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Abstract We introduce a stochastic partial differential equation (SPDE) with elliptic oper-
ator in divergence form, with measurable and bounded coefficients and driven by space-time
white noise. Such SPDEs could be used in mathematical modelling of diffusion phenomena in
medium consisting of different kinds of materials and undergoing stochastic perturbations. We
characterize the solution and, using the Stein—Malliavin calculus, we prove that the sequence
of its recentered and renormalized spatial quadratic variations satisfies an almost sure central
limit theorem. Particular focus is given to the interesting case where the coefficients of the
operator are piecewise constant.

Keywords Stochastic partial differential equations, divergence form, piecewise constant
coefficients, fundamental solution, Stein-Malliavin calculus, almost sure central limit theorem
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1 Introduction

Many diffusion phenomena in various fields of real life are modelled by the following
type of partial differential equations (PDEs)
du(t, x)

o Lu(t, x), (1)
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where L is the elliptic divergence form operator defined by

1 d
(x )— , 2
r(x)dx( )

R and r are two measurable and bounded functions defined on R and satisfying
w1 < R(x) and pupy <r(x) forallx e R

where w1 and py are two strictly positive real constants, and denotes the deriva-
tive in the distributional sense. More information on PDEs of the type (1) and their
applications can be found, e.g., in [5, 15, 19] and references therein. One interesting
example of such PDEs is the one defined by

1 d
L — 3
p= 2p(x)dx<p( YA(x) ) 3)
A(x) = alp<o) + a2ljo<xy and  p(x) = p1lx<o) + 021j0<x}s 4
aij, p; (i = 1,2) are strictly positive constants. Operators of the kind (3) are the

infinitesimal generators of diffusion processes that have been widely studied in liter-
ature (see [7, 12] and references therein). The discontinuity of the coefficients A and
p reflects the heterogeneity of the media in which the modelled process under study
propagates.

In the present paper, we introduce a stochastic partial differential equation (SPDE),
that can be considered as a stochastic counterpart of PDE (1). More specifically, we
consider

u(r, :

WX e - W(x): 1> 0,x €R.
ot )
u(©0,) = 0,

where £ is defined by (2) and W denotes the formal derivative of a space-time white
noise. That is, W is a centered Gaussian field W = {W (¢, C);t € [0, T], C € Bp(R)}
with covariance

E(W(t, C)W(s, D)) = (t As)AL(C N D), (6)

where A denotes the Lebesgue measure and By, (R) is the set of A-bounded Borel sub-
sets of R. So W behaves as a Wiener process both in time and in space. The solution
to Equation (5) is a random field {u(#, x), t > 0, x € R}, where ¢ represents the time
variable and x is the space variable. In the particular case where the functions r and
R are constants 7 := 2 and R := 1, the operator L is reduced to 2 8 . So Equation
(5) also represents a natural extension of the stochastic heat equation driven by the
space-time white noise, which has been widely studied in the literature (see [22] and
the references therein). This can be considered as an important motivation for the
investigation of such equation’s solution.

This paper has a twofold objective: the first is to lay the first milestone towards
the investigation of the stochastic process solution to (5). We prove its existence, and
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we investigate its spatial quadratic variation. In fact, the study of quadratic variation
is motivated by its numerous applications in many fields. For example, in the esti-
mation theory, the analysis of the asymptotic behaviour of the quadratic variations
of self-similar processes play an important role in the construction of consistent es-
timators for the self-similarity parameter (see, e.g., [24] and references therein). In
stochastic analysis, quadratic variations are as well one of the main tools used to
characterize the semi-martingale property for some mixed Gaussian processes (see,
e.g., [10, 14, 29]). Examples of applications of quadratic variation investigation in-
clude also the theory of the Itd stochastic calculus with respect to martingales [21]
and mathematical finance [3]. We refer to the monograph [22] for a more complete
exposition on variations of stochastic processes in general, and of solutions to cer-
tain SPDEs in particular. In this paper, under some conditions on the fundamental
solution to PDE (1), we fix # and study the limit behaviour in distribution of the se-
quence (Z;y:_ol (u(t, %) —u(t, ﬁ))z)Nzl. More precisely, using some elements of
the Stein—Malliavin calculus, we show that, after recentralization and renormaliza-
tion, the above sequence satisfies an Almost Sure Central Limit Theorem (in short:
ASCLT). Similar study has been done in the case of stochastic heat equation (see
[20, 23]) and also in the case of stochastic wave equation (see [11]). But no similar
study has been carried out on SPDEs (5). For more information on ASCLT, see [2]
and references therein. The second objective of this paper is to make a further study
of the SPDE defined by

b .
% = Lyut,x)+W(,x); t>0,xeR, o
u@,.) = 0,

where £, is the operator defined by (3). We note that Equation (7) is a particular
case of (5), and it could be a good model for diffusion phenomena in a medium
consisting of two kind of materials, undergoing stochastic perturbations. Equation
(7) has been introduced in [30] where the authors proved the existence of the solu-
tion and they presented explicit expressions of its covariance and variance functions.
Some regularity properties of the solution sample paths have also been analyzed. In
[31], Zili and Zougar expanded the quartic variations in time and the quadratic vari-
ations in space of the solution to Equation (7). Both expansions allowed them to
deduce an estimation method of the parameters a; and a, appearing in (4). We make
here another step in the study of SPDE (7) by showing that its solution satisfies all
conditions under which we can use the ASCLT. In addition to the Stein—-Malliavin
calculus, our proofs require many integration techniques, calculation, and analysis
tools.

The paper is organized as follows. In the next section, we prove the existence of
the mild solution to Equation (5) and we give some characterizations of its spatial
increments. In Section 3, using some elements of the Stein—-Malliavin theory, we es-
tablish an almost sure central limit theorem which applies to the solution to SPDE (5)
under some conditions on the fundamental solution associated to the operator £. The
last section focuses on a further investigation of the solution to SPDE (7). In which
case, we show that the ASCLT is statisfied.
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2 Existence and some characteristics of the solution

The notion of solution to (5) is defined in the mild sense. We call a mild solution to
(5) the stochastic process

t
u(t,x) = / / Gt —s,x,y)W(ds,dy), te[0,T],x eR, (8)
0 JR

where W is the Gaussian noise with covariance given by (53), G is the fundamental
solution of the operator £ and the integral in (8) is the Wiener integral with respect to
the Gaussian noise W. The existence and many properties of the fundamental solution
G of the operator £ have been obtained in many papers (see, e.g., [13] and [19]).

