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Abstract Explicit solutions for a class of linear backward stochastic differential equations
(BSDE) driven by Gaussian Volterra processes are given. These processes include the mul-
tifractional Brownian motion and the multifractional Ornstein-Uhlenbeck process. By an Ito
formula, proven in the context of Malliavin calculus, the BSDE is associated to a linear sec-
ond order partial differential equation with terminal condition whose solution is given by a
Feynman-Kac type formula.
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1 Introduction

A backward stochastic differential equation (BSDE) with a generator f : [0, T] xR x
R" — R, a terminal value £7 and driven by a stochastic process X = (X L ¢ m
is given by the equation

T T
Y, =ér _/ f(s, Y5, Zs)ds +/ ZidX,, 0<t <T. ()
t t
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A solution is a pair of square integrable processes ¥ and Z = (Z!,..., Z")
that are adapted to the filtration generated by X. Such equations appear especially
in the context of asset pricing and hedging theory in finance and in the context of
stochastic control problems. BSDEs may be considered as an alternative to the more
familiar partial differential equations (PDE) since the solutions of BSDEs are closely
related to classical or viscosity solutions of associated PDEs (see e.g. [17]). As a
consequence, BSDEs may be used for the numerical solution of nonlinear PDEs.

BSDEs driven by Brownian motion have been studied extensively after the first
general existence and uniqueness result proved by E. Pardoux and S.G. Peng [16].
For a synthesis of this research work we may refer to the recent textbooks [8, 9,
17, 18, 20, 24]. More recently BSDEs driven by fractional Brownian motions have
been investigated (see, e.g., [4, 11-14, 3, 22, 23]). Since fractional Brownian mo-
tions (with Hurst index H € (0, 1/2) U (1/2, 1)) are neither martingales nor Markov
processes, new methods have been developed to show the wellposedness of BSDEs
in certain function spaces. In particular the integral ftT Z¢d X has been defined in
different ways, e.g. pathwise in the context of fractional analysis or as a divergence
integral, and the notion of quasi-conditional expectation has been introduced. In fact,
the classical notion of conditional expectation does not seem to be convenient for a
proof of the existence and uniqueness of solutions to BSDEs whose driving process
is not a martingale. Very few articles are concerned with BSDEs for more general
Gaussian processes ([5, 6]) or in the context of the theory of rough paths [10]. In
[5] the stochastic integral ftT Zy:d X is understood in the Wick-Itd sense, and the
existence and uniqueness of the solution of (1) is proved for a class of Gaussian
processes which includes fractional Brownian motion. The proof is based on a trans-
fer theorem that aims to reduce the question of wellposedness to BSDEs driven by
Brownian motion. In [6] it is shown that the wellposedness of linear BSDEs with
general square integrable terminal condition £ holds true if and only if X is a martin-
gale.

This paper is concerned with linear BSDEs driven by Gaussian Volterra processes
X . This class of processes contains multifractional Brownian motions and multifrac-
tional Ornstein-Uhlenbeck processes. Contrary to fractional Brownian motion where
the Hurst parameter H is constant, it becomes for multifractional Brownian motion
a function 4 which is assumed here to be differentiable and with values in (1/2, 1).
The aim is to obtain the solution of the linear BSDE with the associated linear PDE
whose solution is given explicitely. This generalizes a result in [4] obtained for frac-
tional Brownian motion. We define the stochastic integral ftT Zsd X as a divergence
integral, and extend an It6 formula in [2] to the multidimensional case. The Itd for-
mula is then applied to the solution of the associated PDE in order to get a solution of
the BSDE. Special attention is given to the fact that the variance of Volterra processes
is not necessarily an increasing function of time, but in general only of bounded vari-
ation. The explicit solution of the associated PDE contains this variance and is given
by a Feynman-Kac type formula on time intervals where it is increasing. The appli-
cation of this formula to the BSDE:s is therefore restricted to time intervals where this
variance is increasing.

In this section we define the class of Volterra processes X we have in mind and
the linear BSDEs and the associated PDE. Section 2 is concerned with complements
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on the Skorohod integral with respect to Volterra processes. The 1t6 formula is proved
in Section 3 and applied in Section 4 to the linear BSDE.

