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Abstract A multivariate errors-in-variables (EIV) model with an intercept term, and a poly-
nomial EIV model are considered. Focus is made on a structural homoskedastic case, where
vectors of covariates are i.i.d. and measurement errors are i.i.d. as well. The covariates con-
taminated with errors are normally distributed and the corresponding classical errors are also
assumed normal. In both models, it is shown that (inconsistent) ordinary least squares esti-
mators of regression parameters yield an a.s. approximation to the best prediction of response
given the values of observable covariates. Thus, not only in the linear EIV, but in the polynomial
EIV models as well, consistent estimators of regression parameters are useless in the predic-
tion problem, provided the size and covariance structure of observation errors for the predicted
subject do not differ from those in the data used for the model fitting.

Keywords Prediction, multivariate errors-in-variables model, polynomial errors-in-variables
model, ordinary least squares, consistent estimator of best prediction, confidence interval
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1 Introduction

We deal with errors-in-variables (EIV) models which are widely used in system iden-
tification [10], epidemiology [2], econometrics [12], etc. In such regression models
(with unknown parameter ), the response variable y depends on the covariates z and
&, where z is observed precisely and & is observed with error. We consider the classi-
cal measurement error 8, i.e., instead of & the surrogate data x = £ + § is observed;
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moreover, the model is structural, i.e. z, £ and § are mutually independent, and we
have i.i.d. copies of the model (z;, &;, 8;, x; = & + i, yi),i = 1, ..., n. The measure-
ment error can be nondifferential, when the distribution of y given (€, z, x) depends
only on (£, z), and differential, otherwise [2, Section 2.5].

The present paper is devoted to the prediction of the response variable from & and
z. Based on the observations (y;, z;, x;),i = 1, ..., n, and given new values zg and
xo of z and x variables, we want to predict either the new yq (this procedure is called
individual prediction) or the exact relation n9 = E[yo| zo, o], where &y is a new
value for & (this procedure is called mean prediction). Both prediction problems are
important in econometrics [5]. The individual prediction is used in the Leave-one-out
cross-validation procedure.

The best mean squared error individual predictor is

Yo = E[yol 20, x0] (D
and the best mean squared error predictor of 7o is

flo = E [0l zo, xo] - (2)
For the nondifferential measurement error,

o = E[ E[yolzo, §0. x0] |20, xol = E [0l zo0, xo] = Jo,

and the best mean predictor coincides with the best individual predictor, but this needs
not to hold for the differential measurement error.

Both predictors (1) and (2) are unfeasible, because they involve unknown model
parameters. Our goal is to construct consistent estimators of the predictors as the sam-
ple size n grows.

The nonparametric individual prediction under errors in covariates is studied in
[7]. Below we consider only parametric models.

For scalar linear EIV models with normally distributed £ and §, it is stated in [4,
Section 2.5.1] that the ordinary least squares (OLS) predictor should be used even
when dealing with the EIV model. This is quite surprising, since the OLS estimator
of B is inconsistent due to the attenuation effect [4]. In fact, there is no surprise that
in a Gaussian model the linear OLS estimator provides a consistent prediction, since
the Gaussian dependence is always linear. In the present paper, we consider a non-
Gaussian regression model, since the distribution of the observable covariate z is not
assumed Gaussian; therefore, the consistency of OLS predictions in such a model is
a nontrivial feature.

We confirm the assertion, that the OLS estimator yields a suitable prediction under
the model validity, for two kinds of EIV models: multivariate linear and polynomial.
For this purpose, we just follow the recommendation of [4, Section 2.6] and analyze
the regression of y on the observable z and x. In other nonlinear EIV models, the OLS
predictor (contaminated from the initial regression y on (z, £), where we naively
substitute x for &) is inconsistent; instead the least-squares predictor can be used
from the regression y on (z, x).

The paper is organized as follows. In Sections 2 and 3, we state the results on pre-
diction in multivariate linear and polynomial EIV models, respectively. Section 4
studies briefly some other nonlinear EIV models, and Section 5 concludes.
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Through the paper, all vectors are column ones, E stands for the expectation and
acts as an operator on the total product, and Cov (x) denotes the covariance matrix
of a random vector x. By I, we denote the identity matrix of size p. For symmetric
matrices A and B of the same size, A > B and A > B means that A — B is positive
definite or positive semidefinite, respectively.

