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Abstract Taylor’s power law states that the variance function decays as a power law. It is ob-
served for population densities of species in ecology. For random networks another power law,
that is, the power law degree distribution is widely studied. In this paper the original Taylor’s
power law is considered for random networks. A precise mathematical proof is presented that
Taylor’s power law is asymptotically true for the N-stars network evolution model.

Keywords Taylor’s power law, random graph, preferential attachment, scale free, gamma
function
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1 Introduction
Taylor’s power law is a well-known empirical pattern in ecology. Its general form is
V)~ aub,

where w is the mean and V (u) is the variance of a non-negative random variable,
a and b are constants. V (u) is also called the variance function (see [15]). Taylor’s
power law is called after the British ecologist L. R. Taylor (see [18]). Taylor’s power
law is observed for population densities of hundreds of species in ecology. It is ob-
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served in medical sciences, demography ([6]), physics, finance (for an overview see
[11]). Most papers on the topic present empirical studies, but some of them offer mod-
els as well (e.g. [6] for mortality data, [7] for population dynamics, [11] for complex
systems). We mention that in the theory of complex systems Taylor’s power law is
called ‘fluctuation scaling’, V (u) is called the fluctuation and p is the average. There
are papers studying Taylor’s power law on networks (see, e.g. [9]). In those papers
Taylor’s law concerns some random variable produced by a certain process on the
network.

However, there is another power law for networks. There are large networks sat-
isfying px ~ Ck™" as k — oo, where py is the probability that a node has degree
k. This relation is often referred to as a power-law degree distribution or a scale-free
network. Here and in what follows a; ~ by means that limy_, o, ax/br = 1. In their
seminal paper [3] Barabdsi and Albert list several scale-free large networks (actor
collaboration, WWW, power grid, etc.), they introduce the preferential attachment
model and give an argument and numerical evidence that the preferential attachment
rule leads to a scale-free network. A short description of the preferential attachment
network evolution model is the following. At every time step t = 2,3,... a new
vertex with N edges is added to the existing graph so that the N edges link the new
vertex to N old vertices. The probability m; that the new vertex will be connected
to the old vertex i depends on the degree d; of vertex i, so that 7; = d;/ ) j dj,
where Zj d; is the cumulated sum of degrees. A rigorous definition of the prefer-
ential attachment model was given in [4], where a mathematical proof of the power
law degree distribution was also presented. The idea of preferential attachment and
the scale-free property incited enormous research activity. The mathematical theory
is described in the monograph [19] written by van der Hofstad (see also [10] and [5]).
The general aspects of network theory are included in the comprehensive book [2] by
A. L. Barabasi.

There are lot of modifications of the preferential attachment model, here we can
list only a few of them. The following general graph evolution model was introduced
by Cooper and Frieze in [8]. At each time step either a new vertex or an old one gener-
ates new edges. In both cases the terminal vertices can be chosen either uniformly or
according to the preferential attachment rule. In [1, 13] and [12] the ideas of Cooper
and Frieze [8] were applied, but instead of the original preferential attachment rule,
the terminal vertices were chosen according to the weights of certain cliques.

In several cases the connection of two edges in a network can be interpreted as
co-operation (collaboration). For example in the movie actor network two actors are
connected by an edge if they have appeared in a film together. In the collaboration
graph of scientists an edge connects two people if they have been co-authors of a
paper (see, e.g. [10]). In social networks, besides connections of two members, other
structures are also important. In [17] or [1] cliques are considered to describe co-
operations. In a clique any two vertices are connected, that is, any two members of
the clique co-operate. However, in real-life examples, in a co-operation the members
can play different roles. In a team usually one person plays central role and the other
ones play peripheral roles. Trying to handle this situation and to find a mathematically
tractable model leads to the study of star-like structures, see [14].

In [14] the concept of [13] was applied but instead of cliques, star-like structures
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were considered. A team has star structure if there is a head of the team and all other
members are connected to him/her. We call a graph N-star graph if it has N vertices,
one of them is called the central vertex, the remaining N — 1 vertices are called
peripheral vertices, and it has N — 1 edges. The edges are directed, they start from
the N — 1 peripheral vertices and their end point is the central vertex. In [14] the
following N-stars network evolution model was presented. In this model at each step
either a new N-star is constructed or an old one is selected (activated) again. When
N vertices form an N star, then we say that they are in interaction (in other words
they co-operate). During the evolution, a vertex can be in interaction several times.
We define for any vertex its central weight and its peripheral weight. The central
weight of a vertex is wy, if the vertex is a central vertex in interactions wj times. The
peripheral weight of a vertex is wj, if the vertex is a peripheral vertex in interactions
wy times. In [14] asymptotic power law distribution was proved both for w; and w,.