1.1 Gaussian Volterra processes

Let X = {X;,0 <t < T} be a zero mean continuous Gaussian process given by

T
X, = / K(t, 5)dW, ?)
0

where W = {W,,0 < r < T} is a standard Brownian motion and K : [0, T]> — R
is a square integrable kernel, i.e. f[o‘T]z K, s)zdtds < +00. We assume that K is
of Volterra type, i.e, K (t,s) = 0 whenever t < 5. Usually, the representation (2) is
called a Volterra representation of X. Gaussian Volterra processes and their stochastic
analysis have been studied e.g. in [2, 21] and [19]. In [2] K is called regular if it
satisfies

(H) Forall s € (0,T1, f| | K | ((s,T],5)%ds < oo, where | K | ((s,T1,s)
denotes the total variation of K (., s) on (s, T'].

We assume the following condition on K (¢, s) which is more restrictive than (H)
([2, 21]):

(HI) K(t, s) is continuous for all 0 < s < t < T and continuously differentiable
in the variable t in0 < s <t < T,

(H2) For some 0 < «, B < %, there is a finite constant ¢ > 0 such that

)E;—If(z,s)‘ <ol — s)“—l(g)ﬁ, forall0 <s <7 <T.

The covariance function of X is given by
min(t,s)
R(t,s) .= EX; X, =/ K, u)K(s,u)du. 3)
0

We discuss shortly some examples of Gaussian Volterra processes that satisfy (H1)
and (H2).
h

Example 1. The multi-fractional Brownian motion (mBm) (B, ® ,0 <t <T)with
Hurst function 2 : [0, T] — [a, b] C (%, 1). Its kernel is given by [7]

t
K(t,s) = s1/2—h(t)/ (y _ S)h(t)_3/2yh(t)_1/2dy, (4)
s

where £ is assumed to be continously differentiable with bounded derivative. We get

0K !
B9 = W5t [y 030 k(2= 1))y
N

4 s%—h(z)(t _ S)h(t)—%th(z)—%_

A straightforward calculation shows that (H2) is satisfied with « = a — %, B =

b+e— % with € small enough and ¢ depends on a, b, T and €. The mBm generalizes
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fractional Brownian motion (fBm) with Hurst index H > 1/2. MBm is a more flexi-
ble model than fBm since the Holder continuity of its trajectories varies with i. The
trajectories of mBm B are in fact locally Holder continous of order A(¢) at ¢ ([7],
Proposition 6).

Example 2. The multi-fractional Ornstein-Uhlenbeck process U = {U;, 0 <t < T}
given by U, = f(; e‘g(’_s)dBf(s), where 6 > 0 is a parameter and B” is the mbm of
Example 1. The kernel of U is given by

t aK 13
K@, r)= f e_e(’_s)a—(s, rds =K(,r) — 9/ e_e(t_s)K(s, r)ds.
- s

r

In fact we have

t
/ K(t, rydw,
0

t t t
/ K(t,r)dW, —9/ (/ e9<”>1<(s,r)ds) dw,
0 0 r

t
B' _g /0 e~ Bh) g,

An integration by parts gives the representation of U. We notice that in the frame-
work of the divergence integral (Section 2) the integral with respect to mbm can be
reduced to an integral with respect to Brownian motion. (H2) is satisfied with the
same values of « and 8 as in Example 1.

Example 3. The Liouville multi-fractional Brownian motion (B,L ’h(t), IS [0, TD

with Hurst function 2 as in Example 1. Its kernel is given by K(t,r) =
(t— r)h(’ =3 L0,r1(r). We refer to [21] for the Liouville fractional Brownian motion.

