr(z) = T2 (Br(z,0r) — B(2)) = Y7 (2) + R (2), z €0, H],
Yr(z) = T2 (Br(z) — B(2)), z €0, H],
Rr@) =TV’ hr@+ TV ’hr@) + T 2Ly (z), z€[0,Hl, (5

with

T
Lir(z) = / (gt +2,0r) — g(t +2,0))(g(t, 0r) — g(r,0))dr, (6)
0
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T
I (z) = / 6t +2)(g(t, Br) — g(t, 0))dt, ™
0
T
Iir(z) = /8(t)(g(t +2,0r) — g(t +z,0))dt. 8)
0

We will consider the processes X7, Y7, and Ry as random elements in the mea-
surable space (C ([0, H]), B) of continuous functions on [0, H] with Borel o -algebra
B.

Let Z be a random element in the indicated space. The distribution of Z is the
probability measure PZ~! on (C ([0, H]), B).

Definition 2. A family {Ur} of random elements converges in distribution, as T —

00, to a random element U in the space C([0, H]) (we write Ur 2) U), if the
distributions PU, 1 of elements Ur converge weakly, as T — o0, to the distribution
PU ! of the element U.

Since f € L>(R) under assumption N1(ii), as it is well known, for any z1, 72 €
[0, H],as T — o0,

EYr(z1)Y7r(z2) — b(21,22) = 4n / F£2(1) cos Azy cos Aza dA. 9)
R

and (see, e.g., Buldygin [3]) all the finite-dimensional distributions of the processes
Y7 weakly converge, as T — 00, to the Gaussian process Y with zero mean and
covariance function (9).
We assume that the process Y is separable.
Introduce the function (see section 6.4 of the chapter 6 in Buldygin and Kozachen-
ko [4])
1/2

A
q() = ffz(k) sin® Tzd)h . h>0.
R

If f € L2(R), the function g generates pseudometrics

p(z1,22) = q(z1 — 221), /p(z1,22) = v p(21,22), 21,22 € R.

Denote by H /5(¢) = H /5([0, 1], €), & > 0, the metric entropy of the interval [0, 1]
generated by the pseudometric ,/p, fo . the integral over an arbitrary neighborhood
of zero (0, §), § > 0.

Below we are going to formulate a theorem obtained in Buldygin and Kozachenko
[4] (Theorem 6.4.1) under milder conditions than ours. In the absence of assumption
on sample continuity of the process ¢ from the condition f € L, (R) it follows that
correlograms can be understood, as continuous in probability with respect to the pa-
rameter z Riemann meansquare integrals. Due to Lemma 6.4.1 in [4] we can conclude
that processes Y7, T > 0, are likewise continuous in probability. Thus, it can be as-
sumed that the processes Y7, T > 0, are separable.
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Theorem 1. Ler f € Ly(R) and
N2. /Hﬁ(e)ds < 00.
0+

Then forany H > 0I) Y € C([0, H]) a.s.; II) Y7 € C([0, H]) a.s., T > 0;
oI Yr g Y,as T — oo, in the space C([0, H]).

In particular, for any x > 0

T—oo | z€[0,H] 2€[0,H]

lim P{ sup |YT(z)|>x} =P{ sup |Y(2)| >x}.

Corollary 1. The conclusion of the Theorem [ is true under conditions N1 and N2.
(see Theorem 6.4.1in[11]).

As it is shown in the Remark 6.4.1 in [4] the condition N2 is satisfied if for some
§>0

ffz()\) In**t (1 + 2)dx < oo. (10
0

In turn (10) follows from the condition f € L,(R) under natural restrictions on the
decreasing of the spectral density f at infinity (see Theorem 6.4.2 in [4])

Taking into account the Theorem 1, we state a simple but important fact that is a
rephrasing for C ([0, H]) of the Theorem 3.1 in Billingsley [2], p. 27. For functions
a(z), z € [0, H], we will write [|la|| = sup,¢[o g la(2)]-

Lemma 1. IfYr Ly and
IRrIl =5 0, as T — oo, (11)

D
then X7 — Y, as T — o0.