We are interested in the following general question. Is the original Taylor’s power
law true for random networks? First we considered data sets of real life networks.
We analysed them and the statistical analysis showed that there are cases when Tay-
lor’s law is true and there are cases when it is not true (our empirical results will be
published elsewhere). So we encountered the following more specific problem: Find
network structures where Taylor’s power law is true. To this end we analysed the
above N-stars network evolution model.

In this paper we prove an asymptotic Taylor’s power law for the N-stars network
evolution model. We shall calculate the mean and the variance of w, when wj is
fixed, and we shall see that the variance function is asymptotically quadratic. In Sec-
tion 2, the precise mathematical description of the model and the results are given.
We recall from [14] the asymptotic joint distribution of w; and w, (Proposition 2.1).
Then we calculate the marginal distribution (Proposition 2.2), the expectation (Propo-
sition 2.3), and the second moment (Proposition 2.4). The main result is Theorem 2.1.
The proofs are presented in Section 3. Besides mathematical proofs, we give also a
numerical evidence. In Section 4 simulation results are presented supporting our the-
oretical results.

2 The N-stars network evolution model and the main results

First we give a short mathematical description of our random graph model from [14].

Let N > 3 be a fixed number. We start at time O with an N-star graph. Throughout
the paper we call a graph N-star graph if it has N vertices, one of them is the central
vertex, the remaining N — 1 vertices are peripheral ones, and the graph has N — 1
directed edges. The edges start from the N — 1 peripheral vertices and their end point
is the central vertex. So the central vertex has in-degree N — 1, and each of the N — 1
peripheral vertices has out-degree 1. The evolution of our graph is governed by the
weights of the N-stars and the (N — 1)-stars. In our model, the initial weight of the
N-star is 1, and the initial weights of its (N — 1)-star sub-graphs are also 1. (An
(N — 1)-star sub-graph is obtained if a peripheral vertex is deleted from the N-star
graph. The number of these (N — 1)-star sub-graphs is N — 1.)

We first explain the model on a high level, before giving a formal definition in the
next paragraphs. The general rules of the evolution of our graph are the following.
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At each time step, N vertices interact, that is, they form an N-star. It means that we
draw all edges from the peripheral vertices to the central vertex so that the vertices
will form an N-star graph. During the evolution we allow parallel edges. When N
vertices interact, not only new edges are drawn, but the weights of the stars are also
increased. At the first interaction of N vertices the newly created N-star gets weight
1, and its new (N — 1)-star sub-graphs also get weight 1. If an (N — 1)-star sub-graph
is not newly created, then its weight is increased by 1. When an existing N-star is
selected (activated) again, then its weight and the weights of its (N — 1)-star sub-
graphs are increased by 1. So the weight of an N-star is the number of its activations.
We can see that the weight of an (N — 1)-star is equal to the sum of the weights
of the N-stars containing it. The weights will play crucial role in our model. The
higher the weight of a star the higher the chance that it will be selected (activated)
again.

Now we describe the details of the evolution steps of our graph. We have two
options in every step of the evolution. Option I has probability p. In this case we
add a new vertex, and it interacts with N —1 old vertices. Opt ion IT has probability
1 — p. In this case we do not add any new vertex, but N old vertices interact. Here
0 < p < 1is fixed.

Option I. In this case, thatis, when a new vertex is born, we have again two
possibilities: I/1 and I/2.

I/1. The first possibility, which has probability r, is the following. (Here 0 <
r < 1 is fixed.) We choose one of the existing (N — 1)-star sub-graphs according
to the preferential attachment rule, and its N — 1 vertices and the new vertex will
interact. Here the preferential attachment rule means that an (N — 1)-star of weight
vy is chosen with probability v¢/ )", vp, where >, vy is the cumulated weight of
the (N — 1)-stars. The interaction of the new vertex and the old (N — 1)-star means
that they establish a new N-star. In this newly created N-star the center will be the
vertex which was the center in the old (N — 1)-star, the former N — 2 peripheral
vertices remain peripheral and the newly born vertex will be also peripheral. A new
edge is drawn from each peripheral vertex to the central one, and then the weights
are increased by 1. More precisely, the just created N-star gets weight 1, among its
(N — 1)-star sub-graphs there are (N — 2) new ones, so each of them gets weight 1,
finally the weight of the only old (N — 1)-star sub-graph is increased by 1.