1.2 Linear backward stochastic differential equations

Let W = (Wl, ..., W") a standard Brownian motion in R", defined on the probabil-
ity space (2, F, P),and let F = {F; C F,t € [0, T]} be the filtration generated by
W and augmented by the P-null sets. We consider the R"-valued Volterra processes
X = (X',..., X") given by

. t . .
X{:/ K/(t,)dW{, j=1,....,n, 3)
0

where K/ : [0, T]*> — R satisfies the conditions (H1) and (H2). Leto/, j =1,...,n
be bounded functions on [0, T'], and let b/ € C'((0,T),R) N C([0, T],R), j =
1, ..., n. The process N := (Nl, ..., N') is defined by

) . ro ,
Nf:b-,’+/as-’(sxsf,ze[O,T],j:l,...,n, (6)
0

where the integral ftT Z6 X, is defined as a divergence integral and will be studied in
Sections 2 and 3. Let #p > 0 be fixed, and denote by L2 (I, R™) the set of F-adapted
R”-valued processes Z such that E( ftoT | Z; |2 dt) < oo. We consider the linear
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BDSE for the processes Y = (Y;, ¢ € [to, T]) € L>(F,R) and Z = ((Z/,..., Z"),
t € [to, T]) € L2(F, R") given by

T T
Y, =g(Nt) — / Lf () + A1 (9)Ys — Aa(s)Z;]ds +/ Zs8Xs, t €10, T], (7)
t t

where the real-valued functions g, f, A| and the R”-valued function A; are supposed
to be known. Equation (7) is associated to the following second order linear PDE with
terminal condition

LA B o RN o ad ey — Lpi 10
S0 = =3 ; TVar(y; )asz. (. x) + Z[o, Y0 — b, ] )
+ A (Du(t, x) + (1), 3

u(T,x) =gx), (t,x) €[, T) x R".

j=1

By means of the It6 formula of Section 3 we show that
Y; :=u(t, Ny) and Z; := —o; B—(I,Nt), j=1,...,n ©)]
Xj

is a solution of (7). Equation (8) is solved explicitely in Section 4.

2 On the divergence integral for Gaussian Volterra processes

The kernel K in (2) defines a linear operator in L2([0, T]) given by (Ko); =
fot K(t,s)osds, o € L2([0, T]). Let € be the set of step functions on [0, 7], and
let K7 : & — L*([0, T1) be defined by

. L) ¢
(K7o)y == oy — (s, u)ds.
u as

The operator K7 is the adjoint of K ([2], Lemma 1).

Remarks. a) Fors > ¢, we have (K70 1j0,))s = 0, and we will denote (K70 1{g,;1)s
by (K/o)s where K/ is the adjoint of the operator K in the interval [0, ¢].

b)If K(u,u) =0 forallu € [0, T], (K}‘il[(),r])u = K(r,u) for u < r. Indeed, if
u < r, we have

. T K " IK
(K710,/Du = 1[0,r](s)¥(s’ u)ds = g(& u)ds.

u u

Therefore

min(t,s)
R(.5) = B[ X,X,] = / (K3 100.0)u (K3 110,61 ud
0
= <K7110.11, K7 110.51> 120,77)-

For 0,5 € & this equality may be extended to X (o) := f(;(Kt*o*)des by

E[X(G)X(G)] = <K70, K35>12(0.1))-
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Let H be the closure of the linear span of the indicator functions 1jo ;}, ¢ € [0, T']
with respect to the scalar product

<l Los1># = <K7 110,01, K7 110,51> 12({0,7)-

The operator K ; is an isometry between H and a closed subspace of LZ([O, T]), and
| - |4 is a semi-norm on . Furthermore, for ¢, Y € H,

T T min(r,s) oK
<K;¢,K;¢>Lz([0ﬂ)=/0 /0 (fo S t) (s t)dt)(p,wgdsdr

For further use let

min(r,s) oK
o@r,s) = / —( t) (s Ndt, r #s,
0

- min(r,s)
¢(r,s) = /
0
Note that ¢ (r, s) = 3:;5 (r,s) (r # s) (¢ may be infinite on the diagonal r = s).
Let | H | be the closure of the linear span of indicator functions with respect to the

semi-norm given by

T T
K% |||2H| =/ (/ | or | ‘ (r, t)‘dr) dt
0 t
T ~
=2/ d’”/ dsp(r,s) | or |l @5 | .
0 0

We briefly recall some basic elements of the stochastic calculus of variations with
respect to X. We refer to [15] for a more complete presentation. Let S be the set of
random variables of the form F = f(X(¢1), ..., X(gn)), wheren > 1, f € C)°(R")
(f and its derivatives are bounded) and ¢y, ..., ¢, € H. The derivative of F

z)H (s, t)(dr r s

=9
p*Fi= 3 L xon..... Xy,

0x;
j=1""

is an H-valued random variable, and D¥ is a closable operator from LP(Q) to
LP(Q2; H) for all p > 1. We denote by ]Df » the closure of S with respect to the
semi-norm

