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1 Introduction

Consider a real-valued measurable zero-mean strictly stationary process Y (¢), t € Z,
obeying the following assumption.

Assumption 1. E|Y (1)|* < oo forall k, and Y (r) has (cumulant) spectral densities of

orders k = 2,3, ..., that is, there exist the functions fx(A1, ..., Ak—1) € Ll(Ak’l),
A= (—m, 7],k =2,3,...,such that the cumulant function of order k is given by
k-1
c(tr, .o te—1) = Fea, ooy e =0 M dy L dge— .
Ak—l

Suppose that we are given the observations {Y (¢), teKr}, where K+ = {—T, ...,
T}, TeZ.

In this paper, we will study large sample properties of the empirical spectral func-
tionals of the form

Tt (@) = /A e IE (L) dr (1

for appropriate functions ¢ (1) with ¢(A) f2k (A) € Li(A), where I; (1) is the kth
power of the periodogram based on the tapered data {h7(t)Y (t),t € Kr}, and k is
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a positive integer. The taper will be of the form A7 (r) = h(%) with & satisfying the
following standard assumption.

Assumption H. The function i(#),t € R, is an even positive function of bounded
variation with bounded support: /(t) = O for |7| > 1.

The periodogram corresponding to the tapered data is defined as

ldr [,

I10) = 5 re A,

1
7 Hp 1 (0)

where d7 (1) is the finite Fourier transform based on tapered data:

dr() =df) =Y e Mhr (Y (), re A,

teKr

Hir (W) = / Rk (e~ ™ dr,
Kt

and we suppose that H> 7(0) # 0.

Functionals of the form (1) for k = 1 have been extensively studied in the liter-
ature, in particular, due to their applications for parameter estimation in the spectral
domain: their behavior as T — oo is important for establishing asymptotic properties
of so-called minimum contrast estimators such as Whittle and Ibragimov estimators
(see, e.g., [9, 1], and references therein). The case of the squared periodogram was
treated, for example, in [8], with application to a goodness-of-fit statistics, and in
[12], with application to minimum contrast estimation.

Asymptotic results for the functionals of the form (1) with general k > 2 were
studied in [6] and applied to derivation of properties of weighted least squares esti-
mators in the frequency domain and also in [11], with several applications discussed,
in particular, a frequency domain goodness-of-fit testing.

In this paper, we derive asymptotic results for functionals (1) with general k > 2
in a more general setting, using the tapered data, and under a different set of condi-
tions in comparison with those used in [6] and [11]; in the Gaussian case, we state
our results in terms of integrability conditions for the spectral density and weight
function. Methods for the proofs are similar to those used in [12] with appropriate
modifications required for the more general case under consideration in the present

paper.

2 Results and discussion

We begin with the following assumptions.

Assumption 2. The spectral densities fx(A1, ..., Ax—1),k = 2,3, ..., of the stochas-
tic process Y (¢) are bounded and continuous.

Assumption 3. The weight function ¢(A) is bounded and continuous.

In what follows, we denote the second-order spectral density f>(A) simply by
f (1) omitting the subscript 2.
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Theorem 1. Let Assumptions 1, 2, and H hold, and let the functions ¢, p1(A), ...,
or (V) satisfy Assumption 3. Then, as T — o0,

(1) EJer(p) — k! /A 000 FE 0 di
@) cov(Jer(@1), Ji.1(92))

2
~ %e(h)klk!l![ /A oM@ + @ (=] ) da

+ /A L O100P02) IO ) faGhr, —ha, Aa) d dxz],

-2
e(h) = {/hz(t)dt} /h“(r)dr;

3) cum(Jp, 71, - -+ Iy, 7(01)) = O(T'7F).

Suppose now that the process Y (¢) is Gaussian. In this case the above asymptotic
results can be stated under the conditions of integrability on the weight function and
spectral density.

where

Theorem 2. Let Y (t), t € Z, be a Gaussian stationary process with spectral density
fQ), A € A, such that f(A) € Ly(A), and let the functions ¢, @1, ..., ok € Ly(A),
where 1 < p, q < o0o. Suppose also that Assumption H holds.