I/2. The second possibility has probability 1 — r. In this case we choose N —
1 old vertices uniformly at random, and they will form an N-star graph with the
new vertex, so that the new vertex will be the center. The edges are drawn from the
peripheral vertices to the center. As here the newly created N-star graph and all of its
(N — 1)-star sub-graphs are new, so all of them get weight 1.

Option II. In this case, thatis, when we do not add any new vertex, we have
two ways again: IT/1and II/2.

II/1. The first way has probability ¢g. (Here 0 < g < 1 is fixed.) We choose
one of the existing N-star sub-graphs by the preferential attachment rule, then draw
a new edge from each of its peripheral vertices to its center vertex. Then the weight
of the N-star and the weights of its (N — 1)-star sub-graphs are increased by 1. Here
the preferential attachment rule means that an N-star of weight v, is chosen with
probability v,/ D", vy, where D", vy is the cumulated weight of the N-stars.
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II/2. The second way has probability 1 — ¢. In this case we choose N old
vertices uniformly at random, and they establish an N-star graph. Its center is chosen
again uniformly at random out of the N vertices. Then, as before, new edges are
drawn from the peripheral vertices to the central one, and the weights of the N-star
and its (N — 1)-star sub-graphs are increased by 1.

Remark 2.1. For every vertex we shall use its central weight and its peripheral
weight. The central weight of a vertex is wy, if the vertex was a central vertex in
interactions w; times. The peripheral weight of a vertex is w», if the vertex was a
peripheral vertex in interactions wj times. We can see that the central weight of a

d
vertex is equal to w; = N ! 7 and the peripheral weight of a vertex is equal to

wy = d», where d; denotes the in-degree of the vertex and d, denotes its out-degree.
The weights w; and w, describe well the role of a vertex in the network. Moreover,
we use w; and w; instead of degrees to obtain symmetric formulae that allow us to
translate the result from wj to w; and vice versa without having to change the proofs.

Throughout the paper 0 < p < 1,0 <r < 1,0 < g < 1 are fixed numbers. In
our formulae the following parameters are used.

ayy = pr, app = (1 - p)gq,
o] = o +aio, 012=PFN:1+(1—P)Q,
1-— 1— 1-— 1—
,81=( p)( q)’ ,32=(N—1)|:(1—r)+( p)( 6])}
p P
o =a+ o, B =B+ B (2.1

In [14] it was shown that the above evolution leads to a scale-free graph. To de-
scribe the result, let V,, denote the number of all vertices and let X (n, w{, wy) denote
the number of vertices with central weight w; and peripheral weight w, after the nth
step.

Proposition 2.1 (Theorem 2.1 of [14]). LetO < p <1,0<qg < 1,0 <r < 1. Then

for any fixed w1 and wy with either w; = 0and 1 < wy or 1 < wy and wy > 0 we

have
X(n, wy, w)

Vi
almost surely as n — 00, where xy,, v, are fixed non-negative numbers.
Let wy be fixed, then as w; — 00

— Xwy,wo 2.2)

1
~(1+25)

Xwy,wy ~ A(w2)w, . (2.3)

where 1
1—r 1 T+ 2)ra+2t

A(wg) = — .
ar w2 ra+fy

2.4)

Let wy be fixed. Then, as wy — 00,

B1+!
—(+E

Xwy,wy ™ C(wl)wz , 2.5)
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where
ro1 Do+ 8y ra+ 25
Clwy) = o wi! Bi B2y °
ww! Tl ra+2)

(2.6)

Here I' denotes the Gamma function.

Remark 2.2. Using w; and w,, we obtained symmetric formulae in the following
sense. If we interchange subscripts 1 and 2 of « and 8 (and use r instead of 1 — r),
then we obtain formulae (2.5)—(2.6) from formulae (2.3)—(2.4). Therefore we do not
need new proofs when we interchange the roles of w; and w;. (Of course the basic
relations (2.3)—(2.4) and (2.5)—(2.6) were proved separately. To do it we applied the
properties of our model and introduced the appropriate parametrization given in (2.1),
see [14].)