2 Prediction in a multivariate linear EIV model

2.1 Model and main assumptions

Consider a multivariate linear EIV model with the intercept term (structural case):

y=b+Clz4+B e +e+e, 3)
X=E45. )

Here the random vector y is the response variable distributed in R¥; the random vector
z is the observable covariate distributed in R, the random vector £ is the unobserv-
able (latent) covariate distributed in R™; x is the surrogate data observed instead of &;
e + € is the random error in y, § is the measurement error in the latent covariate;
C e R7*4 B ¢ R"™*4 and b € RY contain unknown regression parameters, where b
is the intercept term. The random vector e models the error in the regression equation,
and € models the measurement error in y; € can be correlated with §.

Such models are studied, e.g., in [11, 10, 9] in relation to system identification
problems and numerical linear algebra. We list the model assumptions.

. T
(i) Three vectors z, £, e and the augmented measurement error vector (eT, 8T)
are independent with finite 2nd moments; the errors € and § can be correlated.

(ii) The covariance matrices ¥, := Cov(z) and X, := Cov(x) are nonsingular.
(iiif) The errors e, € and & have zero means.
(iv) The errors €, 6 and covariate £ are jointly Gaussian.
Introduce the cross-covariance matrix
Yes ;= E esT.

The classical measurement error 6 is nondifferential if, and only if, € and § are inde-
pendent, i.e. X5 = 0 (see Section | for the definition of the nondifferential error).
‘We denote also

pw=Ex,  T¢=Cov(s),
¥, = Cov(e), ¥ = Cov(e), Y5 = Cov(d),

€

%11 = block-diag(Ze, Te), T = [;1 , Y = X,. 5)

Thus, X1 is a block-diagonal matrix, and sometimes we will use X, for the covari-
ance matrix of x.



206 A. Kukush, 1. Senko

2.2 Regression of y on z and x

Lemma 1. Assume conditions (1) to (iv).

(a) The response variable (3) can be represented as
y=by+CTz4+ B 'x 4u, (6)

where z, x, and u are independent, C remains unchanged compared with (3),
Eu =0, E|ju|® < oo, and

be=b+B'53 - T 1, ()
Bl = BTs: 37 + =537 ®)

(b) Assume additionally the following condition:
(v)  Either X, or 11 — 2122521 21T2 is positive definite.
Then the error term u in (6) has a positive definite covariance matrix, X,.

Proof. (a) Introduce the jointly Gaussian vectors

MO (5) M
€

pM =Ex = <I(J;) ) u@ =Ex? = p;

Cov (x(l)) = X1, Cov (x(z)) = Y9,

We have

which is positive definite by assumption (ii),

T
E [xu) (x(2>) } =S,

where the matrices X171, X12, X2 are given in (5). Now, according to Theorem 2.5.1
[1] the conditional distribution of x (! given x@ s

I:x(l)’x@)] ~N (112, Vip),

- TsE i+ Be i x
pip = pipc®) = 1 + 35 (x(z) _M(Z)) = ( e i

Des Ty (x — )
Vip =21 — T35 T, )
Hence (7, e1)T — puip(x) =: (v, ¥5)T is uncorrelated with x and has the
Gaussian distribution A/ (0, Vi 2). Therefore,
£=2 w4+ 22 x4y, (10)
=% (x — ) +n (11)
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Substitute (10) and (11) into (3) and obtain the desired relations (6)—(8) with
_ T
u=e+ B y+ .

Here (z, e, x) and a couple (yy, y») are independent, hence (z, x, 1) are independent
as well. This implies the statement (a).
(b) We have

Cov(u) = =, + Cov (BT)/] " )/2) — %, (12)

If ¥, > 0 then ¥, > ¥, > 0, thus, ¥, > 0; and if Vip > O then &, >
Cov (BTyl + 7/2) > 0, thus, ¥, > 0. This accomplishes the proof of Lemma 1. [

As a particular case take a model with a univariate response and univariate regres-
sor &.

Lemma 2. Consider the model (3), (4) withd = m = 1. Assume conditions (1), (iii),
and (iv). Suppose also that
¥, >0, Ye > 0, s > 0, |Corr(e, §)| < 1. (13)
Then expressions (6)—(8) hold true, where the error term u has a positive variance
2
oy = Xy.