Remark 1. It is well known (see, e.g., [25]) that the mild solution to (5) exists when
the Wiener integral (8) is well-defined and this happens when the function (s, y) +——
G(t—s, x,y) belongs to Ho = L%([0, T]x R), the canonical Hilbert space associated
with the Gaussian process W. In fact, H is none other than the closure of the linear
span generated by the indicator functions 1j sxc, t € [0, T], C € Bp(R), with
respect to the inner product

<lo,nxc, Ljo,sixp>H, = & A s)A(C N D).

Moreover, the process (u(t,x),t € [0,T],x € R), when it exists, is a centered
Gaussian process.

The following proposition deals with the existence of the mild solution to Equa-
tion (5).

Proposition 1. The centered Gaussian process (u(t,x),t € [0, T], x € R) defined
by (8), as a solution to Equation (5), exists and satisfies

sup ]E(u(t,x)z) < +o00.
te[0,T],xeR

Proof. The existence and some bounds of the fundamental solution to PDE (1) have
been established in [1] and [9]. In particular, it has been proved that there exist posi-

tive constants C] and Cz such that
Cr(x — 2
eXp ( 2( y) > s (9)

Gt x,y) =<

V2t t

foranyr € [0, T] and (x, y) € R2. Thus,

! 2C(x — y)?
G*(t — s, x,y)dyds < = dyd
/O/R ( S %, Y)dyds = f/Zﬂ(l—S) < t—s )ys
C3f ds
0 t—s

CVT,

IA

IA



Spatial quadratic variations for a SPDE’s solution 349

where C3 and C4 denote two strictly positive constants. This with Remark 1 and
Wiener’s isometry allow us to get the existence of the mild solution to (5) and to
show that

t
E(u(t,x)z) = / / Gz(t —s,x,y)dyds < C4\/T,
0 JR
forevery ¢t € [0, T] and x € R. |

Now we consider an interval I in R and denote
ApG(u,x,2) =G, x+h,z2) —Gu, x,2)
and
2 ! 2
ARG = x| 2001wy = (AWG(t — 0, x,y)) do dy
’ 0o JR
forevery u,t € (0, T],h > 0 and x, z € I. We also consider the conditions:

Hi(I): YVt € (0,T], 3Cs > 0; Y(x,y) € I* y > x,

Cs(y —x) < ||AyxG(t — .. x, -)”22((0,0@&)'

Hy(I): V1 € (0,T], 3Cs > 0; Y(x,y) € I% y > x,
2
HAyfo(t — oL X, )” Lz((O,I)XR) =< C6(y - x)'
Hy(I): ¥1 € (0,T),3C7 > 0; Vh > 0, ¥(x, ) € I2,

t
/ / ARGt —s,x,2)ARG(t — s, y,2)dsdz < C7 h>.
0 JR

The following lemma will play an important role in this paper.

Lemma 1. Let u be the mild solution to Equation (5).

1. If Condition Hi (1) is satisfied then, for every t > 0, there exists a positive
constant Cg such that

Vx,yel, Csly—x| <E(u(,y) —ul, x)°. (10)

2. If Condition H>(I) is satisfied then, for every t > 0, there exists a positive
constant Cg such that

Vx,yel, Eu,y) —u, x)’ < Coly—xl. (11)
3. If Condition H3(1) is satisfied then, for every t > 0, Vh > (),
Vx,yel, E((ult,x+h)—u(t,x))(u, y+h)—u(t,y))) < C7h*. (12)

Proof. We first note that if x = y, then Inequalities (10) and (11) are trivial. We also
note that the proofs in the cases x > y and y > x are similar. So we consider only
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the case y > x. Using Wiener’s isometry we get

IE(u(t, y) — u(t, x))2

2
= E(/ Gt —u,y, 2)W(du,dz) —/ Gt — M,x,z)W(du,dz)>
0,1)xR 0,1)xR

2
= E(/ (G(t_uyy,Z)—G(f—u,x,z))W(du,dz)>
0,H)xR
= / (G(’—M,y,z)—G(t—u,x,z))zdudz
0,1)xR

= [Ay:G@— . x, ')”iz([O,t]XR)' (13)

Equality (13) and Condition H; (/) [respectively H»(I)] allow us to get the two first
assertions in Lemma 1.
As for the third one, using again Wiener’s isometry we get

E((u(t, x+h) —u(t, x))(u(t, y+h)—ul(t, y)))

= E(/ A G(t —u, x,2)W(du, dz)
0,r)xR

X/ AhG(t—u,y,z)W(du,dz))
0,r)xR

= / AnG({t —u,x,2) AhG(t —u,y,7) dudz.
0,HxR

Using Condition H3(I) the proof of the third assertion in Lemma 1 is achieved. [

From Assertion 2 in Lemma | and by Kolmogorov’s criterion of continuity, we
easily get the following corollary.
Corollary 1. Let u be the mild solution to (5). If Condition Hy (1) is satisfied, then,
for every t € [0, T], the process (u(t, x))xer is Holder continuous of order y with
O<y< %
Remark 2. From Corollary 1, under Condition H>(/), the process u being a solu-
tion to (5) keeps the same Holder regularity in space as the solution to the standard
stochastic heat equation driven by a time-space white noise (see [20] and references
therein).

3 Almost sure central limit theorem

Let us start this section with the following definition.

Definition 1. Let (Gx)y>1 be a sequence of real-valued random variables defined on
a common probability space (§2, F, P). We say that the sequence (Gy)y>1 satisfies
an almost sure central limit theorem (ASCLT), if, almost surely, for every bounded
and continuous function ¢ : R — R, we have:

<p(G )
logN Z

(p(2)) asN — oo,
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where Z is an N'(0, 1) random variable.

For fixed ¢ € (0, T'], we consider the Gaussian process (u(t, x))xejo,1] being the
mild solution to Equation (5). We also consider the partition 0 = xp < x] < -+ <
xy = 1 of the interval [0, 1] defined by x; = ZN foreveryi =0, 1,..., N. We define
the centered re-normalized quadratic variation statistic in the following way:

vy Ni[ (e, xi41) = (e, x0))?

~ 1
Eu(t, xit1) — u(t, x;))2 - 11| and Vy = —Vy. (14)

V2N

The aim of this section is to show that the sequence (VN) n>1 satisfies the ASCLT.
Let us first recall briefly some basic elements of the Stein—Malliavin theory (see [16])
that will be useful in our proof.

i=0

3.1 Elements of the Stein—-Malliavin theory

Consider a real separable Hilbert space (H, <., .>7;) and an isonormal Gaussian pro-
cess (B(¢), ¢ € H) on a probability space (£2, F, P), which is a centered Gaussian
family of random variables such that

E(B(¢), BY)) = <@, ¥>%,

for every ¢, ¥ € H. For g > 1, let H®4 be the gth tensor product of H and denote
H®4 the associated gth symmetric tensor product.