IFIT, =EIFI” +EID¥Fl3,. (10)

We denote by Dom (8%) the subset of L>(2, ) composed of those elements u for
which there exists a positive constant ¢ such that

[E[<DXF,u>y]| < eVELF], forall F e DY, (an

For u € L*(2; H) in Dom(8%), 8% (u) is the element in L>($2) defined by the duality
relationship

]E[Fax(u)] - E[<D_XF, u.>H], F e Df,. (12)
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We also use the notation fOT u:8X; for 8% (u). A class of processes that belong
to the domain of 8% is given as follows: let S* be the class of H-valued random
variables u = Z;'.:l Fihj(Fj € S,hj e M).

In the same way ]D)f p(l ‘H |) is defined as the completion of S " under the semi-
norm

)4 X p
Ha Iy, =Bl 1y +E I DX u 1y g2

where
| DXu |||2H|®|H‘=/ | DXu, || DXug | ¢(s, s")P(t, t)dsdrds'dr’.  (13)
(0,774

The space DX 2(| H | is included in the domain of 8%, and we have, for u €
DY, (| #H D),

X 2 2 X 2
E(8¥00?) <E Il u iy +E | D¥u Iy -
For F € S, let
T
DXF :=/ ¢(s, 1) DX Fdt, s € [0, T]. (14)
0

Then (14) implies
/[ - DXu, DX vsdsdt = /[ - DXu, DX vy (s, s)p(t, t"dsdrds'dt’.  (15)

Proposition 1. Let f, g € DY, (| H |). Then the integrals 8% (f) and 8 (g) exist in
L%(Q) and

T T
E[Sx(f)SX(g)] — E<f g>y +/ ds/ drE[Dﬁ‘fsmfgt]. (16)
0 0

Remark. With the choice f = g Proposition 1 implies ]D){(z(l H|) C dom(8%). In
fact, for f € Df2(| H D),

I £ll2¢ < 11 fllpy and /[0 o DD fidsdi I DS Wyopny -

Since (16) is a standard property of the divergence integral (adapted to the actual
framework), we omit here its proof.

3 1to formula

Let F € C"2([0, T] x R") and suppose that

max (‘

82

(t x)‘ j=1, ) < ce P’
8x/

a7
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for all + € [0, T] and x € R”", where c, A are positive constants such that A <
% min; (supte[o’n Var(N;))’l. This implies

2
E) F(, Nt)‘
< ZEexpi | N, )

1 (x; — b2
(2n)”/2H(Var(Nf))W/exp( T2 Var(N/)) Y

(271)"/2 1_[1

(Var(zvf))l/2
1 —4rVarN] b] b))
x/exp f( ar )—i— ! -Xj — ®:) - | dx;
‘ 2VarN] VarN/ 2VarN/

1—[ ZﬂVarN,j ‘
(271)"/2 1(Var(Nj))1/2 1 —4rVarN]

(b)) (b))?
x exp J i j
2VarN;/ (1 —4rxVarN;) 2VarN;
2 " 1 ( 2A(b)?
ex

(n—1)/2 H
en 1y/1—4rVarN/

and the same inequalities holds for (t x), x; (t x) and a 2 t,x),j=1,.

- | < o0, (18)
1 —4rVarN/

Theorem 1. Let N be given by (6), and suppose that, for j = 1, ..., n, the kemels
K/ of X1 satisfy (HI) and (H2), b/ € C'((0, T),R)NC([0, T, R), ando ={o/,te
[0,T], j =1,...,n}is bounded. If F € C'2([0, T]x R") satisfies (17), & ( N) €

DXS( H/D), j =1,....n and, forall 1 € [0, T,
ToF d syl
F(t, N,) = F(0,0) + —(s N)ds~|—Z (s N;)<%bsds+os (SXS)