Proof. First suppose that ¢ > 0. According to Lemma 1, it is enough to check that
V12 given in (9) is positive definite.
A direct computation shows that

1 o202 —o2o, s \%4
s € .
Vip = ) ( 5 2 2 o= —-

2
2 \—0oes ofoy — 05 o}

Here in the scalar case we write 052 = X¢, 052 = X5, Ocs = Xes, €tc. The matrix V is
positive definite, because 05652 > 0 and
detV = ofo? (03052 — 628) >0

due to condition (13).
Now, suppose that ¢ = 0. Then § = u almost surely. With some computations,

it can be shown that u = e 4+ € — 06803_28 almost surely, whence 02 = 02 + 02 —

0350572 > (0. Lemma 2 is proved. O

2.3 Individual prediction

Now, consider independent copies of the multivariate model (3), (4):
(viszi &, ei,€,x,6;), 1=1,...,n.
Based on the observations

(yl’Zl’xl)9 i=1""7n’ (14)
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and for given zo, xo, we want to estimate the individual predictor yo presented in (1)
and the mean predictor 7 presented in (2).

Assume conditions (i) to (iv) and suppose that all model parameters are unknown.
Lemma | implies the expansion (6) with Eu = 0. All the underlying random vectors
have finite 2nd moments, hence

50 := by + CT 29+ Bl xg (15)

is the best mean squared error predictor of yg. Since it is unfeasible, we have to es-
timate the coefficients by, C and B, using the sample (14). The OLS estimator

(l;x, C , éx) minimizes the penalty function

n
2
Q0b.C.B) =Y Hyi —b—CTz =B x|, beR, CeRI¥ BeR"™
i=1
Let bar denote the average overi =1, ..., n,e.g.,

y =

n
Z)’i,
i=1

and S, denote the sample covariance matrix of « and v variables, e.g.,

S| =

1 o 1 o
Sy=-D (i =D =N Sw=-3 @-He-0 16

i=1 i=1
etc. The OLS estimator can be computed from the relations [11]

y=b,+C"z+ BT'x, (17)

(;’) _sts,, e (i) (1)

Hereafter A™ is the pseudo-inverse of a square matrix A; see the properties of A" in
[8]. The corresponding OLS predictor is

o := by + CTzo+ Bl xo. (19)

Theorem 1. Assume conditions (i) to (iv). Then Yo presented in (19) is a strongly
consistent estimator of the best predictor Yo, i.e. Yo — Yo a.s. as n tends to infinity.
Moreover,

vVt >0, P(H)")o—j)on >r‘zg,x0)—>0 a.s. asn — oo. (20)
Proof. By Strong Law of Large Numbers we have a.s. as n — 00:

S, — block-diag (£, ) > 0,

Cov(z,y)\ _(%2:-C
Sry = (COV (x, y)) - (ZX . Bx) ’
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C s . C c
~ | = 4 = .
Bx Ex Zx ' Bx B,
This convergence, relation (17) and the a.s. convergence of the sample means imply

that 13x — by a.s. Now, both statements of Theorem 1 follow from (19) and (15). [

It is interesting to construct an asymptotic confidence region for the response yg
based on the OLS predictor. Assume (i) to (iv). It holds

Cov (yo — $o| z0. x0) = Cov(ug) = =,
see (12). Introduce the estimator
& I ¢ 7 AT AT 7 AT AT\
2y =;Z<)’i_bx_c Zi_Bxxi> ()’i_bx_c Zi —Bxxi) :
1=

Theorem 2. Suppose that conditions (i) to (iv) hold. Fix the confidence probability
I —o.

(a) Assume additionally (v) and define

2
Ey = {heRd: H(i;)l/z(h_yo) Si}_ (1)
o

Then
liminfP (yg € Ey| 20, X0) > 1 — c. 22)
n—oo

(b) Let the model (3)—(4) be purely normal, i.e. z is normally distributed and e = 0.
Assume additionally that the matrix (9) is nonsingular. Define

d s\ V2 7
Dy=1lheR H(z) (h = 50)

< xﬁa} : (23)

where X[?a is an upper «-quantile of Xd2 distribution, i.e. P()(d2 > Xc%(x) = a.
Then
lim P(yp € Dyl zp,x0) =1—«. 24)
n—o0

Proof. If b,, C, and B, were known, then we could approximate X, as follows:
1 n
— E u,'ul-T — ¥, as.asn — 0o, (25)
n
i=1

u =Yy —bx - CTZ,' - BxTxi.