Denote by I, the gth multiple stochastic integral with respect to B. This I, is
actually an isometry between the Hilbert space H®? equipped with the scaled norm
ﬁ |l.ll4e¢ and the Wiener chaos of order g, which is defined as the closed linear

span of the random variables H, (B(¢)), where ¢ € H, |l¢llsy = 1 and H, is the
Hermite polynomial of degree g > 1 defined by

(=1)? x2\ a4 x2
Hy(x) = T exp<7> ﬁ<exp(—7>>, x € R. (15)

The isometry of multiple integrals can be written as follows: for p, ¢ > 1, f € H®P
and g € H®Y,

q'<f.8>yeq ifp=gq
E(/ I = 16
( (/) q(g)) {0 otherwise. (16)
It holds that A
Iq(f) = Iq(f)’
where f denotes the canonical symmetrization of f defined by
R 1
fGn, .. xg) = o > F@oy. - Xo(g): (17)
o€y
where the sum runs over all permutations o of {1, ..., g}.

We recall that any square-integrable random variable F', which is measurable with
respect to the o-algebra generated by B, can be expanded into an orthogonal sum of
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multiple stochastic integrals:

F=EF)+ Y I,(fy) (18)

g=1

where the series converges in the L?(£2)-sense and the kernels 4. belonging to H®4,
are uniquely determined by F.
Consider now the class of smooth random variables F that can be written in the
form
F =g(B(g1). ... B(gn)). (19)

wheren > 1, g : R” — R is a C*°-function with compact support and ¢y, ..., ¢, €
‘H. The Malliavin derivative of a smooth random variable F' of the form (19) is the
‘H-valued random variable given by

"9
DF = Zl a_)i(B(“")’ ... B(ow) i. (20)

The following formula for multiplication of Wiener chaos integrals of any orders
p, g will play a basic role in the next section. For any symmetric integrands f € H®P
and g € H®P, we have

PAq
L(H1() =D r() () I prg—2r(f ®r 8. @1
r=0
where, in the particular case when H = L2([0, T],forr =1,...,p A gq, the rth

contraction f ®, g is the element of H®(P+472") defined by

(f®r &Sty vy Sprstlyovstyy)

= / dut..duy f(s1,...,Sp—r, Uty ... up) @1, ooy tgmp UL, ooy Uy).
[0, 7]

(22)
The following theorem gives a description of the normal approximation of multi-
ple stochastic integrals. We refer to [16—18] and references therein for the proof.

Theorem 1. Fix g > 1. Assume that (Gy)n>1 := (I;(gn)) N1 With gy € HOY s
a sequence of random variables belonging to the qth Wiener chaos such that

lim E(G%) = o?.
N—o00 ( N) 7
Hence, G converges in law to Z ~ N(0, 1) if and only if
lim |DGyll%, = go.
lim DGy}, = g0
Furthermore, if we denote by d one of the metrics on the space of probability mea-

sures on R, including the Kolmogorov, Wasserstein and Total Variation measures,
then for N large enough:

d(Gn,N(0, 1)) < C(\/Var(||DGN||%{) + \/]E(llDGNH%{) —qo?).
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The following theorem has been introduced in [4]. It gives a sufficient condition
for extending Theorem 1 to an ASCLT for multiple stochastic integrals.

Theorem 2. Fix q > 2, and let (Gy)n>1 be a sequence of random variables defined
by

GN = (Iq(gN))N>l, gNEHGq'
Suppose that:

1. Forevery N > 1, E(G%) = L.

2. Foreveryr =1,...,q — 1, lim | gy ®; gN||%_l®2(q,,) =0.

N—o00
1 i
— 2

3. Foreveryr =1,...,q — 1, E W E 7||g1 ®r gl”H®2(‘1*’> < Q.

N>2 =1
1 Y EGiG))
4. L 00
Z Nlog3N Z ij <

N>2 i,j=1

Then, the sequence (Gn)N>1 satisfies an ASCLT.

We finish this section with the following useful reduction lemma. For its proof
see Lemma 2.2 in [2].

Lemma 2. Consider a real-valued sequence (ay),>1 converging to deo # 0. Con-

sider also a sequence of real valued random variables (G,)n>1. Then the sequence
(Gn)n>1 satisfies an ASCLT if, and only if, (anG,)n>1 does.

3.2 Limiting behavior of the re-normalized quadratic variation of the spatial solu-
tion process

For fixed t € (0, T], we denote by H the canonical Hilbert space associated to the

Gaussian process (u(t, x))xe[0,1] being a mild solution to Equation (5). This Hilbert

space is defined as the closure of the linear span generated by the indicator functions

1i0.x], x > 0, with respect to the inner product

E(M(l‘, x)u(t, y)) = <1[0,x]7 l[O,y]>’H- (23)

We also denote by 1,, ¢ > 1, the multiple stochastic integral with respect to the
Gaussian process (u(f, x))xe[o,1]. So for every x < y we have

M(l, )’) - M(l9x) = 11(1[x,y])-

We start our study of the limit behavior in distribution of the sequence (VN) N>1
by the following main theorem.

Theorem 3. Let u be the mild solution to Equation (5), G be the fundamental solu-
tion associated to the operator L and Vy be given by (14). If G satisfies Conditions
H ([0, 11) and H3([0, 1), then

. 52\
Nll_r)nooE(VN) =1.
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Proof. By using Formula (21), we can write

2

Ve — [w(t  Xj1) — ult, x;)? 1}
N E(u(t, xj31) — u(t, x)))

O

2\

B [ L2 (A 1) 1}

Eu(t, xj11) — u(t, x;))>?

=0
= 12(1 [x;, Xj+l])

E(M(l, xj-‘rl) - M(l,.x]'))z.

j=0

~.

By virtue of the isometry formula (16), we get

N-1 I (lx . ) 2
E(V]\zl) = E(Z 28 x4 )
J

— B, xj1) —u(t, xj))?

_ ®?
_ NZI ]E(h(lx WX +1])12(1[Xk»xk+|]))
A Bl xjn) — 1t 3,2 B xin) — u(t, %0)?
N-—1
_ Z <Lxj x4 l[xksxk+1]>’2}-[
fyme Eu(t, xj41) — u(t, x;)? EQu(t, xi1) — u(t, xx))?
Thus,
E(Vy?) = Tin + Ton.
where
N—1 2
<1[Xjaxj+l]’ l[xj!xj+l]>'H
TN:ZZ]E ) — 212 (24)
j=0 [ (u(tv-xj-i-l) u(tsxj)) ]
and

N—1 2
<Xpxjxi s Mo 1>%

Ton =2 .
2N j’k_XO:;j# Eu(t, xjr1) —u(t, x;)? EQu(t, xeq1) — ut, x¢))?