(1) If p and q satisfy the relation

11
—tk—=1,
q p

then, as T — oo,
EJir(9) — k! / o) fE () dn.
A

(2) If p and q satisfy the relation
I k+1 1 1
+ .

then, as T — oo,
cov(Ji,T(91), Ji,7(¢2))

2
~ %e(h)klk!l! /A o1 M@ +@(=)] ) da.

) If p and q satisfy the relation
[

g p 2

then the cumulants of orders r > 3 of the normalized functionals J T (¢;) tend to

zeroas T — oo:

cum(Tl/z‘]k,T((pl)s ceey Tl/z]k’r((pr)) — 0.
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4) If p and q satisfy the relation
1 ki4+-4k 1 1

q r p 2

then the cumulant of rth order, r > 3, of the normalized functionals Ji, 7(¢;), i =
1,...,r, tends to zeroas T — o0:

cum(T"2 T, 7(@1), ... T2y, 7(0r)) — 0.

As corollaries of the above theorems, we obtain the next asymptotic normality
results.
Let us fix the weight functions ¢, .. ., ¢, and denote

Jr = {Jk,T(wi)}izl ,,,,,,,,,,

where Ji(¢) = k! [, () ¥ (1) da.
Let & = {&},=1,...m be a Gaussian random vector with zero mean and second-
order moments

wij = E&§;
= 2ne<h)<kk!)2< /A i M[F; ) + (=] £ () dr

+ /A L2100 02) f71 00 17102 faGur, =0, 22) i d/\2>-

Assumption 4. The spectral density of the second order f(A), the weight function
@(1), and the taper h are such that TV/2(E Ji 1 (¢) — Ji(¢)) — 0.

Theorem 3. Let Assumptions 1, 2, and H hold, and let the functions ¢;, i = 1, ..., m,
satisfy Assumption 3. Then

TV2(Jr —EJp) B & asT — oo
moreover, if Assumption 4 holds for the functions ¢;, i = 1, ..., m, then
TV2(Jr = ) L4 E asT — oo.

Let ¢ = {¢i}i=1....m be a Gaussian random vector with zero mean and second-
order moments

vij = EGE; = 2me(h) (kk!)? /A @i M[@; ) +¢; (=] f* ) d.

Theorem 4. Let Y(¢), t € Z, be a Gaussian stationary process with spectral density

f Q) € Ly(A), and let the functions @1, . .., om € Ly(A), where 1 < p,q < o0, be

such that cl1 + k% = % Suppose also that Assumption H holds. Then

TV2(Jr —EJp) B ¢ asT — oo
moreover, if Assumption 4 holds for the functions ¢;, i = 1, ..., m, then

T2 = 1) 3 ¢ asT — oo.
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We next state more general results, the joint asymptotic normality for functionals
of different powers of the periodogram.
Consider

T odt = {00}y, and Tk, = {Jk (<Pi)}l-=1’_wm,
where Ji () = k! [, o) ¥ (1) da.

Let § = {é,-},-zlwm be a Gaussian random vector with zero mean and second-
order moments

w;j = Eég
= 2me(h)k;k; !kjkj!</ ei(M)[@; (1) + ‘Z’j(_)\)]fki+kj (L) da
A
+/A2 @i(M)@j(lz)fk"_l(M)fkf_l(Xz)f4()»1,—Kl,?»z)d?nld)q)-

Theorem S. Let Assumptions 1, 2, and H hold, and let the functions ¢;, i = 1, ..., m,
satisfy Assumption 3. Then

D
T2 ky.otonT — EJiy.ky.7) = & as T — 00;

yeeey

moreover, if Assumption 4 holds withk = ki, ¢ = @i, i = 1, ..., m, then

~ D
T2 (D bonT = Jkyooky) — € as T — 0.

Let ¢ = {¢i}i=1....m be a Gaussian random vector with zero mean and second-
order moments

b = EGiE; = 2me(h)kiki k! fA @i M[@; (M) + @ (=0)] Rt (1) da.