Since uiuiT is a quadratic function of the coefficients b,, C, By, and the OLS estima-

tors of those coefficients are strongly consistent, the convergence (25) remains valid
if we replace all u; with the residuals

n.o. A T nT
u; .=yi—bx—C z,-—Bxxi.
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Hence A
Y, —> X, as.asn — oo. (26)

(a) Under (v), X, is nonsingular by Lemma 1(b). It holds

2
g EHE;l/z-u

—1/2 A
P(HEM (yo—yo)H >&ZO,Xo)§aT=a.

Since the relations (20) and (26) hold true, the relations (22), (21) follow.

(b) Again, in this purely normal model the matrix ¥, is nonsingular; conditional
on zg and xg, the difference yy — Jo9 = ug has the normal distribution N/ (0, %,,). Then

—1/2 <\ |12
P(HEu/ (yo—yo)H > Xda|20.X0 | = o

Since the relations (26) and (20) hold true, the relations (24), (23) follow. |

Remark 1. For the univariate model with d = m = 1, assume the conditions of Lemma 2.
Then relations (22), (21) hold true. If additionally 7 = 0 and e = 0 then relations
(24) and (23) are valid.

2.4  Mean prediction

Still consider the model (3), (4) under conditions (i) to (iv). We want to estimate
the mean predictor 7jg presented in (2). We have

o = Yo — E[eol zo, x0] — E[€ol o, xo0]
E[eo| z0, x0] = Eeg =0,
and by (11),
E[ €l 20, x0] = E [€0] x0] = Tes T (x0 — 1) -
Thus,
o =30 — Zes Ty (x0— 1) - 7N

Based on observations (14), strongly consistent and unbiased estimators of © and
Y, are as follows:

=1

. 1 «
fi= =;_lex,-, (28)
1=

1 < } o
Y- -n. (29)
i=1

n—1

3, =
Theorem 3. Assume conditions (i) to (iv) and suppose that s is the only model
parameter which is known. Consider the estimators (19), (28), and (29). Then
o == o — Zes Sy ' (%0 — )
is a strongly consistent estimator of the mean predictor (2), and moreover

VT > 0, P(”ﬁo—ﬁoH > ‘L”Zo,xo) — 0 a.s.asn — oo.



Prediction in polynomial errors-in-variables models 211

Proof. The statement follows from relation (27), Theorem 2, and the strong consis-
tency of the estimators i and . O

Notice that more model parameters should be known in order to construct a con-
fidence region for 7¢ around 7.

3 Prediction in a polynomial EIV model

3.1 Model and main assumptions
For a fixed and known k > 2, consider a polynomial EIV model (structural case):

y:cTz+ﬁo+ﬂT(s,gz,...,g">T+e+e, (30)
x=E 46 31y

Here the random variable (r.v.) y is the response variable; the random vector z is
the observable covariate distributed in R?, r.v. £ is the unobservable covariate; x is
the surrogate data observed instead of &; e is the random error in the equation, € and
8 are the measurement errors in the response and in the latent covariate; ¢ € RY,
BoeRand B = (Bi,..., BT € RF contain unknown regression parameters; € and
8 can be correlated.

Such models are studied, e.g., in [3, 6] and applied, for instance, in econometrics.
Let us introduce the model assumptions.

(a) The random variables &, e and random vectors z, (e, 8)T are independent, with
finite 2nd moments; the random variables € and § can be correlated.

(b) The covariance matrix ¥, := Cov(z) is nonsingular, and axz := Var(x) > 0.
(¢) The errors e, € and § have zero mean.
(d) The errors €, § and & are jointly Gaussian.

We see that assumptions (a) to (d) are similar to conditions (i) to (iv) imposed
on the multivariate linear model, but now the response and latent covariate are real
valued.

3.2 Regression y on z and x
Let us denote

ocs = Eeb, w=Ex, of = Var(£), 02 = Var(e), of = Var(s).
(32)

Lemma 3. Assume conditions (a) to (d). Then the response variable (30) admits
the representation

T
y:cTz+,30x+,BxT (x,xz,...,xk) +u, (33)
where z and (x,u)! are independent, the vector ¢ remains unchanged compared

with (30), E[u|x] = 0, E[u2|x] < oo, and Box € R, By € R¥ are transformed
(nonrandom) parameters of the polynomial regression.



