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Abstract In this paper we investigate a problem of large deviations for continuous Volterra
processes under the influence of model disturbances. More precisely, we study the behavior, in
the near future after 7', of a Volterra process driven by a Brownian motion in a case where the
Brownian motion is not directly observable, but only a noisy version is observed or some linear
functionals of the noisy version are observed. Some examples are discussed in both cases.
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1 Introduction

In this paper we study the asymptotics of the regular conditional prediction law of a
Gaussian Volterra process in a case where one does not observe the process directly,
but instead observes a noisy version of it. More precisely we consider two different
situations which generalize the results contained in [13] and [9], respectively. Let
X = (X;):>0 be a continuous real Volterra process.

Definition 1. A centered Gaussian process X is a Volterra process if, for every 7 > 0,
it admits the representation

T
X,=/ K (t,s)dB;s, (1)
0

where B = (B;);>0 is a Brownian motion and K is a square integrable function on
[0, T'1? (the kernel) such that K (¢, s) = 0 for all s > 1.
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For a Volterra process the covariance function is
SAt
k(t,s) = / K, u)K(s,u)du fort,s €[0,T]. 2)
0

Let B = (E,),zo be another Brownian motion independent of B and for o, @ € R
define W*% = o B + &B.

First case For fixed n € Nand T > 0, we consider the conditioning of X on n
linear functionals of the paths of wed

Gr (W) = (G (W), .., G (W),

more precisely,

~ T ~ T o T o T
Gr(W*%) :/ g(t)dwre = (/ gl(t)th“’“,.-.,f gn(t)sz“'a) ;
0 0 0

where g = (g1, ..., gy)T is a suitable vectorial function defined on [0, 7']. Informally
the generalized conditioned process X&:*, for x € R”, is the law of the Gaussian
process X conditioned on the set

n

T . T _
{/0 g(t) dWre =x} = ﬂ{/o gi(t) dW™ =x,-}.

i=1
We obtain a large deviation principle for the family of processes ((X ‘g;j:m —
X57Y)1€10,1)e>0-

Second case We are interested in the regular conditional law of the process X
given the o -algebra .7;°%, where (#"%),>0 is the filtration generated by the mixed
Brownian motion W*¢, i.e. we want to condition the process to the past of the mixed
Brownian motion up to a fixed time 7 > 0. Informally the generalized conditioned
process XV, for 1 being a continuous function, is the law of the Gaussian process X
conditioned on the set

(W =y, 1 € [0, T1}.

v
T+et

Here we obtain a large deviation principle for the family of processes ((X
X?)relo,u)»o-

Since T, o and & are fixed positive numbers the dependence (in the notations)
from these quantities will be omitted.

The paper is organized as follows. In Section 2 we recall some basic facts on large
deviation theory for continuous Gaussian processes and Volterra processes. Sections 3
and 4 are dedicated to the main results. Both are divided into three subsections. In the
first one we give the conditional law, in the second one we prove the large deviation
principle and in the third one we present some examples. Section 3 is dedicated to the
conditioning on n functionals of the paths of the noisy process. Section 4 is dedicated
to the conditioning on the past of the noisy process.
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2 Large deviations for continuous Gaussian processes

We briefly recall some main facts on large deviations principles we are going to use.
For a detailed development of this very wide theory we can refer, for example, to the
following classical references: Chapter Il in Azencott [1], Section 3.4 in Deuschel and
Strook [6], Chapter 4 (in particular Sections 4.1, 4.2 and 4.5) in Dembo and Zeitouni
[5].

Definition 2. Let E be a topological space, Z(E) be the Borel o -algebra and (i¢)e~0
be a family of probability measures on Z(E). We say that the family of probability
measures (iLg)e~0 satisfies a large deviation principle on E with the rate function /
and the inverse speed 0. (n. > 0, ne — 0 as ¢ — 0) if, for any open set O,

—inf I(x) < hm 1nf ne log s (®)

xe®

and for any closed set I,

lim sup n, log u(I') < — 1nf I(x).
e—0

A rate function is a lower semicontinuous mapping I : E — [0, +0o0]. A rate
function 7 is said to be good if the sets {I < a} are compact for every a > 0.

In this paper E will be the set of continuous functions on [0, 1] and Z(FE) will be
the Borel o -algebra generated by the open sets induced by the uniform convergence.
Therefore in this section we consider process in the interval [0,1]. Let U = (U;)s¢0,1,
be a continuous and centered Gaussian process on a probability space (22, .7, P).
From now on, we will denote by C[0, 1] the set of continuous functions on [0, 1],
and by #(C|O0, 1]) the Borel o-algebra generated by the open sets induced by the
uniform convergence. Moreover, we will denote by .Z[0, 1] its dual, that is, the set
of signed Borel measures on [0, 1]. The action of .Z[0, 1] on C[0, 1] is given by

1
(A, h) = / h(t)dir(t), A€ #]0,1], h € C[0, 1].
0

Remark 1. We say that a family of continuous processes ((U; )se[o,1])e>0 satisfies
a large deviation principle if the associated family of laws satisfy a large deviation
principle on C[0, 1].

The following remarkable theorem (Proposition 1.5 in [1]) gives an explicit ex-
pression of the Cramér transform A* of a continuous centered Gaussian process
(Us)tefo,17 with covariance function k. Let us recall that for A € .Z[0, 1],

AL = logIE[exp U A / / k(t,s)dr(t)d)\(s).
Theorem 1. Let (U;)sc[o,1] be a continuous and centered Gaussian process with

covariance function k. Let A* denote the Cramér transform of A, that is

A*(x) = sup ((A,x) — A()»))
re#10,1]

1 1
= sup <(k, x) — l/ / k(t,s)dAr(t) dA(s)).
re10,1] 2Jo Jo
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Then,
1 2
sNxl%, x € 2,
Aty = |35 '
+o00, otherwise,
where € and ||.|| s denote, respectively, the reproducing kernel Hilbert space and
the related norm associated to the covariance function k.