Theorem 6. Let Y (t), t € Z, be a Gaussian stationary process with a spectral density
f) € L,(A), and let the functions ¢, ..., ¢m € Ly(A), where 1 < p,q < 00, be

such that % + min{ki}% = L. Suppose also that Assumption H holds. Then

,,,,,

~ D ~
T2y kT = Jkpooky) = & as T — o0.

.....

Remark 1. Integrals of nonlinear functions of the periodogram (including, in par-
ticular, powers of positive orders of the periodogram) were studied, for example, in
[13] for discrete time processes under the assumption of boundedness of the spec-
tral density. In [8], the integral functionals of the squared periodogram were studied
for stationary Gaussian series given by the moving-average representation, and the
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asymptotic normality result was stated under the particular assumption of summa-
bility of the coefficients of the representation and continuity of the derivative of the
spectral density. In [6] and [11], the asymptotic results for functionals of powers of
the periodogram of general order have been studied under the conditions of summa-
bility of cumulants of the process. In this paper, we state the results for discrete-time
non-Gaussian processes under the condition of boundedness of spectral densities of
all orders (which are supposed to exist), and we also derive the results for Gaussian
case under the conditions of integrability of the spectral density and weight func-
tion.

Remark 2. Conditions on the spectral density under which Assumption 4 will be
satisfied can be formulated analogously to the corresponding conditions in [1] for the
case where /(¢) = 1 and analogously to the conditions in [2] for the general h(z) of
Assumption H.

Remark 3. The results on asymptotic properties of the integrals of the powers of the
periodogram can be useful for some problems of statistical inference. One possible
application is hypothesis testing concerning the form of the spectral density of the
process. For example, in [8], a quadratic goodness-of-fit test in the spectral domain
was studied for Gaussian processes. Note that the asymptotic normality result for the
corresponding test statistic stated in [8] can be also derived from our Theorem 6,
that is, under a different set of conditions. More applications of the integrals of the
powers of the periodogram for goodness-of-fit testing, peak testing, and assessing
model misspecification are presented in [11]. In [6] and [12], the integrals of the
squared periodogram were applied for parametric estimation in the spectral domain.

3 Proofs

For the proofs of the results of Section 2, we use the technique based the properties
of the multidimensional kernels of Fejér type (see, e.g., [5, 1], and references therein)
and the Holder—Young—Brascamp-Lieb inequality (see [3, 4], and references therein;
see also [12]). In what follows, we will refer to the latter as the HYBL inequality. The
application of these tools leads to very transparent and elegant proofs. We will also
use the formula giving expressions for cumulants of products of random variables via
products of cumulants of the individual variables (see, e.g., [10, 5]) and the multi-
linearity property of cumulants. The lines of reasonings are very close to those used
in [12].

Proof of Theorem 1. Consider

1
(27 Hy, 7 (0))F
- i
@7 Hy, 1 (0)F

EIL() = E[[(cum(dr (W)dr (—1))*]

[cum(dr (Wdy (1) - - - cum(dr (Mdr (=) ].

We apply now the formula for cumulants of products of random variables (see, e.g.,
[10]); it is convenient to assign the indices to As in the following way: we can enu-
merate all As appearing in the above row from 1 to 2k, having in mind that A; with
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odd indices are simply equal to A, whereas A; with even i are equal to —A. Then we
can write down the expectation in the following form:

1 4 .
EI%()\.) = m Z l_[CMm(dT()\,l‘),l (S Ul)

v=(V1,..., Vi) =1
partition of (1,...,2k)

k k
x [T8Gai-1t =0 ]800 + 0. )

i=1 i=1

The cumulants of the finite Fourier transforms dr (1), A € A, can be written as
follows:

cum(dr (1), ..., dr (o))

k
. k 4.
= /k | | hT(t,')e_lzlaft-/ ck(tt — ey ... 1 — ) dty ... dtg
K

T i=1
= St oo ve=1)
Ak—l
k-1 k—1
X l_[ Hy7(yj — Olj)H1,T<— ZV;‘ - ak) dyi...dyg-1,
j=1 i=1

where
Hy7(\) =f hr (e ™ dr.
Kr

Correspondingly, we obtain the following formula for the expectation of Ji 7 (¢):