212 A. Kukush, I. Senko
Proof. In the new notation, we have from (10) and (11):

E=o0j0n+ofo x+y =1a+Kx+y, (34)
€ =00, "(x — W)+ =b+ fx+n, (35)

where z, x and (y1, yz)T are independent, and (yy, yz)T has the Gaussian distribution
N (0, V1|2).
Now, substitute (34) and (35) into (30) and get

k
y:cTz+/30+Z,8.,~(a+Kx+y1)j+b+fx+e+)/2,
j=1

k J .
y =CTZ+,30+Z,3]'Z (;)(a—i—l(x)/_[’E[yﬂx]+b+fx+u, (36)
j=1 p=0
k J j ‘
”:e+V2+Z'3J'Z<p)(a+Kx)j_p(7/1p—E[y1p|x]). (37)

j=1 p=l

Itholds E[u|x] = 0, E [u2| x] < 00, and relations (36)—(37) imply the statement.
O

3.3 Individual and mean prediction

We consider independent copies of the polynomial model (30)—(31):
(vi-zis &iv€iv €, %, 8;), i=1,...,n.

Based on observations (14) and for given zp, xo, we want to estimate the individual
predictor yo and the mean predictor 7 for the polynomial model.

Assume conditions (a) to (d) and suppose that all model parameters are unknown.
Lemma 3 implies the expansion (33) with E [u|x, z] = 0. All the underlying r.v.’s and
the random vector z have finite 2nd moments, hence

T
6 ._ T T 2 k
Yo :=c¢" 20 + Pox + B (XO,XO,-..,X())

is the best mean squared error predictor of yg. We estimate the coefficients ¢, By, and
By using the sample (14) from the polynomial model. The OLS estimator minimizes
the penalty function

n 2
0 (¢, Bo, B) :=Z(yi —clzi—po—p" (xz‘ax52’~~-»xf)T> ’
i=1

ceRY, BpeR, B e R*. The OLS estimator can be computed by relations similar
to (17)—(18):
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</§C> =SrS,y, ri= @x, . X8 (38)
X

the sample covariance matrices S, and S, are defined in (16). The corresponding
OLS predictor is

R R T
Yo 1= CTZo+,30x+ﬁxT (xo,xg,...,xg) . (39)

Theorem 4. Assume conditions (a) to (d). Then yo presented in (39) is a strongly
consistent estimator of the individual predictor Jo. Moreover,

VT >0, P(||yo—§0|| > r|zO,x0) — 0 as. asn— 0.

Proof. Following the lines of the proof of Theorem 2, it is enough to check the strong
consistency of the estimators ¢ and 8. We have a.s. as n — oo:

S, — Cov(r) = block-diag (2., D), D := Cov(x, x2,...x*),  (40)

>, ¢

Sy — Cov(r,y) = % ) 41

" ) ( Db, ) @D

By conditions (b) and (d), x is a nondegenerate Gaussian r.v., therefore, r.v.’s

1,x,...,x~ are linearly independent in the Hilbert space Lj (€2, P) of square in-

tegrable r.v.’s, and the covariance matrix D is nonsingular. Relations (38), (40), and
(41) imply that a.s. asn — 00

(5.)~ (50) = (5
Bx D' DB, B:)
And the statements of Theorem 4 follow. O

Similarly to Theorem 3 one can construct a consistent estimator of the mean pre-
dictor (2) in the polynomial EIV model. The strongly consistent estimator of w is
given in (28) and the one of axz is constructed similarly to (29):

I > i =1 (42)
i=1

n—14

Theorem 5. Assume conditions (a) to (d) and suppose that o.s defined in (32) is
the only parameter which is known in the model (30), (31). Consider the estimators
(39), (28), and (42). Then

flo 1= Jo — Oesby *(x0 — 1)

is a strongly consistent estimator of the mean predictor (2), and moreover,

VT > 0, P(”ﬁo—ﬁoH > ‘L”Zo,xo) — 0 a.s.asn — oo.
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3.4 Confidence interval for response in quadratic model

Consider a quadratic EIV model

y = Bo+ P& + Pt +e, (43)
x=§&+94. (44)

It is a particular case of the model (30), (31) withk =2,z =0and € = 0.
‘We use notations (32). Our conditions are similar to (a)—(d), but we assume addi-

tionally that the reliability ratio
2

%
K== (45)
UX
is separated away from zero. Thus, assume the following conditions.