Reproducing kernel Hilbert spaces are an important tool to handle Gaussian pro-
cesses. For a detailed development of this wide theory we can refer, for example, to
Chapter 4 in [10] (in particular Section 4.3) and Chapter 2 in [3] (in particular Sec-
tions 2.2 and 2.3). In order to state a large deviation principle for a family of Gaussian
processes, we need the following definition.

Definition 3. A family of continuous processes ((U)¢[0,17)s>0 is exponentially tight
at the inverse speed 7,, if for every R > 0 there exists a compact set K g such that

lim sup n; log P(U® ¢ Kg) < —R.
e—0

If the means and the covariance functions of an exponentially tight family of
Gaussian processes have a good limit behavior, then the family satisfies a large de-
viation principle, as stated in the following theorem which is a consequence of the
classic abstract Gértner—Ellis Theorem (Baldi Theorem 4.5.20 and Corollary 4.6.14
in [5]) and Theorem 1.

Theorem 2. Let ((Uf):cfo,17)e>0 be an exponentially tight family of continuous Gaus-
sian processes at the inverse speed function n,. Suppose that, for any A € .#10, 1],

. a1
slg%]E[()», U )] =0
and the limit

1 pl

AV = lim iVar((,\, U®)) = / / k(t,s) dr(t) dr(s)
e=>0 17 0 Jo

exists for some continuous, symmetric, positive definite function k, that is the co-

variance function of a continuous Gaussian process, then (Uf);c0,1])e>0 Satisfies

a large deviation principle on C[0, 1] with the inverse speed n. and the good rate

function

1 2
sk, he A,
+o00, otherwise,

1(h) = {

where FC and ||.|| s, respectively, denote the reproducing kernel Hilbert space and
the related norm associated to the covariance function k.

In order to prove exponential tightness we shall use the following result (see
Proposition 2.1 in [12]).

Proposition 1. Let (Uf):¢[0,11)e>0 be a family of continuous Gaussian processes,
where Ué = 0 for all ¢ > 0. Suppose there exist constants B, M1, M> > 0 such that

fore >0
& __g7¢8
wp EUE-U

sel0 15 1t —s|P
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and
Var(Uf — UY)

<M 3
[ —spp =M 3

sup
s.el0,1],s%  Ne |

then ((Uf):e[0,17)e>0 is exponentially tight at the inverse speed function 1.

Remark 2. Suppose ((Uf):e[0,17)e>0 is a family of centered Gaussian processes,
defined on the probability space (2, .%, IP), that satisfies a large deviation principle

on C[0, 1] with the inverse speed n, and the good rate function /. Let (m®),~¢ C

C[0, 1], m € C[0, 1] be functions such that m® C[il] m, as ¢ — 0. Then, the family

of processes (m® 4+ U¥?).~ satisfies a large deviation principle on C[0, 1] with the
same inverse speed 7, and the good rate function

1 2

5h — , h—me A2,
In() = 1(h—my = | 21 =m0 "

~+00, h—m ¢ .
In fact the two families (m® 4+ U¢)¢~¢ and (m + U?).~¢ are exponentially equiva-
lent (at the inverse speed 7.) and therefore as far as the large deviation principle is
concerned, they are indistinguishable. See Theorem 4.2.13 in [5].

Our first aim is to study the behavior of the covariance function and of the mean
function of the original process X in order to get a functional large deviation principle
for the family ((X74¢r — X7)1e[0,17)e>0, as € = 0.

Let (X;);>0 be a continuous centered Gaussian processes and fix 7 > 0. The next
two assumptions guarantee that Theorem 2 is applicable to the family of processes
(X746t — XT)tef0,1))e>0- Let ye > 0 be an infinitesimal function, i.e. y; — 0 for
e — 0.

Assumption 1. For any fixed T > 0 there exists an asymptotic covariance function k
defined as

COV(XT+8t - X, XT+ss - XT)
vE
. k(T +¢et, T +es)—k(T +¢t, T)— k(T +es,T)+k(T, T)
= |1m b
e—0 y82

k(t,s) = 81%

“

uniformly in (t, s) € [0, 1] x [0, 1].

Remark 3. Notice that & is a continuous covariance function, being the (uniform)
limit of continuous, symmetric and positive definite functions.

Remark 4. Recall that the continuity of the covariance function is not a sufficient
condition to identify a Gaussian process with continuous paths. We need some more
regularity. Since we are investigating continuous Volterra processes, it would be use-
ful to have a criterion to establish the regularity of the paths. A sufficient condition for
the continuity of the trajectories of a centered Gaussian process can be given in terms
of the metric entropy induced by the canonical metric associated to the process (for
further details, see [7] and [8]). Such approach may be difficult to apply. However,
in [2], a necessary and sufficient condition for the Holder continuity of a centered
Gaussian process is established in terms of the Holder continuity of the covariance
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function. More precisely a Gaussian process (X;);c[o,7] is Holder continuous of ex-
ponent 0 < a < A if and only if for every ¢ > 0, s, ¢ € [0, T], there exists a constant
ce > 0 such that

E[(X; — X5)?] < celt —s|*7%.

Although, obviously, the Holder continuity property of the process is stronger than
continuity, in many cases of interest this is more easily established because the co-
variance function is not difficult to study. Recalling the form of the covariance of a
Volterra process (2) we have the following sufficient condition for the Holder conti-
nuity of a Volterra process: there exist constants ¢, A > 0 such that

M@$) <cs? (5)
for all § € [0, T'], where
r 2
M) = sup / |K(t1,s) — K(t2,8)|" ds.
{t1,22€[0,T]:|t1 —12| <8} JO

From now on with covariance regular enough we mean that the covariance func-
tion satisfies some sufficient condition to ensure that the associate process has con-
tinuous paths.