(25)

On the one hand we clearly have 77, 5y = 2N. On the other hand, since Conditions
H1 ([0, 1]) and H3([0, 1]) are satisfied, by virtue of Lemma 1 we get

N-—1 N—1 2
1
2 2
Dy <2N° )0 <l lno1>3 SCN? )0 (m) =C,
J.k=0; j#k J:k=0; j#k

(26)
where C depotes a universal positive constant. Thus, we deduce that the dominant
term for E(V[%,) is obviously 77, . Consequently, we obtain, for a fixed ¢ € (0, T],

E(VI%)—ZNIE( )—>1 as N — oo. |
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_ In the following theorem we establish the convergence in law of the sequence
(VNN
Theorem 4. Consider the sequence of random variables V defined in (14). If G
satisfies Conditions Hy ([0, 1]) and H3([0, 1]), then
Vy 28 AN, D).
Moreover, if we denote by d one of the metrics on the space of probability measures
on R, including the Kolmogorov, Wasserstein and Total Variation measures, then for
N large enough
~ C
d(Vn, N, 1)) < —=.
( V<N
Proof. By virtue of Formula (20) we get
N-1
Ly 00) Mg xjia

DVy = — >
VT VAN S Bl xja) —u(x)?

Hence, for every fixed t € [0, T'], using Formula (21), we get

N—1
||D‘~/N||2 _ 3 Z I2(1[Xj,xj+1] ® l[xkvkarl]) <1[xj,xj+l]’ I[Xk,Xk+1]>H
" N Ay Bt xjpn) = ut, x))? B(u(t, xiepr) — u(t, )
+E(IDVyII3,).

and consequently,

Var(| DVy|l3,)

E[IDVN I3, — E(IDVNI3,)]
N—-1

2
I (X xj1 ® o e ) <Mpwjoxin s Yo 1> % }

2
B [ﬁ j,%:jo Eu(t, xj41) — u(t, xj))* E(u(t, xiq1) — ult, x))?

_ i If E(Iz(l[xjvxj+l] ® I[Xk,xkﬂ])IZ(l[xm,me] ® l[xlval]))
N? k=0 Eu(t, xjr1) —u(t, x;)? EQu(t, xeq1) — u(t, x))?

<1lxj,xj+1lv llxk,xk+1]>"r"l <1[meCm+1]’ 1[x1,x1+ll>7'l

X
E(u(t, Xmt1) — ult, xm))? Eu(t, x141) — u(t, x))?

N-1 5 5
_ 8 Z <1[xjsxj+]]®1[xksxk+]]’ l[xm,xm+1]®1[XI,X1+1]>7.[®2

2

2 2
. k,m,I=0 ||1[xj,xj-+1]||7.,5 ||1[xk,xk+1]||7.,5

<Xpxj xjiils Lveven 1> <1 nii1s Lvx 1> %

)

[} TR 7§ Py

where f®g denotes the symmetrization of the tensor product f ® g that satisfies

- 1
f®g = §(f®g+g®f)
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and

3 3 1
<f®g, f'®g' >y = §(<f, fou<g. ¢>nu+<f.g>nu<g f'>n).
Therefore,

Var (|| DVy|3,)

N—-1
8 Z <Ipj xji1s Lveven 1> <1 xi1s L 1>
- N2

2 2
jk,m,I=0 ||1[x,-,x_,-+1]||7.L ||1[xk,xk+1]||7_[

<1[xj7-xj+l]’ Loy v 1> H <L Yogomn1>H

11103 111113
= Dyn+D3ny+Doyny+Din

where D; y, for every i € {1, 2, 3, 4}, contains all the terms with i equal indices. So,
Dy, y contains all the summands above with j = k = m = [; thatis

g 8
Din=—3 1=
N szz_(:) N

As for D3 p, it contains all the terms corresponding to j = k = [ # m; so, since G
satisfies Conditions Hj ([0, 1]) and H3([0, 1]), using Lemma | we get

N—-1 4 2
Dy < 5 Z I, 1 <111 v 1>
W= N2 1 6 2
L (TR | 7 [} e Se s |
¢ ¢
N2 1y N2
N 1,m=0 (N) N

By the same way, and using again Lemma 1, we show that

Dz’Ngm and Dl’Ngm.
All this allow us to get

Var(| DVy13,) <

ZIQ

Moreover, we have

o N

E(V3 1
—M——(T1N+T2N)—2+—

E(|DVyI3,) = 2E(Vn)? = v

where T,y and 1> y are defined by (24) and (25). This and Inequality (26) allow us
to deduce that

- C
E(IDVNIIZ) =2 < =
By virtue of Theorem 1, the proof of Theorem 4 is completed. O

3.3 Almost sure central limit theorem
The following theorem is a kind of extension of Theorem 4.
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Tlleorem 5. If G satisfies Conditions Hy ([0, 1]) and H3([0, 1]), then the sequence
(VN)n>1 satisfies an ASCLT.

Proof. Denoting oy =,/ E(VI%,), for every N > 1, according to Theorem 3, we have
limy_ o oy = 1. So without loss of generality, we assume that infy>; oy = 09 > 0

and we consider Gy = X—}“V’, for every N > 1.
According to Lemma 2, to obtain Theorem 5 it suffices to show that the sequence
(Gn)n>1 satisfies an ASCLT. To this end, since for every N > 1 we have Gy =

I>(gn) with
®2
[xj,xj+1]

1 N—-1
gN = )
ONN2N 12:(:) E(u(t,xj+1) —u(t, xj))Z

and since we obviously have E(G%V) = 1, for every N > 1, it suffices to check the
three last assumptions in Theorem 2.
By the 1st contraction defined by (22), we obtain

-1 ®2 ®2
g1 ®1 & ! Z I[vaxml ®1 l[Xk,XkJrl]
2071 =0 Eu(t, xj41) — u(t, x;)2 Eu(t, xg1) — u(t, xx))?
-1
: Z < xjii]s Leore 11> H A 0 001 © Mg
201 jmo Bt xj1) —ut, X)) E(u(t, xp41) — u(t, x¢))?
Therefore,
2
It ®1 811,00
-1
- L Z <1[Xj’x'i+l]’ l[xk’xk+]]>,H <1[Xm,)6m+l]7 I[Xp,xp+l]>’H
401412 jkom p=0 Eu(t, xj+1) — u(t, Xj))2 Eu(t, xpp1) — u(t, x¢))?

<Ay 11O e 1 T o 19 1 xp 11> M

X
E(t, xmi1) — ult, xm))z E(u(t, xp+l) —u(t, xp))2
-1
1 Z <Xpxjxji1s Yoo 1> 4 <L 1s 1o oxp 01> 4

40712 k=0 Eu(t, xjr1) —u(t, x;)2 E@u(t, xeq1) — u(t, x¢))?