Thus, to obtain a functional theorem in C ([0, H]) on asymptotic normality of the
normalized residual correlogram X7 it is required to prove (11).

3 Conditions

To prove (11) we need some regularity conditions imposed on the regression function
g, spectral density f and LSE @}.

Assume that for any t > —y the function g(z, 8) is twice continuously differen-
tiable with respect to 6 € ®,,, and moreover, the derivatives g; (¢, 0) = 3/30;g(¢, 0),
gij(t,0) = (9%/06;00;) g(t,0), i, j = 1, q, are continuous in the totality of vari-
ables. Denote

T
dr(9) = diag (dit (), i =1,q), d}(0) = /giz(t,e)dt, 0e®, i=1,q,
0
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and suppose that

1iTrgioréfT—1dfT(9) >0,0e®,i=1,q,

in particular, these limits can be infinite. Let also

T

dijr(6) = /gizj(t,O)dt, 0e0,i,j=1gq.
0

Introduce now the normalized LSE u7 = dr (90) (é} — 90), 0% € O, and the
notation h(r, u) = g(t, 60 +dz " @")u), hi(t,u) = g (t, 6% +dy " (0)u), hij (1, u) =
8ij(t,0° + dy' 0%, u € Ur@®) = dr(0°) (0°—06°),i.j = T.q; v(r) =
{ueR?:|ul| <r};

T
D7 (01,602) = / (g(1,61) — g(t, 02)* dt, 61,6, € OF;
0

T
Vit (21,22;0) = / (gi(t +21,0) — gi(t + 22, 0))* dr,
0

721,22>0,0 €0 i =1,q. (12)

Instead of the words “for all sufficiently large 7 we will write below “for T >
Tp”. Assume that the following conditions are satisfied.

R1. There exists a constant kg < oo such that for any 00 € @ and T > Ty, where
ko and Ty may depend on 6°,

W79, 60% < kolldr %) —6%)1%, 6 € ©°. (13)

R2.Foranyr > 060° € ®,and T > To(r)

@) dl._T1 0% SUD; (0. T].uevernuy @) [hi(t, w)| < k(T ,i=1,q;

(i) d;; ' (0°) sUp,ego,71,ueve vy 00 hij (4, W] < KTV 0, j =T g;

(iii) d;7' (0°)d 7 00)d;;'7(0%) < KITV2, i, j = T.q. with constants k', k',
k', possibly, depending on 6°.

R3. There exist constants k; < 00, = ﬁ, such that for any 0 c®and T > To,
where k; and Ty may depend on 6°,

—1/2

d 2 O")Wir(z1,22:0°) < kilzi — 221, 21,22 € [0, H. (14)

Lemma 2. If condition R2(i) is fulfilled for r = 0, then for any fixed H > 0 and
o

dir+n@0°)d 7 (0% — 1, as T — o0, i =1, 4.
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Proof. We have

T+H
gi =dir g 00)d 0% =1+ / g7 (t.0%dt | di77(0°) <
T
<14+H su (1,00 2d72 , 00g < 1+ k30 .
osngwlg’( Wod; 74y (07)gi l()TJquz

Then for T > Ty

1

Il <gi < 3 —
1 —k7(O)H(T + H)~!

andg; —> 1, as T — oo, izm.

O

For basic observation model (1), we introduce a family of matrix-valued mea-
sures ur(dr;0),0 € ©, T > 0, on (R, £(R)), £(R) is the o-algebra of Lebesgue
measurable subsets of R, with matrix densities with respect to Lebesgue measure

(Mjfl *, 9))(]1‘,1:1’ b €0,

—1/2
. . _ : 2 2
Wl 0.0 = g0, 00gh ) | [ [etoof @i [[graof an)
R R
T
g;(k,e):/ei’vgj(t,e)dt, jl=T.4q. (15)
0
by Plancherel identity
T
/ g7 )8 (1, 6)d2. = 2 f g1, 6)g1(1.6)dt, (16)
R 0
in particular,
: 2
d}T(9>=(2n>”/\g§<A,e>\ dr, jl=T4. (17)
R

R4. The family of measures ur(dA; 6) converges weakly to a positive definite
matrix measure w(dA; 0) = (/L-’l(dk; 9))3 j—ppasT — 00,0 € 0.