Assumption 2. For any fixed T > 0 there exist constants M, t > 0, such that for
>0,

Var(X74er — X74es)

sup

s.1€[0,1], 55 Y2t —s|?
k(T +et, T +¢et) —2k(T +¢et, T +e5)+ k(T +es, T + €s)
= e 2 2t <M.
s5,t€[0,1],5%t V¢ [t — 5|

As an immediate application of Theorem 2 (take U = X714 — X7), Assump-
tions 1 and 2 imply, if kis regular enough, that the family ((X74¢ — X7)1€[0,11)e>0
satisfies a large deviation principle on C[0, 1] with the inverse speed ys2 and the good
rate function given by

1 2 %
Y2, he s,
+o00, otherwise,

Jx(h) = {

where A is the reproducing kernel Hilbert space associated to the covariance func-
tion k and the symbol | - || ,» denotes the usual norm defined on 7.
In fact Assumption | immediately implies that

_ 1 1
A(X) = lim VaI((A’XT;" Xr) _ / f k(t, )1 (dt)r(ds).
e—0 Ve 0o Jo

Furthermore, Assumption 2 implies that the family ((X74¢ — X7)€[0,1])e>0 1S €x-
ponentially tight at the inverse speed function )/82.
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3 Conditioning to n functionals of the path

3.1 Conditional law

Let (2, %, (%#:):>0, P) be a filtered probability space. On this space we consider a
Brownian motion B = (B),>o, a continuous real Volterra process X = (X;);>0 and
another Brownian motion B = (B),>o independent of B. For «, & € R let us define
the mixed Brownian motion W*% = ¢ B + & B.

For fixed n € N and T > 0, we consider the conditioning of X on n linear
functionals of G (W*¥) = (GL(W*%), ..., GE%(W*%))T of the paths of W%,

~ T ) T a T cx T
GT(W“""):/O gty dw® = (/0 gl(t)th“’“,...,/O gn(t)sz“’a) ,

where g = (g1, ..., gn)T is a vectorial function and g € L2[0, T, fork=1,...,n.
We assume, without any loss of generality, that the functions g;, i = 1,...,n, are
linearly independent. The linearly dependent components of g can be simply removed
from the conditioning. As we said in the Introduction, the generalized conditioned
process X8*, for x € R", is the law of the Gaussian process X conditioned on the

set
n

T . T -
{/0 gy dw*® =x} = ﬂ{/o gi(t) dW** =x,-}.

i=1

The law P83* of X83* is the regular conditional distribution on C[0, +00), endowed
with the topology induced by the sup-norm on compact sets,

T ~
PEX (X € E) =P(X8* ¢ E) = IP(X €E ‘ /O g dw? = x).

For more details about existence of such regular conditional distribution see, for ex-
ample, [11].

Denote by C8 = (c; g’ 8y, _j=1,...,n the matrix defined by

.....

T

T ~ T .
g‘g/ COV(/ gi () dW™, gj(t)dW,a’a>=(Ol2+5t2)/ gi()gj(0)dt.
0 0 0

The matrix C#8 is invertible (since the functions g;, i = 1,...,n, are linearly
independent). Let us denote

_ T . AT
ri(t) :Cov(X,,/ g,-(u)dW,f““) =a/ K(t,u)g; (u)du,
0 0
and

@) = (r{' @), ... r5" ).

The following theorem, similar to Theorem 3.1 in [17], gives mean and covariance
function of the generalized conditioned process.
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Theorem 3. The generalized conditioned process X8°* can be represented as
. _1 T ~
XF =X, —r8(1)7(C*) (/ gu)dwe —x).
0

Moreover, the conditioned process X8 is a Gaussian process with mean

m&* (1) = E[X8*] = r¢(1)7(C¥) x, 6)
and covariance
k&(t,s) = Cov(XE™, X)) = k(t,5) — k51, 5), (7)
where '
k8(t,s) = rg(t)T(Cg)_ r8(s). (8)
Proof. Itis a classical result on conditioned Gaussian laws. See, e.g., Chapter II, §13,
in [15]. O
Remark 5. Let us note that the covariance function of the conditioned process de-
pends on the conditioning functions gp, ..., g, and on the time 7, but not on the
vector Xx.

Remark 6. If the conditioning functions g; are the indicator functions of the interval
[0, T;), fori = 1, ..., n, then the process is conditioned to the position of the noisy
Brownian motion at the times 77, . . ., T,,, more precisely to the set ﬂ?zl { W%’a = x;}.

Remark 7. If the conditioning functions are g;(s) = K(T;, S)I[O,T,-)(S)7 for i =
1,...,n,and ¢ = 1, @ = 0, then the process is conditioned to its position at the
times 71, ..., T,, more precisely to the set ﬂ:’: {XT1, = x;} (this is a particular case
of the conditioned process in [13]).

3.2 Large deviations

Let y, > 0 be an infinitesimal function, i.e. y. — 0for & — 0. In this section (X;);>0
is a continuous Volterra process as in (1). Now, in order to achieve a large deviation
principle for the family of processes ((X ‘%;jgt - X i;x)te[O,l])£>0s we have to investi-
gate the behavior of the functions k% and m&:* (defined in (7) and (6), respectively)
in a small time interval of length e.

Now we give some conditions on the original process in order to guarantee that
the hypotheses of Theorem 2 hold for the conditioned process. The next assumption

(Assumption 3) implies the existence of a limit covariance.

Assumption 3. Forany T > 0 and for gi € L2[0,T], i = 1, ..., n, there exists a
vectorial function r8 = (Fig] T, possibly Figi = 0forsomei =1,...,n, such
that

T o,@ gi gi
) Cov(X - X7, i(u)dW ro' (T +et) —r2' (1
7 () = lim (X Tt s Jo &i(w)dW,"®) lim ( ) =17 ( )7
e—>0 Ve e—0 Ve

©))
uniformly in t € [0, 1].
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The next assumption (Assumption 4) implies the exponential tightness of the fam-
ily of the centered processes.

Assumption 4. For any fixed T > 0 there exist constants M, T > 0, such that for
i=1,....,nande > 0,

ICOV(XTer — X1tess fiy &i(w) dWE®))|

sup 2
5,1€[0,1],5%1 Velt — s|*
[rf(T + et) — rf(T + 8s)|
= sup
5,1€[0,1],5%1 Yelt — s|°

Remark 8. Let us observe that Assumption 3 implies that for any fixed 7 > 0
;ij})rfgi (T +et) —rf(T) =0,
uniformly in ¢ € [0, 1]. Therefore,
é}iﬁn})mg;x(T + et) = m&*(T), (10)
uniformly in ¢ € [0, 1]. In fact, one has
m&* (T + st) — m&*(T) = (r&8(T + 1) — ré(T))7(C¥) " 'x,

and (10) immediately follows.