" <X Mmoo 1> H <Diewignls Upoxpe1>H
Eu(t, Xpt1) — ult, xm) > EQu(t, xpy1) — u(t, xp))?

Since 01—4 < ﬁ for every [ > 1, and since G satisfies Conditions H; ([0, 1]) and

0
H3([0, 1]), proceeding in the same way as in the proof of Theorem 4, we get

27

C
2
lgr ®1 81ll5 62 < 7

and consequently the second assumption in Theorem 2 is satisfied.
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From Inequality (27) we also deduce that

N 00

1 1 ) 1 1

- Z < C - —

Z Nlog?N Z / llgr ®1 8111302 Z Nlog’N Z 2
N2 =1 N>2 =1

1
< C Y s <00,
N>2NlogN

that means that the third assumption in Theorem 2 is also satisfied.
Let us now check the last assumption in Theorem 2. Since we have

E(GiGj) = 2<gi, gj>7-t®2

and since Conditions Hp ([0, 1]) and H3([0, 1]) are satisfied, using Lemma | we get:

c -
Ifi = j, <8i» 8i>qe? S 7 and ifi > j, <8i» 8j>qe? S C %
Therefore,
N
Z 1 Z IE(G;G))|
3 =
e Nlog>N P ij
N 2
N PO ey
= 3 >
e Nlog N e = !
< [ N |<gug] 7-{,®2| Z|<giagi>H®2|]
X )
Nlog Sl ij izl !
N ) N o
<Y Y e
3 ) -3
N2>2 NlOg N i>j=1 l\/ﬁ i=1 !
< oo. U

4 Stochastic heat equation with piecewise constant coefficients

The study done in the previous section allows us to make a new step in the investi-
gation of the solution to the SPDE (7). Equation (7) is obviously a particular case of
(5). Indeed, the operator £, defined by (3) can be written in the form (2) with

r(x) =2p(x) and R(x) := p(x)A(x).

In the following proposition we present the expression of the fundamental solu-
tion associated to the operator £,. For a proof see, e.g., [8, 26, 27] and [28].

Proposition 2. There exists a unique fundamental solution G(t — s, x, y) associated
to the operator L. It can be explicitly expressed as

1 1
Gu,x,2) = — A (u, x,2)1 — AT, x, 7)1 28
(u,x,z) =m(u) [le_l (u, x, D10y + NG (u,x,2) {z>0}:| (28)
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with |

= ——1y=00, 29
m(u) NerT {u>0) (29)

{A_(u,x, 2)=E (u,x,z) — ,3E+(u,x, 2),
(30)

AT, x,2) = E" (u,x,2) + ,BE+(u,x, 2),

_ 2
EW,LZ)=GRD<—(fQ)2qu» >’

(3D

ET(u,x,z) =ex

<uﬂm+vum3
pl|— > ,
u

< < P24/02 — P14/41
Mgy + e and p="RTONG
Jar st gt ad B e o

In this section, by making an in-depth study of the terms f, A~ and A" defined
in Expressions (30) and (32), we will prove the following theorem.

f@) =

Theorem 6. Let u be the mild solution to Equation (7) and Vy be the sequence given
by (14). Suppose that the coefficients A and p defined in (4) satisfy

IM%L15>§@. (33)
Jaz 01
Then the following is valid:
1.
Uy EE A, 1).

Moreover, if we denote by d one of the metrics on the space of probability
measures on R, including the Kolmogorov, Wasserstein and Total Variation
measures, then for N large enough

d(Vn, N0, 1) < —.

S0

2. The sequence (VN) N>1 satisfies an ASCLT.

Remark 3. If a; = a» = 1 and p; = pp = 2, then Condition (33) is well satisfied.
Thus, the result of Theorem 6 applies to the standard stochastic heat equation with
the time-space white noise and it corresponds exactly to that obtained in [23].

To prove Theorem 6, we shall first establish the following lemmas.

4.1 Preliminary lemmas

Lemma 3. Consider f, the function defined in (32). For every x,y € R,

ly — x| < |f(») — f(x0)] < max

min( = 7z (7)o
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Proof. Expression (32) allows to get

y—x .
ify>0x>0,
NG
y—Xx .
NG ify<0x <0,
ar
fF») —flx)=
SR ify<0x>0
Var Ja N ’
Y X .
— —— ify>0x<0.
J&  Jai =

M. Zili, E. Zougar

(34)

If xy > 0, both inequalities in Lemma 3 are directly obtained from (34). If y > 0 and

x <0,

_ 1 1 y X
= (e w0t

> 0

and

. 1 1
mm<\/—a_2’ \/—a_l)b) —x| = ’f(Y) - f(x)‘

_ mm(L L)( I . 2
- Ja Jai )Y Ja | Jar

- o) ]l )

< 0.

The proof of both inequalities in the case where y < 0 and x > 0 is similar.

Lemma 4. There exists a universal positive constant C, such that

|
/ —/|E+(u,y,z)—E+(u,x,z)\2dz du < Cly—x|
0 2mu Jr
and
t 1 B _ 5
/ —/|E (u,y,2) —E~(u,x,2)|"dzdu < C |y — x|
0 2nu R

foreveryt > 0andx,y € R.

Proof. We present only the proof of the first inequality; the proof of the second one

is similar. By using Expression (31), we get

rol
/O mleE+(u,y,z)—E+(u,x,z)|2dz du
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/ / [ < (1f @) erulf(y)l)2>

2
Xp( (1f @+ 1f (0D )} dz du

2u

_ / fw[ ! exp((z/\/_afrlf(y)l)z)
0 Jo L+2mu 2u
2\ 72
! exp(_(z/ﬁzﬂf(xm )} dz du

2mu 2u

t PO _ 2
+f/ [ 1 exp(_( z/ﬁ+|f<y)|))
0 J—o0o 2mu 2u

_ 2\ 72
_—217114- exp(—( Z/\/a_lzl_lf(x”) )] dz du.

The changes of variables Z = z/,/a>+| f (x)| in the first integral and Z = —z/./ai +
| f (x)], in the second one give

T
f —/}E+(u,y,z)—E+(u,x,z)|2dz du
2ru

/ / [ < (Z+(f) - |f(x)|))2>
Fl o 2u
2

7 2
Fexp(—g) i| dZ du
Z+Afl = If(X)I))z)
- al / /f(x)||: <

2u
7 2
exp| —— dZ du. 35
2mu p< 2u>} 43

Therefore,

1
/ —/|E+(u,y,z)—E+(u,x,z)|2dz du
2mu

< oo [ [ o)

1 72\ 71?
— —exp(——) ] dZ du
2mu 2u

t
= 2max<¢a_1,@)f/[pu(2+ﬁ)—pu<2>]2d2du, (36)
0 JR

where H = | fOI| —1f()| and p, denotes the heat kernel defined by

1 —x2
x) = ex (—), forevery t > 0 and x € R. (37)
Pt Pt p 2 y
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It is known that the Fourier transform of p,, is
Fp)@E) =e &7 VeeR, t>0.