EJir(p) = E /A P IX () d

1 L .
= /Afﬂ()»)m Z . /Azk_pil]flw(VjvJ € V)

v=(v1,...,
partition of (1,...,2k)

2k )4 k k
< [ Hrvi = 2p) ]‘[6(2 y,») [T80a-1 =0 ]80Ga + 1) dy'da.
=1

j=1 jew i=1 i=1
3)

Here and in similar formulas below, we use the following notation: for a set of
natural numbers v, we denote by |v| the number of elements in v and by V the subset
of v that contains all elements of v except the last one. Integration in the inner integral
in the above formula is understood with respect to (2k — p)-dimensional vector '
obtained from the vector y = (y1, ..., y2) due to p restrictions on the variables y;,
j=1,...,2k, described by the Kronecker delta functions 4.

Now we note that the products ]—[l;zl Hi 7 (i) in the case where Zl;zl Aj=0
give rise to a class of §-type kernels (or Fejér-type kernels). Namely, if Assumption H
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holds and Hi, 7(0) # 0, then

k—1 k—1
1

s [ (- Sn) @

j=1 =1

@;ﬁ’,T(M,-..,Kk—l) =

~

is a kernel over A¥~!, which is an approximate identity for convolution (see, e.g.,
[7]), and

lim Gy —vy, ..., Uup—1 — vk_1)¢>,i’T(u1, cesUp—1)duy ... dug_y
T—o00 J pk—1 ’
=Gi, ...y V1), (%)
provided that the function G(., ..., -) is bounded and continuous at the point (vy, .. .,
Vk—1)-
The asymptotic behavior of the right-hand side of (3) can be evaluated basing on
the property (5).

Let us first consider the partitions v composed by pairs. For those partitions, when
the products of only the cumulants of the form cum(dr (1), dr (—X)) appear in (2), we
obtain under the integral sign in (3) the terms of the form

1
(27 Ho, 7 (0)F

k
- {/f(y)abéj(y—x)dy} -

k
{/ S HT(y — MH (=Y +)\)dV}

We note that there are k! such terms, therefore, in the expression for E Ji 1 (¢), we
have the term

k
K /A w(?»){ fA f(y)aﬁéiT<y—A>dy} d, ©)

and this is the only case where we have k kernels, and all k factors m are used
to compose these kernels @g’r(').

In all other partitions, we will be able to compose from 1 to kK — 1 kernels taking
combination of Hj 7(-) with suitable arguments: for each 2nd-order kernel, we will
use one of the factors 5 HZIT(O) from otherwise, when composing the

d

1 .
(2m Hy 7 (0))F°

. . .. 1
[th order kernel with [ # 2, we will need the normalizing factor GO 70 an

1 4 @0 Hr©O
- (27 Hp, 7 (0))F © QuH,TO)F T
So, for those partitions, when we compose kernels of orders, say, /1, ..., /,, with
Y i_yli = 2k, the corresponding integral in (3) will be represented in the form of a
generalized convolution of some product of spectral densities of different orders with
the product of kernels of orders /1, ..., I, and the factor

therefore we will modify the factor by taking, instea

[T_, o= Hy, 7(0)
(27 Ha, 7 ()

@)
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will be supplied to the integral. For example, in the simplest case where p = 1, the
corresponding term in (3) can be represented as follows:

Qm)* =1 Hy 7(0)
(27 Hy, 7 (0))

X ¢§k,T(y1 — AL, ooy V2k—1 — A2k—1)
2%—1

k k
x [TGai—1 =0 [T8Ga +2) [ dyida.

i=1 i=1 i=1

€0(/\)/ S, - Ye—1)
A A2k—1

Now we take into account the following asymptotics for Hy r(0): Hy 7(0) ~
T H;(0), where Hi(0) = f h* (%) dx, and conclude that, in the case of r kernels,
1 < r < k — 1, the factor (7) is asymptotically of order #; the corresponding
integrals containing these kernels will converge to finite limits under the conditions
of the theorem according to (5). Therefore, the expectation is obtained as the limit
of (6). This gives statement (1) of the theorem.