Remark 9. Let us observe that Assumption 4 implies that there exists M > 0 such
that the following estimate holds for the function ¥ defined in (8):

|«8(T +et, T +¢t) —2c8(T +et, T +e5)+«8(T +es, T +¢s)|

sup P
y2lt —s|*®

s,t€[0,1],s#t
<M. (11)

In fact, straightforward computations show that
k8(T +et, T +et)—28(T +et, T +es)+«8(T +es, T +¢s)
= ((r8(T + 1) — r8(T +£5)))7(C8) ™ ((r8(T + 1) — r8(T + ¢5))).

Therefore (11) immediately follows from Assumption 4.

Proposition 2. Under Assumptions 1 and 3, one has

Cov(X57 — XxF* x5 — x5
lim T+et 5 T+es T — k8 ,s),
e—0 Ve

uniformly in (t, s) € [0, 1] x [0, 1], with
k8(t,s) =k(t,s) — fg(t)T(Cg)*lfg(s), (12)

where F8 ()T = (7{' (1), ..., Fn" (1)) and 75 () is defined in (9) fori =1, ..., n.
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Proof. Taking into account equation (7), simple computations show that for s, ¢ €

[0, 11,
Cov(X7ye = X7, X7 — XT7)
= k(T +et,T +es) —k(T +et,T) —k(T +es,T) +k(T, T))+
—((FE(T +en) — fg(T)))T(Cg)_l((fg(T + &5) — F(T))). (13)
Therefore the claim easily follows from Assumptions 1 and 3. O

Remark 10. Notice that k€ is a continuous covariance function, being the (uniform)

limit of continuous, symmetric and positive definite functions.
Proposntlon 3. Under Assumptions 2 and 4 the family (X5} T +8t - X7 £ _E[x&r

])te[o, 11)e>0 is exponentially tight at the inverse speed functwn )/5 .

T+£t

Proof. As ((XT+€Z — X‘?; — E[XTH[ — Xi;x])ze[o,l])po is a family of centered
processes, it is enough to prove that (3) is satisfied with an appropriate speed function.
For ¢ > 0 the covariance of such process is given by (13). Therefore

g’ g’
Var(XT+st XT+ss)
=k(T +¢et, T +¢et) —2k(T +¢et, T +¢es)+ k(T +es, T + €s)

+r8(T +et) — rg(T)))T(Cg)_l((rg(T + e5) —r8(I)).
From Assumption 2 we already know that

k(T +et, T + ¢t) —Zk(T—i—st T +es)+ k(T + es, T~|—5s)
sup
5,1€[0,1), 571 y2lt —s|>

Furthermore, Assumption 4 implies that

|(r&(T + et) — r8(T))T(CE)~L(r8(T + es) — r&(T))|

T <M.
5,1€[0,1],5%1 y2 |t — s|?t

Therefore condition (3) holds with the inverse speed 1, = ysz andB=1tA7. O

We are now ready to prove the main large deviation result of this section.

Theorem 4. Suppose (X;);>o satisfies Assumptions 1, 2, 3 and 4. Suppose, further-
more, that the (existing) covariance function k8 defined in Proposition 2 is regular
enough, then the family of processes ((X§’+gl — X%x),e[o,l])po satisfies a large de-
viation principle on C|[0, 1] with the inverse speed )/82 and the good rate function

1 2 Z4
SIni2,,, ke e,

(14)
+00, otherwise,

JE(h) = {

where 8 is the reproducing kernel Hilbert space associated to the covariance func-
tion k8.
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Proof Cosider the family of centered processes ((XT et — X% — E[XT et —

])te[O 11)e=0. Thanks to Proposition 3 this family of processes is exponentially
tlght at the inverse speed y2 Thanks to Proposition 2, for any A € .#[0, 1], one has

85X g5x
lim Var({2 XT+£ _XT )
e—0 ys
1 1 oV X Xg’ Xg 35X Xg;x
= lim d)\(v)/ dr(u ) ( T+£v T2 T+eu )
e—0Jo 0 %

1 1
= / dk(v)/ d)\(u)];g(vv I/t),
0 0

where k€ is defined in (12). Since k£ is the covariance function of a continuous
Vol.terra process, a large deviation principle for ((X'gT”Ht - X‘%’ — E[X?im -
X §~’x])l€[0,l])s>0 actually holds from Theorem 2 with the inverse speed ys and the
good rate function given by (14). From Equation (10) and Remark 2 the same large
deviation principle holds for the noncentered family (X5, — X5")ie0,1)e>0. O

3.3  Examples

In this section we consider some examples to which Theorem 4 applies. Therefore
we want to verify that Assumptions 1, 2, 3 and 4 are fulfilled. Let X be a continu-
ous, centered Volterra process process with kernel K. Suppose g1 () = l[o,T)(t) and
g2() = T 110, 7)(1), that is,

- T .
W =/ g1 ) dW,* = x;
0

and by the integration by parts formula,
1 T B T 5
— W% du =f W) dW® =x;
T Jo 0

Then the matrix (C#)~! is given by

8282 8182
(Cg)—l 1 ( 2 )
4 8182 8181 ’
det(C ) Clr 1y
where
8181 _( 2+~2)T glgz_( 2+~2)Z
ci” =@ +a’)T, iy a” 4o x
2 T2
12
Example 1 (Fractional Brownian Motion). Let X be the fractional Brownian mo-
tion of the Hurst index H > 1/2. The fractional Brownian motion with the Hurst
parameter H € (0, 1) is the centered Gaussian process with covariance function

B = (@), de(Cf) = (@ +8)

1
k(t,s) = 5(r”’ + 52— —s?H).
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The fractional Brownian motion is a Volterra process with kernel, for s < ¢,

! o1z W voen 1 Hosp H-1/2
K(t,s):c;{(;(t—s)) _(H_E)S/ /u 7/(u—s) -1/ du],

N
5)
where cy = (%)1/2. Notice that when H = 1/2 we have K (z,s) =
1j0,11(s), and then the fractional Brownian motion reduces to the Wiener process.