By virtue of the Plancherel theorem we can write
/ ds / ps+h) — py@ ] dv

dS/ |87A§ /2+iEh __ *AS /2| dg
2

—f ds/ 8 (1 — cos(hé)) d&
T Jo —00

for every h € R. Applying Fubini’s Theorem and using the fact that the functions
17%2(}’5) are even we get:

cosine and & —

t o0 t
/ ds/[ps(v—i—h)—ps(v)]zdv = l/ [/ 58 ds:| (1 — cos(h&)) d&
0 R T J-oolJO

_ l/oo(l_e_tgz)l—cos(hé) dt

T J-oo g2
2 [ 1 — cos(lh
— ;/0 (1_8_,S2)7c2s2(| &) 4. 38)

Suppose that & # 0. By a simple change of variables in (38), using the fact that
VO >0 1—exp(—6) <1

we obtain

/tdS/[Ps(v N i / cgs(g:)
0 R :
M/ ﬂ dt. 39)

1—cos(§)
52
quently it is locally integrable. In addition, on the one hand, limg ¢ g(§) = 2 , which

implies that g is integrable in a neighbourhood of 0. On the other hand, |[g(§)| < E_z

forevery £ > 1 and f 1 s—zdf < 00, which entails the integrability of g on a neigh-

The function g : & is continuous on the interval (0, +00) and conse-

bourhood of +oc. From all this, one can deduce that the integral [;° 1= COS(E) dE is
convergent and, consequently, by using (39),

t
/ ds / [ps(+h) — ps(v)]zdv < Clhl, (40)
0 R

for every real i # 0. Morover, Inequality (40) is obviously true for 4 = 0. Thus, (40)
is statisfied for every i € R.
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This and Inequality (35) imply that

1
[ 5 LE @y 0 - Frarofazae = cllrml-|rel]
0 <7u Jr
< Clfym—rfw)|
= Cly—xl,
where in the last inequality we used Lemma 3. OJ

Lemma 5. For every A > 0 and t € [0, T], there exists a positive constant ¢ such
that

|
/ —/|E_(t—s,y,z)—E_(t—s,x,z)|2dzdu2 cly —x|
0 2wu R
and
t 1 2
/ —/[E*(t—s,y,z)—E+(t—s,x,z)] dzdu > cly — x|
0 2mu R

foreveryx,y € [0, A].

Proof. We present the proof just for the first inequality. The second is obtained in the
same way. We have

|
/ ZJT—M/IEf(t—s,y,z)—Ef(t—s,x,z)|2dz du
0

/ / [ ( (f (@) guf(y»Z)

2 2
Xp< W)] dz du

_ / [ ( /@ - f(y))z)
_d—ep< (z/\/_zlf(x))z)] de du

/ / [ eXp(_(zNa —f(y))2>
V2mu 2u

2
_1 exp< M)} dz du.
2mu 2

Applying the changes of variables Z = z/,/a> — f(x) in the first integral and Z =
z/+/a1 — f(x) in the second one we obtain

!
f m/Rw*a—s,y,z)—E*(r—s,x,z)fdz du
0

N L Z=W —f(x)))z)
= va [ [ Lz e 2
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2 2
( _)} 47 du

2

for — (f) — f))?
TV / / [r ( 2u )
2 2
— < ) ,dZ du

min(\/ay, v/az) % ! ( - () - f(x)))z)
0
]
[p

WV

R \/ﬁ 2M
2
— : ( ) dZ du
2ru
= min(y/ar, va2) / f (Z = K) = pu(2) ] dZ du,

where K = f(y) — f(x) and p, is the heat kernel defined by (37). Without loss of
generality we can suppose that x < y. So,

0<g=2"*_4
<K= < —.
A/ az A/ az

Applying the same technique as that used in (38), we get

t
//[pu(z—m—pu(Z) [ dz au
0 JR

L [ [T e e g
—/ ds/ —Yf (1 — cos(h&)) d&

_ _/(; (1_ _lgz)l cos(|h|&) dt

T £2

for every i € R. Thus,

fdsf ps(Z — K) PY(Z)]

— _/ (1_8—1‘2 )w dz
0

T z
1
_ E/K(l —e_’z) cos(Kz) _/ COZS(KZ) dz
T Jo Z L Z
2 [ 1-— K
> = / (1 =) oo KD) 1)
7 Ji b4

where in the last inequality we used the fact that

E/?(l_e_,zz)l—cos(l(z) dz > 0.
0

72
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Since 1 — e~'%° >1— K7 for every z > ~, from (41) we get

123
t K 2 _tR- % 1 —cos(Kz
/ ds/ [ps(Z=K) = ps)]dy = Z(1—eF 2)/ 1= costKD) 4
0 R = 1 p
~ 2 - 00 1
> RZ(1-ek 2)/ 1=cos®) 4
T | £
where the last inequality is obtained after applying the change of variables & = Kz.
Now, since
o<ig=2"*_A4
< = < ,
v~ Ja
we have )
1 —_e tK 2 - 1 _e*ta2A72

and consequently

t
//[pu(Z—Ih—pu(m [dz du > cly — x|
0 JR

with ) % 1 @
- — cos(z
e= (1o 2)/ —— %9 e, O
A/ 1 <

4.2 Proof of Theorem 6

Since Equation (7) is a particular case of (5), by Theorems 4 and 5, to get Theorem 6,
it suffices to show that the fundamental solution associated to the operator £, satisfies
Conditions H; ([0, 1]), fori =1, 2, 3. Consider x, y € [0, 1]; x < yandt € [0, T].

4.2.1 Proof of Hi ([0, 1])
‘We have

2
[Ay-xG@ s, x, -)”LZ([o,t]le)

t 1 1 B -
N ./0 27T(I—S){/R A(z)[(A (t=5.7.2) = A7t = 5.%.9) Liz<0)

+ (AT —s,y,2) = AT(t —5,x,2)) 1{z>0}]2d2} ds

_ [ L opm .
- /O 27'[([_3){/1‘% A(Z)[( (t—S,y,Z)— (t—s,x,z))

+ Bsign(2) (E¥(t —s,y,2) — EX(t —s,x,2)] dz} ds

(11N [ _ -
min () [ e LI G50 - £

— 18l |E+(t —s,y,2)—ET(t —s,)c,z)||2 dz}ds.