2p
+%Z/ ‘z 2(s No) - Var(Nj)ds (19)
j=1
Remarks. a) The growth assumption (17) on F may be unexpected for the proof an
1t6 formula. In fact, in [1] an Itd formula is shown for fractional Brownian motion for
any F e C!? by means of a method of localization. The reason for hypothesis (17) is
that it implies the finiteness of the second moment of F'(¢, N;), shown in (18). When
applied to the solution u of the PDE (8), it implies, together with Theorem 2, the
finiteness of the second moment of the solution (Y, Z) of the BSDE, and this seems
to be an important ingredient for the proof of the uniqueness of the solution ([11, 14]
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for BSDE with fBm). Moreover, Lemma 1 shows that (17) is also reasonable from
the point of view of the PDE (8).
b) A more general model for N than in Section 1.2 is

n oo .
N;=b;+2/ 5y/8x], i=1,...,n, (20)
j=170
where ¢ = (E,i o i j = 1, ,n) is a matrix of bounded functions &%/ deﬁned

on [0,T]. Let N = (N', N "). The components of N are dependent since N
depends not only on a smgle random perturbation X', but on the others X/ (j # i) as
well. The model of Section 1.2 may be recovered by choosing the matrix & diagonal
with functions o/ := &/+/ in the diagonal. An Ito formula can be shown for F (¢, N;)
too, but, instead of the variances of N, the covariances of N appear now in the second
order term. It reads

~ L9F ~
E(t, N;) = F(0,0) +f 25 & Ns)ds
0 N

n t 8F - d ) n oy )

~ d NioA7d
+ = ZZ/ ax,ax (s, No) -=Cov(N}, Ni)ds. 1)

The derivatives of the variances of N in the second order term of (8) have therefore
to be replaced by the derivatives of the covariances of N, and one has to assume that

the matrix (%Cov(ﬁf, ﬁt]), i,j =1,...,n)is positive definite. We notice that

. ! o N 2 t N
Var(N/):IE(/ (Kt*’]cr-’) 3Wg> =/ (K,*’]af> ds, and
0 s 0 s

d . S
EVar(th) =20/D/N/,

¢) In the model where o is diagonal, X " 'and X/ are defined with independent
Brownian motions W' and W/ if i # j. This differs from the model where all the

Volterra processes X’ are defined with the same Brownian motion W as follows:

. o . , to. .
Y’/:/O K/(t,5)6W,, N,’:b;+/0 06X, 1€[0,T], j=1,...,n.

In this case the processes N’ are again correlated, and the matrix (% C ov(ﬁi , Nt] ),
i, j =1,...,n)is not diagonal and not necessarily positive semidefinite.

Let us prove now Theorem 1.
Proof. 1. First we show that ( N.) € Dom((SX ) forall j = 1,...,n. For this
we show that = 3F ( N.) e D (| H7 ), where | H/ | is the space defined in Section 2
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with X replaced by X/. The terms ¢/ and ¢/ refer now to the kernel K/ of X/. The
constants in the inequalities below may vary from line to line.

T
IEH . N~)H|2m =E/0 (/ aaf, (t, Nt)H -~ . s)(dt) ds

< cE/OT ([STexp(?» | N 1Pt — )"‘/‘1<s)ﬁ]dt>2ds.

Applying Holder’s inequality to 1 < p; < ﬁ < 2 and g its conjugate, we get

(/;T exp(A | N; |2)(t S)a'_l(s)ﬁjdty

r 20 o N2
<( / exp(g; | Ny ) ( / (= sy (L) ar) 7.
s s s

Then
T 2 T 2
E( / exp(q;n | Ny )" < E( / exp(g;h. sup_ | N ydr) "
0 0

< T4 HEeprA sup (N))?)dr.
il t€[0,T]

The right side of the inequality above is finite for A < % min; (SUp;¢(o, 77 Var(Nli))_l,
see [2]. Moreover,

r 1\ PiBj r
/ (t — S)Pj(arl)(—) dr = s7PiPi / (t — s)Pi@i=DPibi gy
N § s

< sPibiTPibi (T — sy D]

)

pjlaj—1)+1
and

T T B 2
/ (/ (1 —s)PJ'(“f*“(E)""ﬂ’dr) %I ds
0 s s

28; T 2

< T . (sfpjﬂ.f(T _ S)P.f(“j*‘)“) "I ds

(p./(a/ - D+ 1) i 0

T2bi T 2(aj-1 2ej-D+2
— R A m(i= ) s
0 T

(piej—n+1)"

Tz(a_,—1>+plj+1 5

— 13(1—2ﬁj,2(aj—1)+?+1),
(s -1 41)7 f
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. . . X/ 9F
where B is the beta function. It remains to show that IEH D W_,(" N) H o] <
0.