First, let us prove that there exists a limit covariance and that it is regular enough.
For s < t, one has

Cov(X — X7, XT4es —
(X746t 271; Ttes r) = Cov(X,, X;),
&

because of the homogeneity and self-similarity properties holding for the fractional
Brownian motion, so that the limit in (4) trivially exists and Assumption | holds with
k(t,s) = k(t,s) and y, = . Now let us prove that Assumption 3 is fulfilled.

COV(XT+5, - X7, W?’&)

T
_/ (K(T—l—st,u)—K(T,u))du
0

T/ /T AN\ H-1/2 T\H-1/2
:cH/ << :8 ) (T + et —uw)?~1%2 — <;> (T—u)Hl/z) du+
0

T 1 T+et
—cy(H — 1/2)/ 7 / w—w=2 32 ay qu.
o u T

Thanks to the Lagrange theorem,

H—1/2 H—1/2
((F) / (1o 12 (1) / (= H-112)
u u

ZH%//?[(T R (A e A A e U

for & € [0, et]. Therefore from the Lebesgue theorem,

L [T/ /T +er\H-1/2 7\ H-1/2
lim = (( te ) (T+8t—u)H1/2—( ) (T—u)H1/2> du
e=>0¢ Jo u u

T
1
=1 (H - 1/2)/0 W(TH_3/2(T — w2 TV ) H 32 qu,

uniformly in ¢ € [0, 1]. Furthermore, in a similar way, we have,
lim l ! ; /T+gl(v _ M)H_I/ZUH_3/2dU du
es0e Jo ul=172 J;

r 1 H—1/27H-3/2

Therefore,

Cov(X — X7, W“’&
FS(t) = lim (X7er - LT )=0,
&— I
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uniformly in ¢ € [0, 1]. Similar calculations show that

_— )
Cov(X74er — X7, fy T4 AW )

i =0.

_g‘z .
r5-(t) = lim
2 ( ) e—0

So, we have k8(z, s) = k(t, s) and therefore the limit covariance exists and is regular
enough.
Now let us prove the exponential tightness of the family of processes. For s < f,

Var(X7 e — X1 4e5) = &7 (¢ — )*,
then Assumption 2 holds with t = H and y, = ¢ Fors < t, we have

COV(XT+8t — XTqes, W%&)

T
f (K(T +et,u) — K(T + &s,u)) du
0

T H-1/2 H—1/2
CH/ <(T+8t> (T+at—u)H71/2—(M> (T+es—u)H71/2>du+
0 u

u
H 1/2)/T 1 /T“t( YH=1/2,H=3/2 4, 4
—C — 5 v—u v - vdu.
g o ul=12 Jries

Thanks to the Lagrange theorem we can find M > 0 such that

T/ /T H-1/2 T 4 es\H-1/2
/ (( +£l> (T—l—et—u)H_l/z—(ﬂ) (T+es—u)H_l/2>du
0

u u

IR H_3 H_1) Hol H-3
58(t—s)(H—5>/ - [T+ 1= T2 (T + DY T2(T —w) " T2 du
0

u 2
<eM(t —ys)

and

fT 1 Tet H—1/2. H-3)2
_ — - —I“dvdu
H71/2/ (w—u) v
0o u T+es

T
=(t—s) f H%W(T +& — VAT 4 5) T du < eM(1 - 5).
0o u

Therefore, a fortiori,

M.

sup |COV(XT+81‘ - XT—Q—SS, W;{’a)| -
5,0€[0, 11,55t ef|t —s| =
Similar calculations show that
T &
|C0V(XT+£t - XT+ss, fO % dWI? ot)|
sup <

5,1€[0,1],5 71 e\t —s|

M.

Thus, Assumption 4 is fulfilled with ¢ = 1. Therefore the family ((X§},, —

X g;x)te[(),l])»o satisfies a large deviation principle with the inverse speed function

ygz = ¢?H as the nonconditioned process. Note that the same result was obtained in

[4] for the n-fold conditional fractional Brownian motion.
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Example 2 (m-fold integrated Brownian motion). For m > 1, let X be the m-fold
integrated Brownian motion, i.e.

t u uj
X,:/ du(/ dumfl---/ du]Bu1>.
0 0 0

It is a continuous Volterra process with kernel K (¢, u) = % (t — u)™ and covariance
function

SNt
E,9) = o /O (s — £t — £)" dE.

First, let us prove that there exists a limit covariance and that it is regular enough.
Assumption 1 is fulfilled. In fact, for s < 7, we have

m Cov(Xrqer — X7, X7165 — X7T)
e—>0 82

1 1 T+es
J— 3 m m
_3‘»“5(;11!>2?2/T (T + et —u)"(T + es —u)" du
. 1 T
tlim s [ (o= = (T =) (7 o =" = (T = 10)")

It is straightforward to show that

COV(XT+5; - XT, XT+8S - XT) _ 1 m2 2m—1
&2 m)22m — 1

12(;, s) = lim st,
e—>0
uniformly in (¢, s) € [0, 1] x [0, 1]. Furthermore,

Cov(X — Xp, WY
@) = lim (XTter 7, Wr™)
e—0 &

1 T
= 1imi—/ ((T+et—u)m—(T—u)m)du=iT’"t,
0

e—=0m! e m!
and
T T—u o,
_ _ Cov(X74er — X7, dWE®)
() = lim Jo T -
e—0 &

. a 1 (T
= hm—E/ ((T—l—st—u)m_(T—u)M)(T—u)du
0

uniformly in 7 € [0, 1]. Therefore also Assumption 3 is fulfilled.
Thus, we have k& (¢, s) = a st, where

1 2 _ T
0= —— (1t (1, ) (e (1 ) ).
(mH=\2m — 1 m+1 m+1

Note that k% is regular enough.
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Now let us prove the exponential tightness of the family of processes. For s < ¢,
there exists a constant M > 0, such that

Var(X74er — X74es)

1 T +et T+es 2
:—2</ (T+£t—u)2mdu+/ ((T+8t—u)m—(T+ss—u)m) du)
(MmN \J1ves 0

< Mez(t — s)2.