Condition R4 means that the elements 17/ (d; 6) of the matrix measure p(d); 6)
are complex signed measures of bounded variation and the matrix @ (A; 6) is positive
semi-definite for any A € £, and w(R; 0) is a positive definite matrix, 6 € ®.

Definition 3. The measure p(dA; 6), 6 € O, is called the spectral measure of the
regression function g(¢, 6), or, more precisely, the spectral measure of the gradient
Vg(t,0), 0 € O, see Grenander [6], Holevo [9], Ibragimov and Rozanov [10], and
Ivanov and Leonenko [14].
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Taking into account (16), (17) and condition R4 we get

q

T
ur(R; 0) = / ur(dh:0) = | dif 0)dir' ) / gt 0z 0dt | =
0

R ji=1

=JT(9)—>J(9)=/,u(dA;9)>O, asT — oo, 0 € O.
R

AN. The random vector dr (00)(5} — 90) is asymptotically, as T — o0, normal
with zero mean and covariance matrix

—1

1
Sisk = 21 / J(dn: 0°) / FOOu(dr; 6% / (s 60°)
R

R R

Sufficient conditions of the assumption AN fulfillment are bulky. These condi-
tions are given in [14] and, for example, in Ivanov et al. [18]. At least, conditions R2
and R4 form the part of these conditions in [18].

Consider the diagonal elements (measures) wil Jj =1, g, of the matrix spectral
measure jL.

Definition 4 (Billingsley [2], Ibragimov and Rozanov [10]). A function b()), A € R,
is called w//-admissible, if it is integrable with respect to u// and

/b()\)u;f(d)\; 0) —> /b(k)ujf(dx; 0),as T — 00, 0 € O. (18)
R R

RN. For some § € (0, 1] the function b(1) = |A|'"T0f(A), A € R, is uli-
admissible, j = 1, q.

Consider some sufficient conditions on j//-admissibility of the function b from
assumption RN under condition N1(ii).

N3. sup A" F (1) < oo
LeR

Under condition N3 the relation (18) follows from N1(ii) and definition of weak con-
vergence. Denote

T
(0/00)gj(1.0) = g(t.0), §h(r.0) = / e (1, 0)dt (19)
0
and introduce the next condition

RNI1. (i) The functions g;(¢,60), 6 € O, are continuously differentiable with
respect to t > —y, and there exists Ao = Ag(6) > 0 such that for T > T(0)

sup dj—Tz(e)|gT'()\,9)|2 <hj®) <oo, j=1,q,0¢€0. (20)
[Al>20



Asymptotic normality of the residual correlogram 101

(ii) There exists A; > O such that for A > A; the function A119 f () strictly

increases, and

A" F (L) —> o0, as A — oco.

(i) / I £ O (2 0) < 00, j=T.q, 6 € O.
R

Lemma 3. Conditions N1(ii), RN1, R2(i) fulfilled for r = 0, and R4 imply the con-
ditions RN.

Proof. For M > 0 consider the cut-off function
bM(A) =bM)x{L:bA) < M}y+Mx{):b()) > M},

[ st @0~ [ boouiianio) <

R R

< | [ oo @)~ [ MGt @io|+
R R

+| [ oMot @io - [0 Gt +
R R

+ /bM(k)u”(dA; 9)—/b(k)ujf(dk;9) =
R R
= K1;(T, M)+ K»;(T, M) + K3;(M), j=1,q.