8F

R LAt
, |HI @M |
oF oF

:E/ DX 2t Ny ’DX] (s', Nyl ‘dt’

[0,71% 3x ij

3?F 3’F ,

=E — N,)aé —2(5 Ny )o, dr

0,774 ' 9x x5 8xj

2 2
3’F
/dr/ ds’ IE( S, N,)) —i—E(—Z(S,NS/))
ij
T T
x/ dt/q&f(t,t/)/ dspi(s',s).
0 0

By (18) with F replaced by 0°F IE(aZF(t N,)) stays bounded in ¢ € [0, T']. The

32’

finiteness of the remaining integrals follows from (H1), (H2) applied to K J.
2. We proceed now to the outline of the proof of the Itd6 formula. Let

. . t t
N/ = b +/ (/ o/
0 N
. t ro9KJ .
:blj +/ (/ o] —(r +e, s)BWs")dr,
0 0 or

fort < T —e. Then, F(¢, Nt]’g, ..., N;"%) has locally bounded variation, and we can
write

IKJ j
r +e. s)dr)SWS
ar

oF

dF(t,NYE, ... N"™) 5 N}t , NM6)dt

z oF 1, n,e i,&
+ ) (N NN,
= (z N"E)—l—z (r N‘S)—b’ dt

& 19K/ J
+ Z (rN), e swids

with the notation N¢ = (Nl’s, ..., N™#). Furthermore,

aF(t N¥) f'/l oK (t + e, )W/ f[ft aF(r Ng)aKj (t +e 5)8W,
—(t, o _ g, s = 0 — (7, —_— e, S
ax; N oot oLy ax T B ’

+/ZDW'/<8F(t NE)) 9K (t + e, 5)d ]
U E) T &, 8 S,
o F Nax; T e
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where

(OF 3’F 3’F
D}V"(—(t,Nf)) S NODY N/ =S, N )/ (r—l—a s)dr.
) 0x; ] 8x]

Therefore

. L 1) RN & eod
F(t,Nl)zF(O,O)—i—/O g(s,Nx)—i—Z::lgj(s,Ns)%bﬁ ds
+Z/ [ o} —(r Ng)—(r—l—s $)dr)swi
a2 G g ([ (ko) asr

The divergence integral coincides, up to e, with the integral that appears in the state-
ment of the theorem. The last term coincides, up to &, with the term at the end of
Remark b) after the theorem. It remains to show that the terms above converge in
L%(2) towards the terms in the statement of the theorem as ¢ — 0. This can be done
for each integral similarly as in the proof of Theorem 4 in [2]. O

4 Solvability of linear BSDEs

As mentioned in the introduction the aim is to apply the Itd6 formula (19) for F re-
placed by the solution # of the PDE (8) and to show that Y and Z defined by (9)
satisfy the BSDE (7). We will show later in this section that # in fact satisfies the
growth condition (17) under a suitable growth condition on the final condition in (7).

This implies by (18) that Y and Z are square integrable.
The It6 formula (19), with F replaced by u reads

Tau d j j j
u(t, N;) = u(T, Nr) — (s N)ds—z i, No( T-blds + o 5x{)

| L i
) EX-;/, " Ns)g"arwr )ds. 22)
An application of (8) to the second term on the right hand side of (22) yields

T n . .
N =T N = [ (F6)+ A N + 30 A 000! 516N )ds
' j=1 !

"orT g .
jou j
— E / oy — (s, Ny)8Xs. (23)
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We get (7) by setting Y; := u(¢, N;) and th = ,] da; (t, Np),ie. (Y, (ZY, ..., Z")
solves (7) and is adapted to F. As in Section 1.2 we cons1der this equation for t €
[0, T'], for some fixed 79 > 0.

In order to solve (8) explicitely, we have to assume, in addition to (HI) and (H2)
for the kernels K/, some regularity and integrability conditions. (H5) will be dis-
cussed later.