Consider

cov(Ji, 7 (1), J1,7(92))
1

= QrHy 1 (0)F
x /A _o1@@a(B)eum((dr@dr(-)*, (dr (B)dr (—p)) ) dadp. ()

The cumulant under the integral sign in (8) according to the formula for calculation
of cumulants of products of random variables can be written in the form

p
> [Tewm(drwp.ujew), ©)

v=1,..., vp) i=1
where the summation is taken over all indecomposable partitions v = (vy, ..., vp),
|[vi| > 1, of the table T, with two rows, {«, —c, ..., a, —a} (of length 2k) and

{B,—8, ..., B, —B} (of length 2/). For asymptotic analysis of expression (8), we can
use the reasonings analogous to those for the case of functionals of squared peri-
odogram in [12], but now, dealing with the tapered case, we need to keep track of
normalizing factors for appearing kernels. Again, similarly to the previous consid-
eration of the expectation, we analyze all possible partitions and kernels that can be
composed for every particular partition. Let us first consider the terms in (9) that
correspond to partitions by pairs, that is,

k+1

[ [ cwm(dr Gui). dr (), (10)

i=1

where i, A; € {a, —a, B, —B}, and v = {(ui, A;),i = 1,...,k + [} forms an inde-
composable partition of the table 7>.
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In the case where we have the k — 1 cumulants cum(dy (@), dr(—a)) and [ — 1
cumulants cum(dr (8), dr (—p)) in the product (10), according to formula (4), we can

compose k+[—1 kernels (k+/—2 kernels of order 2 and one of order 4), and the factor
27 Hy 7(0)

(H,7(0))%°
order % Only the terms of this kind in (9) give the main contribution (of order %) into
the covariance (8); all other terms in (10) produce a smaller-order contribution to the
covariance (8). More precisely, in order to describe the asymptotics of the covariance,
we have to consider, among the terms in (9), the following ones:

before the integral in (8) becomes of the form which is asymptotically of

(cum(dr (@), dr (—a)))*™" (cum(dr (B), dr (—B)))' ™
x [cum(dr (o), dr (B))cum(dr (—a), dr (—B))
+ cum(dr (@), dr (—B))cum(dr (—)., dz (B))]- (1

Their contribution to the covariance is of the form

1 RN
W//‘Pl(a)wz(ﬂ)

_ k-1
X ff(VI)Hl,T(Vl —a)Hi 7(—n +01)d7/1]

- -1
X f.f(VZ)Hl,T(VZ_ﬂ)Hl,T(_V2+ﬂ)dVZ]

X /f()/s)Hl,T()/3 —a)Hy r(=y3 — B)dys
></f(V4)H1,T(V4+Ol)H1,T(—V4+5)dV4
+/f(7/3)H1,T(V3 —a)H 7(=y3+ B)dys

X/f(V4)H],T(V4+a)H1,T(_V4—ﬂ)d)/4:| do dp

2 Ha.7 (0 k-1
- %//‘“(“)Wﬂ)[/ FOPL 1 —a)dm]

-1
x [ f f)®) (v — ﬁ)dyz}

X //f()@)f(m)[@bﬁ’j(ys —a,—y3— Bt
+ @) (s —a, —y3+ B va+ )| dysdysda dp.
Taking into account formula (5), we can evaluate the latter as

2 [ h*)dt

T R0 /A oM@ + (=] W dr as T — oo,

‘We note also that there are k/k!l! terms of the form (11) in (9).
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Let us now consider the terms in (9) that correspond to other partitions. We can

see that one more possibility is left to compose k + [ — 1 kernels, namely, the case of
the terms of the form

[cum(dr (@), dr (—e)) | [cum(dr (), dr(—p))] "
X cum(dT (o), dr (=), dr(B), dr (—:3))

in the sum (9) (there are k/k!l! such terms), and the corresponding contribution to the
covariance (8) is of the form

1 —_—
Gt O)FH f / o1 @72 (P)

k=1
X [/ fOHiL.T("1 —)Hy 7(—n1 +oz)d7/1]

-1
X [/ f)H1 (2 — B)H1 7 (Y2 + ,B)dyz]

X///f4(u1,M27M3)H1,T(M1 —a)Hy 1 (u2 + o)

3
x Hir(us — BH! (— Z,ui + /3) duyduy dus do dp

2w Hy (0
(ZZ:(BE); / / ¢1@72(B)

X/f(m)%;(m —oe)dm/f(yz)q)é‘,T(yz—ﬁ)de

X/fff4(/t1,ﬂz,u3)¢fﬁr(m—Ot, w2 +a, w3 — B)duy duy dus da dp

2 [Rhr@dr _
T W //<ﬂ1(a)¢2(/3)f(a)f(,3)f4(aa —a,B)dadB asT — oo.