Then Assumption 2 holds with t = 1 and y, = ¢. Fors < ¢,

N T
|CoV(XT4er — X1qes, W) | = / (T +et —w)" — (T +es —u)")du

J— Z( >k+1Tk+1 m— k(t )mfk.

Then we have

|Cov(XTrer — XT4ess W%’a”
sup =

5,0€[0,1],55¢ elt —s|
Similar calculations show that

sup |Cov(XT1er — XTes, fo e awy Y -
5,1€[0,1),5%1 elt —s|

. . . A _ . g,
Thus, Assumption 4 is fulfilled with T = 1. Therefore the family ((XT et —

X §~;x)[e[0,l])8>0 satisfies a large deviation principle with the inverse speed yg = &2,

Example 3 (Integrated Volterra Process). Let Z be a Volterra process with kernel K
satisfying condition (5) for some A > 0. Let X be the integrated process, i.e.

t
Xt = / ZM du.
0

The process X is a continuous, Volterra process with kernel

t t
ht,s) = / K(u,s)du, ie. X;= / h(t,s)dBs.
s 0

First, let us prove that there exists a limit covariance and that it is regular enough.
Assumption 1 is fulfilled, in fact, for s < ¢, we have

Cov(X7yer — X1, X7465 — XT)
m 2
e—>0 &
) fTTJresh(T—i—st,u)h(T+8s,u)du
lim 5
e—0 &

T
+1im Jo (T +et,u) — h(T))g;(T +e5,1) = h(T, ) du.
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Now, one has
T+es
/ h(T + et,u)h(T + es,u)du
T

K t s
=g3f (/ K(T+sx,T+8u)dX/ K<T+ex,T+eu>dx>du
0 u u

and

T
/ (h(T + et,u) — h(T, w))(W(T +es,u) — h(T,u)) du
0

T T+es T +et
:/ (/ K(v,u)dv/ K(v,u)dv> du.
0 T T

Cov(X — X7, X -X T
fim SOV XTrer = X7 X7t T)=st/ K*(T,u)du,

Therefore

e—0 g2

uniformly in (¢, s) € [0, 1] x [0, 1]. Furthermore, with similar calculations we have

Cov(X7 et — X7, W%)
&

T
F(1) = lim =at/ K(T,u)du,
e—>0 0

and

T T—u a0 T
Cov(X - X7, aw, t
P$(1) = lim Ko = X1, Jo 7" AW )=a—/ K(T, u)(T — u)du,
e—0 & T 0

uniformly in 7 € [0, 1]. Therefore also Assumption 3 is fulfilled.
So, we have k8 (¢, s) = a st, where

T
a =/ K2(T,u)du — a>AT(C8) ™' A,
0

and AT = (fOT K(T,u)du, %fOT K (T, u)(T —u) du). Note that k# is regular enough.
Let us now prove the exponential tightness. We have, for s < ¢,

Var(X74er — X74es)

T+et T+es 2
=/ h(T+8t,u)2du+/ (h(T +et,u) — h(T +es,u))".
T+es 0

Now, recalling that K is a square integrable function, there exists a constant M > 0,
such that

T+st t t 2
/ h(T+8t,u)2du=83/ (/ K(T—l—ex,T—i—su)dx) du
T s u

+es

t
< 83M/ (t —u)du < M3t — 5)?
S
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and

2

T+es T+es t
/ (h(T+8t,u)—h(T+ss,u)2du=82/ (/ K(T—i—ev,u)dv) du
0 0 K

Mez(t — s)2,

IA

therefore Assumption 2 holds with t = 1 and y, = ¢.
With similar computations we can prove that also Assumption 4 is fulfilled with
T =1and y, = ¢. For s < t, we have

~ T
|CoV(X74er — X7tes, W¥)| = 'fo (h(T +et,u) — h(T + &s)) du

T +et
K(v,u)dvdu| < Me(t — s).
T+es
Therefore _
Cov(X — X7 e, WE
sup | ( T+-et T+es T )l <M.
5,1€[0,1],5%1 et —s|

Similar calculations show that

sup |Cov(X7ter — XT+ess fo _u aw,’ oz)|
5,0€[0,1],55¢ elt —s|

Therefore the family (xX&" Toer — X 5T';x),e[0,1])8>0 satisfies a large deviation principle
2

with the inverse speed function y? = &2.

4 Conditioning to a path

4.1 Conditional law

Let (2, .7, (%1)>0, P) be a filtered probability space. On this space we consider a
Brownian motion B = (B);>0, a continuous real Volterra process X = (X;);>0 and
another Brownian motion B = (B)t>0 independent of B. Fix o, @ € R and define
Wed = o B + &B.

We are interested in the regular conditional law of the process X given the o-
algebra .7, where (#"%);¢ is the filtration generated by the mixed Brownian
motion W%¢ i.e. we want to condition the process to the past of the mixed Brow-
nian motion up to a fixed time T > 0. To do this, consider the conditional law on
C[0, +o00) endowed with the topology induced by the sup-norm on compact sets,
P(X € - | 9’? "#). There exists a regular version of such conditional probability (see
[11] and [14]), namely a version such thatI' — P(X € T" | ﬁg’b) is almost surely a
Gaussian probability law.

The following theorem, Theorem 2.1 in [16], gives mean and covariance function
of the Gaussian conditional law.
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Theorem 5. For T > 0, the regular conditional law of X | ﬁg’b is a Gaussian
measure with the random mean

. ) 2 T )
W (W) = E[X, | #29] = ﬁfo K(t, u) dW?

and the deterministic covariance,

NS
T(t,s):/ <1 2+ 2][()T(v)> K(t,v)K(s,v)dv
0

o

2&2 T
+m‘/(‘) K(tv U)K(S, U)dv (16)

2 o .
Remark 11. Observe that the mean process (aﬁfizz fOT K(t,u)dWy %)>0 is a con-
tinuous process. Therefore for almost every continuous function v defined on [0, T,

m! =W, (y) 17

defines a continuous function m¥ : [0, +00) —> R. Thus, we can consider the
continuous Gaussian process (X, );>o with mean function m¥ and covariance func-
tion Y.