Remark 2.3. We see that x,,, ,, is the asymptotic joint distribution of the central
weight and the peripheral weight. To obtain Taylor’s power law, we have to find the
conditional expectation E,,, and the conditional second moment M,,, given that w; is
fixed. Then the asymptotic behaviour of E,,, and M,,, will imply that Taylor’s power
law is satisfied asymptotically. We underline that the asymptotic relations (2.3) and
(2.5) do not provide enough information to find the asymptotics of E,,, and M,,,. So
we need deep analysis of the joint distribution X, , to obtain Taylor’s power law.

Now we turn to the new results of this paper. First we consider the marginals of
the asymptotic joint distribution xy,, ,. Let

o0
Xup = Y Xuy (2.7)
=0

be the first marginal distribution.

Proposition 2.2. Let0 < p <1,0<q < 1,0<r < 1. Then

X0, = , 2.8)

and for w1 > 0

o0
wy; — Doy +
g = Y xwl—l,iu'l'xwl,o(L-Fl). 2.9)
i=1

wia) + 1 + 1 wioy + 1 + 1
Moreover
B1 r 1—r
xi. = + , (2.10)
ar+pB1+1\B1+1 Bi
and 5 frot
Fw +8y ra+85) -
Xy, = % o r+ Q.11

réy  ra+1+ 285 B+ D

for wy > 1. We have a proper distribution, that is, 22)01 —oXw, = L.
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Now we turn to the conditional expectations of the asymptotic distribution. Let
o
Eyy =Y Xyl /Xu,.. (2.12)
1=0

be the expectation when the central weight w is fixed.

Proposition 2.3. Let0 < p <1,0<qg < 1,0 <r < 1. Then for w; > 1 we have

e+ BEEy i+ 1+ B 4, g,

o]

, (2.13)

Q4 B P41+ B b
where
;
Bi+1—a aw)a+p+1l—a
B2 1

+d-rN--— 2.14

( )a2a1+ﬂ1+1—(x2 ( )
Moreover

Bitl—ay a
A TFC+=——) 22
Ey, ~ ——ﬂ:’j‘q wt. (2.15)
X1, I'Q2+ T)

)
That is, the magnitude of E,,, approaches wf ' when w; — oo.

Now we turn to the conditional second moments of the asymptotic distribution.
Let

o0
My, = xuy il /2, (2.16)
=0

be the second moment when the central weight w is fixed.
Proposition24. Let0 < p <1,0<q < 1,0 <r < 1. Assume that 1 + 1 > 2a5.
Then for w; > 1 we have
I+ P2y i +1+55) gy
Uore+ ) ra 14 B2y X
— <1 + 2@>Ew] — @<1 + @) (2.17)
o2

o2 o2

where

By = il : <1+&>(2+&>
ar+ 61+ 1—2m 1+ 1 -2 o o)

1_
+@(1+&> : .
o ar) o+ B+ 1—2mm
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Moreover P
1 —0 o
M., ~ ﬂuwzﬁ (2.18)
w1 ﬁl‘l’l 1 ) .
X, I'2+ 01—1)
2]

that is, the magnitude of My, approaches w, “ when wi — o0.

Now Propositions 2.3, 2.4 imply the main result of this paper, that is, we obtain
that Taylor’s law is satisfied asymptotically.

Theorem 2.1. Let0 < p < 1,0 <qg < 1,0 < r < 1. Assume that B1 + 1 > 2as.
Then
My, ~ CEg, (2.19)

as wi — oo, where C is an appropriate constant. So Taylor’s law is satisfied asymp-
totically with exponent 2.

Remark 2.4. How can we observe the above Taylor’s law in practice? As Xy, 1S
the asymptotic joint distribution of the central weight and the peripheral weight, we
should consider a network large enough for asymptotic properties to show up. Fix the
central weight at w1, calculate the expectation E,,, and the second moment M,,, of
the peripheral weight. Then we shall find that M,,, is approximately equal to CE 1201
for large wi. Our simulation results in Section 4 will show a bit more, that is, the
result takes place for small wy, too.

Remark 2.5. If 81 + 1 < 2y, then My, is not finite, so Taylor’s law is not satisfied.