WV
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According to [0, page 54], we know that

2
8

L2(R)

| 2 f
If—gll?2my = = (12 + gl H -
L2(R) & 4 ( L*(R) L (R)) ”f”LZ(R) ”g” L2(R)

for every f, g € L>(R); f # 0 and g # 0 a.e. Thus,
2
|AyxG@ —s,x,.) ||L2([O,t]><]R)
| (1 1)/” 1(s)
> —mn|—, — _—
4 ay az 0o 2m(t—s)
X (”E_(t -5, v,)—E"(t—s,x, )H
+ 1B EX (=5, y,) = E¥@ —5,x, )]s,

where

16s) ” IIE’(t—s,y,.)—Ef(t—s,)c,.)|

|[E-(—s,y,.)—E~(t—s,x,)
|[EY(t —s,y,.)—ET(t —s,x,.)|
lEt(@t—s,y,.)— ET(@t—s,x,.)|

2

— 1B

’

and ||.|| denotes |.||;2(g). On the one hand we have

I(s) =1+ >
. 218
IEZ(t =5y, 0) —E-( =5, x5, DI NIET({ —5,y,2) — ET(1 —5,x,2)|

></|E*(t—s,y,z)—Ef(t—s,x,z)| |E+(t—s,y,z)—E+(t—s,x,z)|dz.
R

On the other hand, applying Holder’s Inequality, we get

/|E_(t—s,y,z)—E_(t—s,x,z)| |EY(t—s,y,2) —ET(t —s5,x,2)| dz
R
<|E-Gt-s.y.)—E (t—s.x )| |ET(t—sy.)—ET@t—sx)

Hence,

1) =14+ p> =211 = (1—18))°

and therefore,
2
|Ay <Gt —s,x,.) “L2([0,t]><lR)

(1—1gD* . (1 1)/’ 1
————— min| —, — S —
4 a a 0 2m(t—s)

X (||E_(t -s5,y,)—E (t—s,x, )||
+1BI|EY (¢t =5y, ) — EY(t —s,x,)|) ds

WV
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A—1BD* . (1 1Y [ 1
> —— min|—, — —
4 a, a 0 2mu
_ — 2 2
< (|E7 Gy, ) = EZox, )"+ B2 EY Gy, ) = E¥ @ x, )| )du,

where in the last inequality we used the fact that x> 4+ y> < (x + y)? for every
non-negative real numbers x and y.

This and Lemma 5 show that Hypothesis H; ([0, 1]) is satisfied.

4.2.2  Proof of H2([0, 1])
Using the expressions of A~ and A™ given in (30) we get

2
|Ay-+G@ — . x, ')”Lz([O,t]xR)

t
= //}G(r—s,y,z)—G(t—s,x,z)|2dsdz
0 JR

t 1 0 B _ )
= /0[2611”([_” ﬁw‘A (t—s,y,2) — A (t —5,x,2)| dz]ds
t 1 o0 2
+/ [—f |AT(t —s,y,2) — AT(t — 5, x,2)| dz} ds
0 L2axm(t —s) Jo
t 1 0
I, ey St s

t l o0
_— Apmax (s, 2)dz ds, 42
+/0 Zﬂ(t—s)[) (s,2)dzds 42)

where

1
Amax (s, 2) max(a— A=t —s,y,2) — A=t —s, %, 2|
1

1
— |AT( =5, y,2) — AT(t =5, x, z)|2)
aj

= max(ai((E_(t -s5,v,20)— E(t —s,x, z))
1
— ,3(E+(t -5, y,2) —ET(@t —s,x, z)))z,

1 — —
a((E (t—s.y,2)—E (1 —s5,x,2))

+B(EY(t—s.y,2) — ET(t — s, x, z)))2>

for every ¢t € (0, T] and (x, y) € [O, 113 y > X.
Since

max(y1(a — b)?, y2(a + b)?) < 2max(y1, y2)(a® + b?)
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for any (a, b) € R? and any y1, y» > 0, we have

1 1
Amax(s,z) =< 2maX<—,—>(|E_(t—s,y,z)—E_(t—s,x,z)|2
ay ap
+BHEY( —5,y.2) — ET(t —s5,x,2)]).
Thus,

2
lay-xGt = x| L2([0,1]xR)
! 1
| A ,z)dzd
/(; 27‘[([—.9)/]‘{ max (8, 2)dzds

e TN ey e
max a;’ an o 127t —5) Jr ¥z

—E (@ —s,x, z)|2dz]ds

t
+l32 /0 [ﬁ/ﬁE‘*‘([ —5,5,2) — E+(l _SaX,Z)|2dz:|ds:|. (43)

This and Lemma 4 show that Condition H> ([0, 1]) is also satisfied.

IA

4.2.3  Proof of H3([0, 1])
Consider x, x’ € [0, 1] and & > 0. We have

t
//AhG(t—s,x,z)AhG(t—s,x’,z)dzds
0o JrR

t
//(G(t—s,x—l—h,z)—G(t—s,x,Z))
0 JR

(G(t —s,x +h, z) — G(t —s5,x, z))dz ds

T2t — 0
/ [M/ (A —s,x+h,2) =A™ (1 —5,x,2))
0 aq —00

(A~ (= s.x' +h2) — A= (1 — 5.2, z))dz]ds

+

trm2(t — o0
/ [M/ (At —s,x+h,2)— ATt —5,x,2)
0 aj 0

(A+(t —s,x +nh, z) — A+(t —5,x, z))dz]ds

= L+K. (44)

. . _ . ~ ~ ok
Using the expression of A~ (30), denoting X = j_a_z’ X = ja_z and h = T then

Z

making the change of variables 7’ = o> we get

ﬁ

t _ 2 0
L = /0 [%/‘ (E_(M,X—{-h,z)—E_(u’x’Z))

—00
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(E_(u,x’ + h, z) — E_(u,x’, z))dz]du
L[ BB (i
- J— ap 2mu P 2u

e (_(z —x)2)> " (ex <_(z’—i’—ﬁ)2>

P 2u P 2u
=2

—exp(—u>>dz/i|du.

2u

Now, using the expression of AT (30) and making the change of variable 7’ =
j_aj’ the integral K can be written in the form

Ki+ B K2+ B K3 + B K4] du

t
1
K = _—
,/0 24/a2rru[

where
00 / =~ 7\2 =\2
A )
0 2u
(sn(- ) o ’*)) |
X [exp| —————— exp dz’,
2u
+o00 I w2 —
o= [ (o) ee(-55T)
0 2u
( < (z/+£/+ﬁ)2) ( ¢4 +x/)2>> ,
X |exp| ———— ) —ex dz’,
2u
/+°°( ( (z/—l—i—i—ﬁ)z) ( ¢4 +x) ))
K3z = exp| —————— ex
0 2u
e e ”2)> |
x exp[ —————— ) —ex dz,
2u
/+°°( ( (z’+f+fl)2) ( ¢4 +x) ))
Ky = expl —————— ex
0 2u
( < (z’+£’+ﬁ)2> ( @ +x/)2)) ,
x | exp S W — exp dz’.