In all other cases, we can compose less than k +/ — 1 kernels; the corresponding inte-
grals will converge to finite limits supplied by the factor of orders not exceeding %

Summarizing the above reasonings, we come to the asymptotics for the covari-
ance as given in statement (2) of the theorem.

We now evaluate the asymptotic behavior of the cumulant of order k > 3:

Cum(Jml,T(ﬁol)a cees Jmk,T((pk))
1

Tl ICIRCS
x cum((dr (e)dr(—a))™", ..., (dr (ex)dr (—ax))™ ) day . . . doy,

where M = Zi:l m;.
The cumulant under the integral sign can be represented as the sum

P
Z chm(dT(uj), nj € vi), (12)

v=(v1,...,vp) i=1
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where the summation now is taken over all indecomposable partitions v = (vy, ...,
vp), [vi| > 1, of the table Ty with k rows {o;, —oy, ..., 0, —og}, i = 1,...,k,
the length of the ith row being 2m;. Starting again with consideration of partitions by
pairs, we can see that with these partitions we can compose at most Zl ((m; —
HD+1 = — k + 1 kernels (M — k kernels <1§2 r and one kernel Pl T) and

the correspondlng 1ntegrals will converge to finite limits supplied w1th the factor
Qn)’Hyr©) . @n)’Hyr(0)

which is asymptotically of order T With all

Qm Hy, 7 (O)M=M=K) ™ 27 Hy 7 (0)F>

other partitions, we will be able to compose no more that M — k + 1 kernels there-
fore, their contribution to cumulant (12) will be of order less than . This gives
statement (3) of the theorem. |

Proof of Theorem 2. We use the same calculations as those in the proof of Theo-
rem 1, but to analyze the limit behavior of the integrals representing the cumulants,
we will appeal to the HYBL inequality (see [3, 4, 12]). The reasonings follow the
same lines as in [12], so here we just point out the key steps.

For the Gaussian case, we will have only partitions by pairs in (3):

EJir(p) =E /A eI () da

1
KT DY /Hf(yf’f“’

=V, 00), |0k =2,
partition of (1,..., 2k)

2k k k k
< [ Hurtvi = 2p) 1—15(2 y,-) [[8Gai =0 ] [80a +1)dy dn.
j=1 =1

jev i=1 i=1

13)

We consider separately the term (6):
k
o[ ol [ rorolyw-nar] @
k k k
—uf [/Am)]"[fm —ndx] T2k on [Ta
j=1 Jj=1 j=1

Note that the convergence to the finite limit k! f AN k(1) dx will be assured if we
assume the conditions for statement (1) of the theorem.

Now consider the remaining terms: we have the integrals over A¥*! with inte-
grands composed by products of the functions ¢ with k functions f and 2k functions
H; 7 with some linear relations between the arguments of these functions; these in-

tegrals are supplied with the factor m

Applying the HYBL inequality, we can bound each such integral by the expres-
sion

mconstllwllqIIfII’;IIHl,rllf", (14)
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provided that @(1) € L, (A), f(*) € L,(A), and Hy 7(%) € L,(A) with

1 1 1
—+k—4+2k-=k+1.
q 4 r
If we choose r = 2 and take into account that, under Assumption H, we have
|Hirllr < CT'=1/7 and H; 7(0) ~ T, then from (14) we arrive at the bound
const||<p||q||f||’; as T — oo, with the restrictions on p and g as in statement (1)
of the theorem. From this point we can repeat the same arguments as in [12] to show
that, in fact, this bound can be strengthen to o(1) as T — oo.
The similar reasonings are applied to derive statements (2)—(4) of Theorem 2. [
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