By Lebesgue monotonic convergence theorem from RN1(iii) we get
K3j(M) —> 0, as M — o0. Q21
Under conditions N1(ii) and R4 for any fixed M > 0
K2j(T,M) — 0, as T — oo. (22)
On the other hand,
Kyj(T. M) = 2m)™! / () = M)A ;7 O)|g7On, ) d2 <
{r:b(R)>M}

o0 [ b0aFO .0k
(:b()> M)

Integrating by parts we obtain (see (15) and RN1(i))

g3 (A, 0)] = A"

g (T,0) —g;(0,0) — g4 (1, 0)| <
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<72 sup g, 0+ 185, )] .
t€[0,T]

Thus under condition R2(i) with r = 0
) j 2 _ o2 2 2.7 |5 2
a0 g0, 0| =272 (44770 up g1 0) +24;%@) 7.0

Kij(T, M) < 2k5 0y ' 77! / A7 F (0 dA+

(A:bO)>M)

; 2
st [ e el =
(M:bO)>M)

1 2
- Kl(j)(T, M) + Kl(j)(T, M).
(1)
1j
the spectral moment [p [A| 71+ f(A)dA < oo, thenfor T > Tj we have KS.)(T, M) <
g/4. '

Put max;c[o,,16(1) = b()_q) for some A > A, where A is the number from_the
condition RN1(ii). Let also A > 0is such a number that b(A) > M = b(A) > b(A}).
In this case {A : b(A) > M} = {A : |A| > A}, and if A > Ag, then for T > T from
the condition RN1(i) we get

Let ¢ > 0 be an arbitrary fixed number. Since integral in K; (T, M) is majorized by

KT My =n~" / AT FONF0)185 (0, 0)PdA <

(AIA]>A)

<7 'h;6) / A (.
{(L:A]>A}
Now by the choice of A, that is by the choice of cut-off level M = b(A), we
get the inequality K 1(§)(Tv M) < ¢/4. Increasing A if necessary, from (21) we ob-

tain K3;(T, M) < e/4. As well increasing Tp if necessary, we receive from (22)
Kri(T, M) < ¢/4. O

4 Asymptotic normality of the residual correlogram

In this section, we formulate and prove the CLT for the normalized residual correl-
ogram {X7(z), z € [0, H]} in the Banach space of continuous functions C ([0, H])
with uniform norm.

Theorem 2. If the conditions N1, N2, R1I-R4, AN, and RN are satisfied, then

Xr()=T"2(Br (- 0r) = B()) => ¥, as T — oc. (23)

In view of the Theorem 1 and Lemma 1 of Section 2, to obtain (23) it is suffi-
cient to prove (11). So, taking into account the expressions (5)—(8), the proof of the
Theorem 2 consists of 3 lemmas.
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Lemma 4. If conditions R1, R2(i) for r = 0, and AN are fulfilled, then

T2 Ll 50, as T — oo.

Proof. Obviously, by conditions R1, Lemma 2

2| < 77202 @, 09012, Br, 60 <

< ko ( max di r-1(6°)d; 10°) ) |77 2ar @)@ —6%)| - |ar©)@r - 6%

|

and 7~1/2 [ 17|l i) 0, as T — o0, due to the condition AN. U
We will use the notation o7 = di7(0°) @i — 0%),i=1,q.
Lemma 5. Under conditions N1, R2(ii), R2(iii), R4, RN, and AN
T2 Ly || 5 0, as T — oo.

Proof. Apply the Taylor formula to the integral 7~'/%I>7 and write

7121 = ZdJT(HO)/s(t +2)g, (. Oo)dt( —1/24; T) +

j=1
T
LS 1,00 1,00 X —1/2
+3 2 7 0)d ;7 6°) /s(t—i—z)g,'j(t,@T)dt it (T a,-T) -
i,j=1 o
(24)

- Zl,T(Z) + %ZZ’T(Z)» 017 =0 +n (gr - 90) , n€(0,1) as.