(H3) There exist constants ¢, C > 0 such that ¢ < ol < C,j=1,...,n,and
Al f, Ay = (A, A7) are bounded.

(H4) g is continuous, and there exist positive constants ¢’ and A’ <
minj—1,...n (16 5up;cjo, 1 Var(N/) ™" such that | g(x) |< c’eW\2 for all x € R,

(H5) £ Var(Nf) > Oforallz € [ty, T] and fto (Var(N3 )y = Var(N})~12dt <

00, j=1,

Theorem 2. Assume that (H1)—(HS) hold, and let v(t, z) = (2mt)~/? exp(—z2/21).
Then (Y, (Z', ..., Z™)) given by (9) solves (7), where

T t T
u(t, x) = —/ exp (/ A](r)dr)f(s)ds +exp ( —/ A](s)ds>
t s t

X / g(y) 1_[ v<Var(N%) - Var(N,j),xj
R” i

L d,j
— [ @l M = Sbbas =y, )y 4

solves (8).

Remark. An explicit calculation of the partial derivatives of u shows that u is in
fact a classical solution of (8). Sufficient conditions for the uniqueness of the solution
of (8) (even in the general nonlinear case) can be found in [12], Theorem 2.4. The
question of uniqueness of the solution (¥, (Z', ..., Z")) of (7) is more delicate for
equations with Volterra processes than for equations with fractional Brownian motion
and will be adressed in a separate paper. Here we notice that (7) has a unique solution
of the form (9) if the solution of (8) is unique. We show now that u verifies the growth
condition (17).

Lemma 1. Let u be given by (24). Then there are positive constants M and A <
min;=1,..»(4Sup;epo. 1 Var(N;))~! such that

1) | u(t, x) |< M (¢, x) € [t0, T] x R,

A x)‘ < M(Var(N}) — Var(N/ )72 (1, x) € [19, T) x R,
3) |24, 0| < MVar(V]) = Var(N) 1P, (1, x) € 110, T) x R
J

Proof. We prove 2), the proofs of 1) and 3) are simpler or similar. Let us write r! for

ol Ab(s) — Lbi and D! for Var(N}) — Var(N}).

M4y = e T A1 / e=u(Di &)

3)6,’ 3?;', {-‘,-:x,-—ftT rfds—y,-
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T
_xi— r;ds—yi)

T .J 2
1 xj— [ rsds—y;
_exp(— = )i s ) )dy.
j#i \]2n D]

By (H4) and the change of variables z; = x; — ftT r!ds -yj,j=1,...,nweget

| <c /ﬁ' exp( - zt)ex,,(xx_/frsds_zf)

2

b4
X l_[ exp| — j)dz.
Jj#i \/27TD] t

Let us prove that

22
el )
exp()»’ x —f reds — Z‘ )1—[ 722
! j#i  +2nD]
T 2
< exp(Z)J X —/ rsds‘ )exp(ZA’zl-z)
t

g (1 J
exp[ — D—flj(j — ZA’VarNT>]

<[] :
J#i \/27TDt]

2

X —/ reds —z‘ )

T 2
reds| )ex (Z)J | z |2)

In fact,

exp(k/
< exp(2)\’ X —

T 2

Jer
reds )exp(2)»’zz) H exp(2)»/Z2)
)

T 2
< exp(Z)J X — / reds
t

= exp(Z)J X —

J
J

VarN
exp(2Xr Zz)l—[exp< — T 2)
J# Dl
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Consequently,

‘ ou ¢ )’
—(t. x
Bxi

Zi‘ 5 Z.z
exp(2)/z; )exp( - )

r 2 1 1
< Cexp(2k"x —/ rsds‘ )/ . . : -
' " 27D \/Di \/Di 2D
Z? 1 2 / J
exp[ — F(j —2A VarNT)]
X 1_[ d '
ji /2 D]

Moreover, for any € > 0, there is a constant K. such that % < ngxp(ﬁziz).
; t

dz.