From continuity of m¥ one has

14 v
glg%mTJrsz =mr (18)

uniformly for ¢ € [0, 1].

Remark 12. Let us note that the covariance function of the conditioned process de-
pends on the time 7', but not on the function v as in the previous section.

Remark 13. For s At > T we have

Ol2 tAS &2
Y(t,s) = m/T K(,v) K(s,v)dv + k(t s). (19)

Fora = 0, i.e. fta’o = o{X, : u <t} (for details about the filtrations generated by
X and B, see, for example, [18]), we have the same conditioned variance as in [9].

4.2 Large deviations

Let y, > 0 be an infinitesimal function, i.e. y. — 0 for e — 0. In this section (X;);>0
is a continuous Volterra process as in (1).

Now, in order to achieve a large deviation principle for the generalized condi-
tioned process XV, we have to investigate the behavior of the functions Y and mY
(defined in (16) and (17), respectively) in a small time interval of length &. We want to
investigate the behavior of the conditioned process (X ;0 )¢>0 in the near future after 7'.
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For s < ¢, taking into account equation (19), simple computations show that

1 VoY 1
COV(XT+sz =X Xp s — X7)
()[2 tAS
=8ﬁ/ K(T +¢et, T +eu)K(T +¢es,T + eu) du+
s +ac Jo
~2
+ L(k(T +et, T +es)— k(T +et, T)—k(T, T + &s) +k(T, T)).
a? + @2

(20)

Now we give conditions on the kernel K of the original Volterra process in order
to guarantee that the hypotheses of Theorem 2 hold for the conditioned process. The
next assumption (Assumption 5) implies the existence of a limit covariance.

Assumption 5. For any T > 0 there exists a square integrable function K (possi-
bly 0) such that

K(T t, T
lim /& (T +e + &5)
e—0 Ve

uniformly in (t, s) € [0, 1] x [0, 1].

=K(,s)

Remark 14. Notice that we can choose y; so that limg_.¢ y.¢~2 € {0, 1, +00}.

The next assumption (Assumption 6) implies the exponential tightness of the fam-
ily of processes.

Assumption 6. For any T > 0 there exist constants ¢, T > 0 such that

fot(K(T +et, T+eu)— K(T +es, T +eu))*du
sup <c

s,re[0, 11,5 v2lt — s|?*

Remark 15. Note that
t
/ (K(T +et, T+ eu) — K(T +es, T+8u))2du
0
t Ky
= / K(T +e¢t, T+ cu)*> du+ / (K(T +¢t, T +eu)— K(T +es, T +8u))2du,
K 0

therefore in order to prove that Assumption 6 is fulfilled we can prove that there exists
¢ > 0 such that

fstK(T+8t,T+su)2du

sup = =c,
s,1€[0,1],5%1 y2lt —s|?
Jo(K(T +¢t, T +eu) — K(T +es, T + cu))* du
sup ) > <c.
s.1€[0,1], 55 velt — |t

Proposition 4. Under Assumptions | and 5 one has

14 2% 4 14
Cov(X - X7, X — X _
lim XT v T2 Tes r) =17T(t,s)
e—0 Vs
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uniformly in (t, s) € [0, 1] x [0, 1], where

B &2 IAS _ &2 _

Proof. From (20), Assumption | and Assumption 5 the claim easily follows. ]

- XV —E[X)

Pr0p0s1t10n 5. Under Assumptions 2 and 6 the family ((X Tt —

T+8[
Xy ])te[0,11)5>0 is exponentially tight at the inverse speed y8 .

Proof. Since ((XT+£t E[XT+8t X;/{])te[o,l])s>0 is a family of centered
processes, it is enough to prove that (3) is satisfied with an appropriate speed function.
The covariance of such process is given by (20). Therefore

v
Var(XT-'rst XT+5?)
()[2 t 2
:sm/o (K(T +et, T +eu) — K(T +es, T +eu))” du+
~2
+ 2‘: k(T + 61, T + 1) = 2(T + 1, T +&5) + k(T + &5, T + 69).

From Assumption 2 we already know that

|k(T 4+ et, T + ¢t) —Zk(T—i—st T + es) + k(T + es, T+es)|
5,1€[0,1),5%1 y2lt —s|>

Furthermore, Assumption 6 implies that

Jo(K(T +et, T +eu) — K(T +es, T +eu))? du
sup 3 57 <M.
5,1€[0,1],5%1 Vet —s|=t

Therefore condition (3) holds with the inverse speed n, = ygz and=1A7. O

We are ready to state a large deviation principle for the conditioned Volterra pro-
cess.

Theorem 6. Suppose Assumptions 1, 2, 5 and 6 are fulfilled. If the (existing) co-
variance function 'Y defined in Proposition 4 is regular enough, then the family of

processes ((X%_St — X?)te[o,l])s>0 satisfies a large deviation principle on C|0, 1]
with the inverse speed ygz and the good rate function

; N2, hes,
(h) = 2 (22)

+o00, otherwise,

where S and |.|| s respectively, denote the reproducing kernel Hilbert space and
the related norm associated to the covariance function Y given by (21).
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Proof Cosider the family of centered processes ((X Tter E[X Taer —

])te[O 11)e. Thanks to Proposition 5 this family of processes is exponentlally tight
at the inverse speed ya . Thanks to Proposition 4, for any A € .Z[0, 1], one has

V: —xV Lol
fim S22 T“’ ) _ / f T(t. 5) dat) d(s)
0 0

e—0 )/8

where Y is defined in (21) Since Y is the covariance function of a contmuous

Volterra process, a large deviation principle for ((X$ ot — '/’ - ]E[XT +8t —

X ? Diel0,11)¢e0,1])e>0 actually holds from Theorem 2 with the inverse speed y‘s and
the good rate function given by (22). From Equation (18) and Remark 2 the same large
deviation principle holds for the noncentered family ((X ﬁ v — X ﬁ ic[0.1])e=0- U

4.3  Examples

In this section we consider some examples to which Theorem 6 applies. Therefore
we want to verify that Assumptions 1, 2, 5 and 6 are fulfilled. Let X be a continuous,
centered Volterra process process with kernel K.