Consider sample continuous Gaussian stochastic processes

T

Eir(2) = dj_Tl(é‘O)/s(t +2)g;(t,6%dr, z€[0,H], T>0, j=1,q.
0

Subject R4, as T — oo,

Bjr(z1 —z2) = E§jr(z1)§j1(22) =
= dj_Tz(eO) / /B(t —s+z1—2)g;(t,0%g,(s,0%)drds =

=2 / @122 £ Gl (@, 6°) — 27 f cosA(z1 — z2) f (Ml (dr, 6°) =

R

R
=Bj(z1 —22), 71,22 € [0, H]. (25)

Thus all finite-dimensional distributions of the stationary Gaussian processes
{5 ir(@), z€ [0, H ]} converge to the corresponding finite-dimensional distributions
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of the stationary Gaussian processes &; = {f;‘ i), z€ [0, H ]} with covariance func-
tions Bj(z),z € [0, H], j = ﬁ We assume, that the processes §;, j = 1, q, are
separable.

Since by condition RN for some § € (0, 1]

k;(5,60°) =/|X|1+‘sf(k)u”()\’90) <00 j=Lg,
R
then
E(8:(1) — &))" = 2(B;(0) = Bj(a1 —22) <
<2207k (8,0%z1 — 22", 21,22 €10, HI.

According to the Kolmogorov theorem (see, for example, Gikhman and Sko-
rokhod [5]) the processes &; are sample continuous. Moreover, under condition RN
forT > Ty

E(&7(z1) —&7(z2)" =2 (Bj7(0) — Bjr(z1 — 22)) <
=227 (k6,60 + 1) 121 — 22/,

So, &;r 2) &, a8T > 00 j = m, in the space C([0, H]) and (see again [5])
for all continuous on C([0, H]) functionals £ the distribution of £(§;7) converges, as
T — oo, to the distribution of £(§;). Using the same notation for weak convergence

of random variables, in particular, we obtain |[&;7 || N II&;

(24))

|, j =1,q,and (see

q
-, =2 lerl (r*l/%am) L0, asT - 0.
j=1

Letsi = T~' [ £2(1)d1. Then
2T
/|e(t)|dt < T\ +sip). (26)
0

Note that [|d7(6) (6 — 09| < [|d7(@°)(@r — 6°)||, and if the events
Arer) = {dr@")@r - 6% < r}. A7 = s =1+ BO)
occur, then

’

sup |gij(t,07)] < sup |hij(t, u)
1€[0,T] 1€[0,T],ueVe(r)NUr(6°)

and by the conditions R2(ii), R2(iii) for the norm of any term ZIZJ 7 of the sum ZZ,T
we get the upper bound

>
2,T

< (1" )57 )iy 169 ) (1 + s37) %
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x (1172d;1 00 sup [hij )| e |(T~ ey | <
1€[0,T1,ueVe(r)NUT (6°)
< 2k (R (r) @ + BOHT V2, @7)

Under condition AN for any § > 0 it is possible to find » > 0 such that for T > Ty ()
P {AT(r)} <. 28)

On the other hand, by Isserlis’ theorem (see, for example, [14])
2T 2T

P {A_*}} < E (s} — B0) = 2(2T)—2//32(t — $)dids <
0 0

1/2
< |BIBTY, IBl2 = /Bz(r)dr < 0. (29)
R

From the inequalities (27)—(29) it follows

P
”E H—)O,asT—>oo.
2,T

Lemma 6. Under conditions NI, R2—R4, RN, and AN
T2 L) 250, T — .
Proof. We write
q T
T'2hr) =) d (90)/8(t)gj(t +z,0%)dt (T—1/2ajr) +
Jj=1 0
T
1 —1,40\ j—1,40 * —-1/2
5 20 a7 @60 | [ w2 opdn |ar (17Payr) =

i,j=1 0
=2, @), @

where the random vector 67 is of the form (24).
Consider sample continuous Gaussian processes

T
UjT(Z):dj_Tl(QO)/S(t)gj(l+Z,90)dl, cel0.Hl T>0, j=Tg.
0
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For z1, zo € [0, H] we have