By using the change of variable z = —z/, we get

/ ~ 772 ’ =\2
Kyt Ky = /(exp(—(z —i—;c—i-h) )—exp(—(z + Xx) ))
R u 2u
y (exp<_(z’ — 5 —ﬁ)2> _exp(_ ¢4 —x/)2)>dz,
2u 2u
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and
K1+ B* Ky
(Z — X% — h)? (Z — %)?
= f exp T —exp B
— h)? @ ="\,
X (exp( > exp(—T>)d2
5 (7 — X% — h)? (7 —%)?
e Gﬂp(————a;———)-*“P<-—<zr—)>
_ i;l)z (Z/ _ )z/)2 ,
X (exp( > — exp(—T))dz .
Therefore,
L+K=L1+ﬂL2+<\/§(1—ﬁ)2+ﬁ2—1>L3» (45)
where

b [ [ e (£5)
b= 0 2J/armu P 2u P 2
(o= 57) o557 o
X lexp| —— ex
2u
= L (oo () el 55T
2= 0 2/axmu P 2 P
(-5 ) oo o
X lexp| ——— exp
2u
and

Lo /f du /0 @ -\ =8P
v = v [ (o) —ee(-55))
X <ex < 7(2 h)z) —ex (——(Z/ _)E/)2>>d !
P 2u P 2u ©

We first investigate the sign of the third integral. On the one hand, z’ < 0, X > 0
and i > 0; thus, by virtue of the fact that the function x —> exp(—x2) is increasing
on the interval (—oo, 0], we see that L3 > 0. On the other hand, using the expression
of B, given in (32), by the fact that py > p; (see Condition (33)), we get

ay 2 2 —4,0]41611«/612
Va0 =P +8 TN 1¢a_1)2(p2 p1) <

(\/%(1—;3)%,32—1)“50. (46)

Therefore,
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Now we will calculate explicitely the integral L. With the notation

—v)2 )2
T(x,y,u) :Z/eXp(—u> eXp<—(U *) )dv, 47
R 2u 2u

for every x, y € Rand u > 0, L1 can be written in the form

t 1 . -, - - ~
L= [ S TE T ) - T(EF 4 )
—T(E+h % u)+T(% %, u)}du.

By the changes of variables V = v —x and W = 2 —27;21;’ we get

2 — _ _ 2
T, yu) = fexp(—v—>exp<M) dv
R 2u 2u

— ex (_(y—xﬁ) /ex <_((y‘x)‘2”)2)dv
- P 4u R P 4u

2
= Jrmu exp(—u)
4u
Thus, applying an integration by parts then the change of variables w = ;\_/;, we
get
/t L Ty d /t : 0=,
—T(x,y,u)du := exp| ———— | du
0 2mu Y 0 24/mu P 4u
2 2 pt 2
t‘ — J— —_—
_ \/j exp( ~ QT 000 (1 (=07
7 4¢ 47 Jo 4u
\/TCX & =x° 1( ) erfc y— =
= _— —_— _— = _x .
z P 4 2 27
Hence,

L, — /;{ZGXP(_M)_CXP(_M>
arm 4t 4t
_exp<_M>}
4t
i’—i+l&)

- 2\;72{2()7 —f)er&(xz;;) -3 +fl)erfc< 2i

The function 2 —> Li(h) = L, is clearly twice differentiable and via a simple
calculation we get

g A ¥ —F+h
Li(h) = —2\/61_2{erfc<72\/; ) erfc(izﬁ )}
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por =1 F =% —h)? (F =%+ h)?
0 = g or () e )]

It’s easy to check that L{(0) = L (0) = 0 and that L/ is bounded. From all this and
by Taylor’s formula, we obtain

and

Li(h) < Ch* < Ch? (48)

for every h > 0, where C denotes a positive universal constant.
Applying the same techniques used in the above argunents, and since § > 0 (see
the expression of  given in (32) and Assumption (33)), we get

BLy(h) < Ch®> < Ch? (49)

for every h > 0. Combining (44), (31), (46), (48) and (49), the proof of H3([0, 1]) is
finished, and consequently, the proof of Theorem 6 is also finshed.

Remark 4. Considering an integer d > 1, one can extend Equation (5) to the d-
dimensional case by introducing the following SPDE:

du(t, x) : J
= Lqu(t, Wat,x); t>0, x=(x1,..., R%,
o7 au(t, x) + Wy(t, x) >0, x = (x1 Xq) € (50)
u(,.) = 0,
with

d

1 d
ﬁd—”Z o M( i ()5 — ) (51)

where x — R;;(x) and x — r;;(x) are two measurable and bounded real-valued
functions satisfying

rij(x) =rji(x), Rij(x) = Rj;(x),
and there exists a constant v > 0 such that
rij(0)&E; = V€7 and R (0)&E; > vIIENI; (52)

for every x € R, & = (&,...,&) € R? and i, j e {1,...,d}. In (52), ||.|l4
denotes the Euclidean norm in R, and in (&2)) oi denotes the partlal derivative in the
distributional sense. The noise Wy is a centered Gaussian field Wg = {Wu(,C);t €
[0, T1, C € By(R%)} with covariance

E(Wa(t, C)Wa(s, D)) = (t A $)ra(C N D), (53)

where )4 denotes the Lebesgue measure on R4 and B, (Rd) is the set of A;-bounded
Borel sub-sets of R¥. In the particular case where d = 1, SPDE (50) is clearly reduced
to Equation (5).
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According to [1], if we denote by G4 the fundamental solution associated to the
operator Ly, then there exist two constants D; > 0 and D, > 0 such that

D Dlx — ylI3
Ga(t,x,y) > mexp(—%

foreveryt € [0, T] and (x, y) € R4 Tt follows then that

2D |x — yl|?
// Gd(t s, x, y)dyds > //Rd (t—s)d ( M)dyds. (54)

Denoting by I the right-hand side of Inequality (54), we have

2Dy (x; — yi)?
L= /(r—s)dn</exp(_ =r )dyi)ds
t 2 d
_ / D (n(t—s)) ds
0o t—9)19 2D,

d/2 pr

T ds

= D} Sk — 55
<2D2) /0 (t —s5)1/? 6

where the second equality in (55) is obtained by the change of variables y; = (x; —

Yi)y/ %. Since the term fé (t—ds‘ﬁ is finite if, and only if d < 2, from (54) and (55)
we deduce that, for every d > 2 we have

// G> 2 —s,x,y)dyds = +o0.

Therefore, for d > 2, the Wiener integral f(; Jra Ga(t —s,x, y)Wq(ds, dy) is not
well-defined and consequently, the mild solution to Equation (50) exists if, and only
ifd =1.
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