(e) The random variables &, e and § are independent; £ and § are Gaussian; e and §
have zero mean and O'ez < 00; sz > 0.

(f) Model parameters are unknown, but a lower bound Kg for the reliability ra-
tio (45) is given, with 0 < Ko < 1/2.

Consider indepedent copies of the quadratic model
()’i,Si,ehxi,Si), i=0,1,...,n.

Based on observations (y;, x;), i = 1,...,n, and for a given xo, we can construct
the OLS predictor yg, see (39), for yg with k = 2, zop = 0. Now, we show the way
how to construct an asymptotic confidence interval for yg. (In a similar way this can
be done for a polynomial EIV model of higher order.)

First we write down the representation (36), (37). Denote

my =E(§|x)=Kx+ (1 —-K)pn. (46)
We have with independent m, and y:

g=mity, y~N(0.Ko}). @7)
Then

y =0+ Bi(my +y)+ Pamy +y)* +e=
= Bo+ Bim + o (m? + Ko ) +u=i§+u,  (48)

w=e+ (B +2mpy + B (v2 - Ko). (49)
Here E (u] x) = 0. From (3.4) we get that the best prediction is

§=ﬁ0x+,31x'x+,32x'xzv
Bix = B1K + 28K (1 — K)i, fox = P2 - K> (50)
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Those coefficients can be estimated using the strongly consistent OLS estimator,
cf. (38),

(g;x> = S,tSry, ro=(x,x)T.
X

The OLS estimator ,30 v satisfies
5 = Box + Biak + Prcx?,
and the OLS predictor of yy is equal to
50 = Box + Brxxo + Boxxg- (5D

To construct a confidence interval for yg, we have to bound the conditional vari-
ance of u given xo. From (49) we have

2
Var (u]x) = 02 + (B1 + 2m, o) KoZ + B2 -2 (Kag) ,

where 2 (Ko*(sz)2 = Var(y2). Denote
m,>» = E[Var (u|x)].

It holds a.s. asn — oo:
1 ¢ 5\ 2
" Z (yi — Box — Buxxi — ﬂzxxi> — m,.
i=1
Therefore, we have a.s. as n — oo:
1 & 2
A A 5 5.2
e = Z (yi — Box — BixXi — /32xxi) — M.
i=1

We have to bound the difference
Var (u| x) —m,» = 4K o} (ﬂ%Kz -F(K,x, )+ Bi1S2K (x — u)) , (52)
F(k,x, ) = X2 — /,LZ - 03 +2K(1 — K)pu(x — ).
Here we used the relations
my —Em, = K(x — p),
mi —Emi =K? —[,Lz —Uf + 2K — K)u(x — ).
Next, we express (52) through g, rather than ;. Using (50) we get:
of =o2(1 — K),

Var (ul 1) = m, = 4(1 = K)o - 2 (F(K,x, k9

z px —M)) +

2
2x
YK

X — 1
+4( = K)o prapac - - <4 (K_o - 1) 07 Gx. 11, 07 Brs. Bax).
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G(x, 1, 07, Bix, Box) = B3, [xz — -+
1
+2 (ulx — w)_ (1 — Ko)? <1 + K_o>] + (BixBox (x — w)) 1

Here A4 := max(A, 0), A_ := —min(A4, 0), A € R. Finally,

1
Var (u|x) <m,p +4 (F - 1) 02G(x, 1, 02, Bix, Box)- (53)
0

We are ready to construct a confidence interval for yg.

Theorem 6. For the model (43)—(44), assume conditions (e) and (f). Fix the confi-
dence probability 1 — «. Define

I, = {heR:lh—jm <a 2x
1 . . 1/2
X [’ﬁu2+4<__1> &sz(xO» /:Lv &sz ﬂlxa /32)()} }7
Ko +

where m,2, &)(2, i, B 1x and 32x are strongly consistent estimators of the corresponding
parameters, the estimators were presented above. Then

liminfP (yp € Iy|xp) > 1 — .
n—0oo

Proof. It holds for ¢t > O:

Var (u| xo) -

P(|yo—Jo| > t[x0) = —5— =«
if ¢ is selected such that ¢+ > o~ V2 [Var (u] xo)]l/ 2. Now, the statement follows
from the inequality (53) and the consistency of ¥o, 71,2, 83, &, Bix and Boy. O