T T
Enjr(z1)njr(z2) =d;T2(90)//B(t — )8t +21,0%g; (s + 22,0 dtds =
0 0

T+z) T+z2
=d;70°) / f Bt — s+ 22— 21)g;(t,6%)g,(s,6%)drds,  (30)
21 22

and the double integral in (30) can be symbolically written as

T+z) T+z2 T T+zy 71 T T+z 22
Z1 22 0 T 0 0 T 0

Bound the integral

T T+z T+ T 1/2
d;Tz(eo)/ / = / /BZ(I—S+12—Z1)dtds X
0O T T O
T+zo 1/2
x [ d77 @ / g3(s.0%ds | <
T

B 1/2
< H'21B| (dsz(eo) (d]?’”H(eO) - d}.T(eo))) —5 0, as T — o0,
due to Lemma 2. Similarly d;TZ(QO) fOTJrZ' fOT —> 0,a8 T — oo. Also it is easy to
see that
T 22 2]

T
dfrz(e‘))// < H'211Bll2 dj (0" (60) — 0, df‘_Tz// -
, 0 0

T+z1 T+z T+H
d;7 (") / / < HB(0)d;7 (6" / (1, 0%d1 —> 0,
T T T
z1 T+z T+H 1/2
) / / < HB(O)d;r (0°)d;7 (0%) | d;7(0°) / g3s.0%ds | — 0,
0 T T
T+z1 22 7] 22

dj_Tz(GO) / /—>0, dj.—ﬁ(eo)//—w, as T — 00.
0o 0 0 0

Thus for any z1,z2 € [0, H]land j = 1, q.

EnjrGznjr(z2) =Bjr(z1 —z2) +0j7(1), 0jr(1) — 0, as T — oo,



Asymptotic normality of the residual correlogram 107

and all finite-dimensional distributions of the Gaussian processes {17 (z), z € [0, H]},
Jj =1, q, converge, as T — 00, to the corresponding finite-dimensional distributions

of the stationary Gaussian processes §;, j = W, with covariance functions (25).
Besides, under conditions N1(ii) and R3

T
Bl (e = 1)’ = di26% [ [ 80 =g +21.6% - g0 +22.6%)x
0
X (8j(s +21,0% — g;(s +Z2,9°)) dtds <
T T ,
deﬁ(eo)//lB(t—s)l(gj(t+zl,9°)—g,-(t+z2,90)) dtds <
00

< 1BIhd;70M)¥ 7 (21, 22:6%) < Kjl1Blli1z1 — 22,

21,22 € [0, H], j = 1,4, IBlli = [ |B(1)|dt < oo.

We have proved that ||n;7 | 2) Ngill, j = 1, ¢, and from the condition AN it
follows

P
Z3T||—>O, as T — oo.

Note further that similarly to (26) fOT le(t)|dt < %(1 + s7), and if the events

Ar(r), By = {s§ <1+ B(0)} occur, then the norm of any term Zi{ 7 of the sum
24] can be dominated in the following way (compare with (27)):

DR

(T + )2 00d; 7,y 00)dij 0O >)

x (d;T )i r-10")) (47 €)dj 46 ) x

><(T+H)1/2dl;T+H(90) sup |hij (e, w)| x
te[0,T+H1,ueVe@r)NUr (8°)

XT(T + H)~ (1 + 5P lour | (T72 o) =
1
< S+ BT (kT ()@ + BONT 31
forany 8 > 0 and T > Tj. In addition (compare with (29)),

p{B7) <21B377", (32)

and from (28), (31), and (32) we obtain

P
||Z | — 0, as T — oo.
4,T

Theorem 2 is proved as well.
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Remark 2. In the proofs of the sections 3 and 4 the condition R2(i) has been used
just for » = 0. However this condition is used for any r > 0 in the proof of LSE 67
asymptotic normality: see explanation in the example below.