Example 4 (Fractional Brownian Motion). Consider a fractional Brownian motion
with H > 1/2 as in Example 1. We have already proved that Assumptions | and 2
are fulfilled with 7 = H and y, = &',

We want to show that Assumptions 5 and 6 are fulfilled with 7 = 1, y, = ¢
From Example 4.17 in [9], we have that

H

K(T +¢et, T +¢
lim /¢ 7+ i +es) :cH(t—s)H_%
&

uniformly for ¢, s € [0, 1]. Therefore

l tAS
lim 2H[ K(T +et, T +eu)K(T +es, T + eu)du
€ 0

e—0
, [ ' .
=CH/0 (t—u)H_f(s—u)H_fdu

uniformly for (¢, s) € [0, 1] x [0, 1]. So, we have that Assumption 5 is fulfilled with

&2 2 tAS | |
Yt,s) = g ———k(t, s)+76%{/ (t—w2(s — w2 du.
0

Note that Y is regular enough. Let us now prove the exponential tightness.
Since (a + b)? < 2(a® + b?) for a,b € R, from Equation (15), there exists a
constant ¢ > 0 such that, for s < 1,

K(T +et, T + eu)>

T+et ol 2
< c<£2H—l(t—u)2H_l+</ (v—(T+8u)) _idv> )
T+eu
< c(eZH_l(t _u)2H-l L 2HA u)zH—H)'
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Thus,
t
s/ K(T +et, T +eu)’ du < (27 (1t — )*7 + 27 T2(1 — 5)2H+2),
N

Furthermore,

(K (T +et, T+eu)—K(T+es, T+ew))’ = (Aw) — Bw))” < 2(A2w) + B2w)),

where
1 1
T +et\7 2 H-L g_1 T +es\7 2 H—L g_1
A = t — 2 2 — — 2 2
() CH[(Ter) (t—u)" "¢ (T+su> (s —u)"72¢7772)
1 1 T+et 1
B(u):cH(H——>7]/ UH_%( —(T+8u))H 2 dv.
2 (T+gu)H_7 T+es

Now, thanks to the Lagrange theorem, there exists x € [s, ¢] such that
A@w) < c((T+enf 2 — )" =363 (T 4 e5)H2(s — w)H 261 -7)
= (T + e 3 (x —)"=7 + (T + ex) 2 (x —w)"=3)e"~2(t — 5).

The estimation of B is easily done. There exists x € [s, ] such that

T+et H_1 , t 1
B(u)fc/ (v—(T—i—eu)) 2dv=csH+7/ w—u)f72 dv
T+es s

1 3
= ceH+7(x — u)H_f(t —5),

and then
s N
5/ A2u)du < ce®f (1t — 5)2, s/ B2(u)du < ce®H2(t — 5)2.
0 0
From Remark 15 we have that
! 2
f (K(T +et, T +eu)— K(T +es, T +euw) du < ce* (t — 5)°.
0

Assumption 6 is then fulfilled with £ = 1 and y, = &/.

A large deviation principle is then established for the family of processes
((XKFH - X;/{)telo,ll)e>07 with the inverse speed £2/ .
Example 5 (m-fold integrated Brownian motion). Let X be the process defined in
Example 2. We have already proved that Assumptions | and 2 are fulfilled with 7 = 1

and Y. = &. We want to show that Assumptions 5 and 6 are fulfilled with T = 1,
ye. = €. Fors < t, we have

K(T +¢t, T +¢es) =@ —s)"",



Pathwise asymptotics for Volterra processes 39

therefore KT T
t,
im g XTI Fet. THes)

e—0 &

uniformly in ¢, s € [0, 1]. Thus,

& ! m* o om-i
a2+ a2 (mh22m —1

T(t, s) = st,

and Assumption 5 is verified. Note that Y is regular enough. Let us now prove the ex-
ponential tightness of the family of processes. For s < ¢, there exist positive constants
c1, ¢ such that

t
/ (K(T +¢t, T +eu) — K(T + &5, T + eu))” du
0

l N
= (m!)2 /0 82m((t —u)" — (s — M)m)zdu
t
+ ( ')2 / 82”!(([ _ I/t)zm du < 82mC1 (t — S)2 + 82mC2(Z _ S)2m+1
m: s

and Assumption 6 is verified with £ = 1 ad y, = ¢. A large deviation principle is
then established for the family of conditioned processes ((X ? b — X ? )i€0,11)e>0s
with the inverse speed &2.

Example 6 (Integrated Volterra Process). Let X be the process defined in Example 3.
We have already proved that Assumptions | and 2 are fulfilled with t = 1, y, = ¢.
We want to show that Assumptions 5 and 6 are fulfilled with ¢ = 1 and y, = ¢. For
s < t, we have

T+et t
h(T +¢et, T + ¢s) =/ K(v,T—i—ss)dv:e/ K(T +e¢ev, T +e¢s)dv,
T+es K
therefore T -
t7
lim 7 L FeLTHes)
e—0 &

uniformly in ¢, s € [0, 1]. Thus,
&2

Yl‘, = 7=
(t,s) PR

T
/ KZ(T, u)dust,
0

and Assumption 5 is verified. Note that Y is regular enough. Let us now prove the
exponential tightness of the family of processes. For s < ¢, there exist a constant
¢ > 0 such that

t
/ (h(T +et, T +eu)—h(T +es, T + 8Lt))2 du
0

s T+et 2 t T+et 2
=f (/ K(v,T—i—su)dv) du+/</ K(v,T—I—su)dv) du
0 T+es K T+eu

< 820(t — s)2
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and Assumption 6 is verified with £ = 1 and y. = ¢. A large deviation principle is
then established for the family of conditioned processes ((X ? yor — X % )i€0,11)e>0s
with the inverse speed &2.
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