4 Prediction in other EIV models

The OLS predictor § approximates the best mean squared error predictor y presented
in (1) not only in the plynomial EIV model. Let us consider the model with exponen-
tial regression function

y:ﬂekg—i-e, x=£&+43, 54)

where the real numbers 8 and A are unknown regression parameters, and assume
condition (e) from Section 3.4. Using expansion (47)—(46), we get

y=prexp(y-x)+u=:3+u, (55)

M Ko}
B = BT B hy = K, B = eXP( > ) :
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u = pee’ (e —Ee). (56)

Under mild conditions, the OLS predictor yy := ﬁx exp (ix -xo) is a strongly

consistent estimator of y(, where ,3x and A + are the OLS estimators of the regression
parameters in the model (54).
Similar conclusion can be made for the trigonometric model

m
y=ao+Z(akcoska)§+bksinkw§)+e, x =&+,
k=1

where ay, 0 <k <m, by, 1 <k <m,and w > 0 are unknown regression parameters.
Finally, we give an example of the model, where the OLS predictor does not
approximate the best mean squared error predictor. Let

y=Bl§ +al+e, x=§&+34, (57

where the real numbers § and a are unknown regression parameters, and assume
condition (e) from Section 3.4; suppose also that 0%.2 and 082 are positive.
For y9 ~ N (0, 1), evaluate

F(a) =E|y +a|l =2¢@) +ad@) —1), aeR,

where ¢ and @ are the pdf and cdf of yy. Then the best mean squared error predictor
is as follows:
|-

=By F(ky-x+by), ky>0, By eR, by eR,
VK a+1—-K)u

= BosVK, ky = —, by =
IBx ﬂzS X o x 0’5«/?

The LS estimators lzx, /§x and l;x of k., By and by minimize the penalty function

5 =E(ylx) =ﬂE[)a+Kx+(1 — Ko+ o3/

Qrs(k, B,b) =y (vi — BF(kxi + b))

i=1
Under mild additional conditions, the LS estimators are strongly consistent, and the
LS predictor
Yo 1= B F <£x - X0 + éx)
converges a.s. to 3o = E (yglx9) = B+ F (by - xo + by) as the sample size grows.
Notice that for this model (57), the OLS predictor 8 ]xo + &} needs not to converge
in probability to 3o, where the OLS estimators B and & minimize the penalty function

Qors(B,a) =Y (yi — Blxi +al)*.

i=1
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5 Conclusion

We considered structural EIV models with the classical measurement error. We gave
a list of models where the OLS predictor of response yg converges with probability
one to the best mean squared error predictor 9 = E [yl zo, xo]. In such models,
a functional dependence yo = yo(zo, xg) belongs to the same parametric family
as the initial regression function 19 (zo, £9) = E [yol zo, &]- Such a situation looks
exceptional for nonlinear models, and we gave an example of model (57), where
the OLS predictor does not perform well.

We dealt with both the mean and individual prediction. They coincide in the case
of nondifferential errors, where it is known that the errors in response and in covari-
ates are uncorrelated. Otherwise, to construct the mean prediction, one has to know
the covariance of the errors.

In linear models, we managed to construct an asymptotic confidence region for re-
sponse around the OLS prediction, under totally unknown model parameters. In the
quadratic model, we did it under the known lower bound of the reliability ratio.
The procedure can be expanded to polynomial models of higher order.

Notice that in linear models without intercept and in incomplete polynomial mod-
els (like, e.g. y = Bo + Po&? + e, x = & + 8), a prediction with (z, x) naively sub-
stituted for (z, £) in the regression of y on (z, x) can have huge prediction errors. As
stated in [2, Section 2.6], predicting y from (z, x) is merely a matter of substituting
known values of x and z into the regression model for y on (z, x). We can add that,
in nonlinear EIV models, the corresponding error v = y —E [ y| z, x] has the variance
depending on x, i.e., the regression of y on (z, x) is heteroskedastic; this should be
taken into account in order to construct a confidence region for y in a proper way.

Finally, we make a caveat for practitioners. Consistent EIV regression parameter
estimators are useful especially for prediction if the observation errors for the pre-
dicted subject differ from those in the data used for the model fitting. This is usually
the case when the model is fitted by some experimental data while the prediction is
made for a real world subject. The idea to use inconsistent OLS estimators for pre-
diction in this case is not good.
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