5 Trigonometric regression function

In this section, we consider the example of trigonometric regression function

N

g(t,0% = Z (Ag cos @t + B sin w,?t) , (33)
k=1

where

0 0 40 40 0 0 0 0 p0 0 0 p0 0
0" = ’92’93’""93N72’93N71’93N):(AI’BI’(pl""’AN’BN’¢N)’
(34)

2 2 2 — _
(G = (A0 +(BY) > 0.k=TN.¢" = (¢},....9}) € 2(¢, D),
Py, p) = {¢=(¢1,...,¢N)€RN: O<g<@r<---<on <¢<+00}~
To apply the results obtained in the paper to the function (33), we have to change
a bit the Definition 1 of the LSE. We will use the following modification of LSE

proposed by Walker [24], see also Ivanov [12, 13]. Consider non-decreasing system
of open convex sets St C <I>(£ ,9), T > Ty > 0, given by the condition that the true

value of unknown parameter (pO € S, limyr_ o ST = CD(g, @), and

lim inf T(px —¢j) =400, lim inf T = +o0. (35)

T—00 1<j<k<N,peST T—o0 peST

Definition 5. The LSE in the Walker sense of unknown parameter (34) in the model
(1) with regression function (33) is said to be any random vector

or = (XIT, Bir, @17, ..., AnT, BT, PNT) € 0% (36)

having the property
Q7(0r) = min Q7 (1),
€0

where Q7 (7) is defined in (2) and ®7 C R3N issuchthat Ay €e R, By e R,k =1, N,
and ¢ € St.

The relations (35) allows to distinguish the parameters ¢, k = 1, N, and prove
the consistency of the LSE 67 in the Walker sense, see [24, 12, 13], and [18].

Corollary 2. Suppose the assumption (35) is satisfied for the LSE in the Walker
sense of the parameters (33). Then under conditions N1 and N2 the relation (23) of
Theorem 2 holds true.
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Proof. Due to the smoothness of function (33) with respect to the totality of vari-
ables, there is no need to introduce conditions for the differentiability of the function
g by the variables 6 in the set ®,, and by the variable ¢ in the set (—y, +00), as it was
done in the main part of the paper for technical necessity.

To check the fulfillment of the condition R1 for regression function (33) we get

‘Ak cos it + By sin gt — Ag cos <p,?t - B,? sin (p,?t‘ <

< ‘Ak—Ag‘ n ‘Bk—B,?) + (\Ag\ " )B,?Dt‘wk — o k=T.N,

and therefore

0 o < _0\? 0\
@T(e,e)gst;) T(Ak Ak> +T(Bk Bk) n

1 2 2
3 (Jat] 2] (ox = ot)’). @)
Note that fork =1, N
_ _ 1 _ 1 o2
T3, 70%), T 'dy_; (0% — > T Sy 7 (0%) — EC,? ,as T — oo.
(38)
Thus for any ¢ > O and T > Ty = Tp(e) from (38) it follows

TdyZpr0) <2+e Ty, 107 <246, Tdylr(0°) < 6(C) " +e.

(39)
Increasing Ty, if necessary, we obtained from (37) and (39)
N 2
®7(0,60°) <3N ) ((2 + &)y 7(0°) (Ak — A2) +
1
2
+Q+ )y 0 (B - BY) +
2 (|4 + |BY])? 2
+ (LOJ") +e|dy (0% (wk - gag) . (40)
Ck

So, as it follows from (40), for any 0 € ® and ¢ > O there exists Ty > 0 such
that for T > Tj the inequality (13) of the condition R1 is satisfied with constant
ko > 12N +¢.

In the conditions R2(i) and R2(ii), instead of sets Uy (90), one should take sets
Ur (0% = dr6°) (85 — 6°), and verification of conditions R2 for function (33) is
routine.

Check condition R3 (see (12), (14)). Obviously, fork = 1, N

Sy (1,0) = —grsingyt, g5, (1,6) = @ cos git, @
ggk(t, 0) = — Ay sin gt — Agty sin gxt + By cos gt — Byt g sin @it.
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Let z1 < zo, then
g3k (r + 21, 0) — g3kt + 22, )| = |g3 (%, 0)| 121 — 22,

where t* =t +z; +v(zo —z1) <t + H, v € (0, 1) is some number.
Using formula (41), we obtain

2 2
* 90)‘ < 2A22 ’sin <p,?t* + @r* sin Q¥ +
+2B)” |cos gr* — " sin gfr* PoaclpH ). @)