Therefore

0]

< CKeexp(Z)L/

T
X —/ reds
t

(1 J
2 exp[ — D_/,j(i — Z)JVarNT)]

X exp(Z)»/z?)exp( — —’l) l_[ ‘ dz
2D, i \/ 27 D]
T 2
< CKeexp(Z)J X —/ rsds‘ )
t
1 —(% —e—Z)JVarNé) )
X —ex ( - Z‘)dZ‘:I
/Rm [/]R N2 D] P)es
2 .
exp[ - %(% - 2A’VarN;)]
! dzZ', =21, .. 21 Zi4ls ooy Z0)

X
g ‘/ZnDi/

T 2 1 27 D!
X — rsds‘ ) [ - - ]
' re-1 L2 Dy 1 —2€ —4)'Var Ny,
G (1 J
exp[ - D_J,j(i —2)'VarN; )]

<[] :
i 27D}

1

1
\/1 —2e —4A’VarN; D}

271Dtj
1 —4)'VarN}

< CKEexp(Z)J

d7

=CK. exp(2)/

X — /tT Vstr)
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/tTrsds‘Z)

1

I
J1-2¢ —4wvarng /i

1

qn—1
[\/1 — 43/ max VarN%]
J
K/
fexp()» | x |? )
/o

with a M = exp(4) max{| ftT reds|?,t € [to, T1}), A = 41’ and a suitable con-
stant K. O

< CKe

exp(4)/ | x |? )exp(4)»/

<

Let us prove now Theorem 2.

Proof. It remains to show that (Y, Z) satisfies the BSDE (7). By the preceding lemma
u satisfies (23) with T replaced by 7' —e¢. Since E exp(22 | N; |2) is bounded on [0, T']

for A < minj—y (4 sup,cpo.ry Var(N/)) ™!, we obtain

/
t

n T . .
< Z/ (Var(N3) — Var(N})~2dr < oo
o Jt

n
)+ ) A s)oi S (s, Ny)|ds
j=1 !

for all t < T by (H5). By continuity of u and N, the terms in the first line of (23)
with T replaced by T — ¢ converge to the terms in (23) as ¢ — 0. The divergence
integrals converge too in the sense

T—e . Ju . T ou .
E [/ o — (s, NS)8X§F:| - E [/ o — s, NS)SXSJF]
t 3)6‘/' e—0 t 3xj~
forall j=1,...,nand F € S. O

Remark. We discuss now the hypothesis (H5). The positivity of ;Var(N; J ) means
that Var(Nt] ) is (strictly) increasing on [y, T]. We note that

d j 57 _jy2 " oK/ -
d—Var(N )_ (K af) ds =2 Uz O’u —(t s) (u s)dsdu
.ot
=20/ / ol ¢’ (t, w)du.
0
Since o/ > 0 by (H3), a sufﬁcient condition for %Var(N,j) > Oforallz € [ty, T]is

¢/ > 0 on [0, T]? 17\ [0, fo]?. This is the case if %(u, s) > O forall (u, s) € [0, T]?,
u > s, but the explicit calculation of D} := Var(N;) — Var(N;) below shows that
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this is a sufficient but not a necessary condition. We note that for fractional Brownian
motion B with Hurst index H > 1/2

82
oM (1, u) = —EBHBH =Cpult—ulP2>0,

where Cy > 0 is a constant depending on H.

Let us comment now on the hypothesis of integrability of (D,j )~1/2 near T. We

have
2
D/ =IE / awf/ o (r s)dr / SWJ/ o/ (r s)dr) ]
—E / SW]/ 0, (r s)dr—i—/ SWJf o, (r s)dr)
/ awf/ (r s)dr—/ awf/ o} (r s)dr)]
An explicit calculation shows
2

t T
Dt]_/dr/ dr’f J¢J(rr)+/ (/ dr(rraK (rs)>
t
9K 2
—l—/ ds (/ dro) (r, s))
t s or

= Al + A2 + A}
Under the hypothesis (H3) for o/ and if ¢/ > 0, a sufficient condition for
S @hH=12dr < cois

T . .
A3 :/ (K3 oh)ids = (T —1)*
t

for some constant ¢ > 0 and a € (0,2) ast / T. For fractional Brownian motion
BH with H > 1/2 this condition is satisfied with @ = H + 1/2. For the Volterra
processes in Examples 1-3 this condition is satisfied with a = 2k (T) if h is such that
9K (u, s) > 0, for (u, s) € (to, T)?, u > s.
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