From (39) and (42) it follows for any £>0,00ec®and T > Ty the inequalities (14)
are correct with constants k; > 4<p +e¢,if i =3k, k =1, N. Similarly we obtain the
inequalities (14) with constants ki > 2¢) +e,ifi=3k—-2,3k—1,k=1,N

Passing to condition R4, we note that the spectral measures of the trigonometric
regression were studied by Whittle [25], Walker [24], Hannan [7], Ivanov [12], Ivanov
et al. [18]. For regression function (33) spectral measure p(dA; 09), 6% € O, is a
block-diagonal matrix diag (Mk (90), k=1, N), where

. S ioe Py
M) = | —ipk S Vi |- 43)
ﬁk Yk Sk
V3 V3
Pr = O(B/95k+lAkPk) Ve = ——s (— AR +iBLpi).
2¢? 2¢?

with 8y = &;x(dA), and the signed measure p; = pr(dA) being located at the points

_ 1 1 _
:I:(p,?, k = 1, N. Moreover, ({:I:(p,?}) = o or {Fer}) = iz, k =1, N. On the
other hand,

o0

ur(R; 0°) = / p(dr; 6°) = J(0°) = diag (Jk<9°>, k=1,_N), (44)
1 0 B BO(c)~!
i (6°) = 0 i — A0
BRICHT —LACH)! 1

1
Since det J; = 7 the matrix (44) is positive definite. Practically the components

of the matrix-valued measure u(dX; 0) = ( J l(dk 0))
are determined from relations

ji=1d = 3N in our example,

Rji(h,6) = Tli_)moodeTl ©%d;; (6% / it +h,0)g(t, 0)dt =
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= /ei*huﬂ(dx;e), heR,
R

where it is supposed that the matrix function ( j1(h; 9)) | is continuous at h = 0.
As to the condition AN fulfillment for tr1g0n0metr1c regressmn function (33) in
the paper Ivanov et al. [18], it is shown using relations (38) that normalized LSE in
the Walker sense
(T'2 (A — A7), TV2 (Bir — BY)), T°7 (@ir —4f)., .,
V2 Ry = A4). T2 (Bar = B2). 72 (Ber = o})

is asymptotically, as T — oo, normal N (0, Y7 z;5), Where Y7z, is a block-
diagonal matrix with blocks

4nfed) (AD? +4(B))? —3A9B? —6B)
— —3AYB? (AY)? +4(B0)2 6A7 k=1, N.
) —6B! 649 (A%) + 4(BY)?

To obtain such a result, it was first proved in [18] that the normalized estimator
(36) is weakly consistent, that is, for any » > 0

p [”T’l/sz(Go)(@\T — 90)” > r] — 0, as T — oo0.

Then, under a complex set of conditions for general regression function asymptotic
normality of the LSE of its parameters was proved. And finally, it was verified that
the trigonometric regression function satisfies the specified set of conditions. It is
important to note that the proofs of the asymptotic normality of the LSE complying
with Definition 1 and Definition 5 are the same.

It remains to check the last condition RN associated with the regression function
(33). As mentioned above under assumptions N1 and N3 the condition RN follows
from N1, R4. If the function (1), A € R, is not bounded, then we verify the conver-
gence (18) using Lemma 3.

First of all for 8 € © in view of (43)

/ A £t (a2 69) = ()1 £ (o) < 00, i =0,1,2, k=T, N,
R

and RN1(iii) is true. Suppose that the condition RN(ii) is also satisfied. It can, for
example, happen when outside of some neighborhood of zero the spectral density
C
A (1 + 2]
Using formulas (41) and the fact that it can be taken, for example, [A| > ¢ + 1 =
Ao in calculating the integrals (19), there are no non-integrable singularities of the

f), A € R, will behave as a function

form ?, k = 1, N. Moreover, in the considered example a sharpened version of
Pr
inequalities (20) of the condition RN(i) holds:

. 2 _
sup d]T(QO)‘%(A,GO)‘ <hj@)T', j=T.3N, 0" c ©.
[A]>%0o
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