Remark 2.6. Now we consider the case when we interchange the roles of w; and
wo. Let wy be fixed and let

o0 00 00
2
Xwy = le,wza Ey, = le,wzl/x~,w2a My, = le,wzl /X wy

be the other marginal distribution, conditional expectation and conditional second
moment. By Remark 2.2, if we interchange subscripts 1 and 2 of « and 8 (and use r
instead of 1 —r), then from Proposition 2.2 we obtain the description of the behaviour
of x. y,. Similarly, from Proposition 2.3 (resp. Proposition 2.4) we get the appropriate
results for Ey,, (resp. My,,). Finally, Theorem 2.1 implies the following. If 8> + 1 >
21, then Taylor’s law is satisfied asymptotically with exponent 2 for E,,, and M,,,,
too.

Remark 2.7. For the in-degree d; of a vertex we have d; = (N — 1)w; and for the
out-degree we have dy = w». Let E4, be the conditional expectation of the out-degree
if d; is fixed and let My, be the conditional second moment of the out-degree if d;
is fixed. Then Theorem 2.1 implies that My, ~ const.Eﬁ1 as di — oo. Similarly,

Remark 2.6 implies that Mg, ~ const.E[%2 as dy — oo. So Taylor’s power law is true
for the in-degrees and the out-degrees.

3 Proofs and auxiliary results

For the joint limiting distribution we have the following result.
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Lemma 3.1 (Lemma 3.2 of [14]). Let p > O and let w1 > 0, wy > 0 with w1 4+wy >
1. Then Xy, ., are positive numbers satisfying the following recurrence relation

1—r r
xX0=—— X9} =—-"
T w1l M T Bt
(a1 (w1 — 1) + B1)Xw;—1,wy, + (@2(w2 — 1) + B2) Xy, wy—1
Xwi,wy =

ajw) +owy + B+ 1

ifl < wy 4+ ws.

Throughout the proof we shall use the following facts on the I"-function.

n

ZF(i—i—a)_ 1 |:F(n+a+l)_ I'(a) }
FG+b) a—b+1| TI'n+b) re—1n/

i=0
see [16]. Stirling’s formula implies that

I'(n+a) T
I'(n+b) ‘

The above two formulae imply that

i ri+a) 1 I'(a)

(i +b) T b—a—-1T®B-1)

if b > a + 1. The following facts on x,, v, Will be useful.
Lemma 3.2 (See the proof of Theorem 3.2 of [14]). Let wy = 0, then

X0,1 = — o,
a+B+1
=—(( = Dax + -1, I>1,
X0,1 la2+/3+1(( Yoz + B2)x0.1-1 >
and '
P PO+ T+ 2 ra+2

— 0)— %2~ |
w [(1+E5) ro+ et r( + 222t

When wy = 0, then we have

1—r 0
Xjg= — >0,
o ar+p+1
xro=——((k— Do + Xk—1.0, k>1,
k.0 kal—i—ﬂ—i—l(( Yt + B1)Xk—1,0
and

B+1 Bi B
Xkoz(l—r)F(leT) r'k+2h _ r'k+ 20

al(1L+ ) Tk+ 2 Ik + S

3.1

(3.2)

(3.3)

34

3.5)

(3.6)

3.7)

(3.8)

(3.9)

(3.10)
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Ifwy > 0andl > 0, then

Xuyg = wal Li%w 10 bY) oXuy 0. (3.11)
where
0 (w1 — Doy + B I+ I + ettt
bwl 11 - o Jall. 1 wiog+B+1 G 52 ) (312)
U+ 14+ et Bl oy By
forl <i <l and
wia +p+1 B2
SO ra+ ==-=) ra+2) (3.13)
w0 ™ B2 wio+p+1N" ’
r)y  raa1 o netp

Now we turn to the proofs of the new results. First we deal with the marginal
distribution.

Proof of Proposition 2.2. To calculate the marginal distribution x,,, . = Y ;2 Xuw, i
we shall use mathematical induction. So first consider xo .. Because xo o = 0, by
equation (3.7) we have

i rF(Hﬁa_?)i ra+£
X0, = ) _Xo1 = —
i @ I(1+2) &= ra+ et

P P+ 2 = ra+1+ 2

S ra+k gr(1+z+ﬁa—+21)'

By (3.4), the sum in the above formula is always finite, and we have

L r U+ o ra+ r G
0, = — = . .
o ra+2) pi+lira+d) g+l

For w; > 0, by (3.11), we have

l 1
S ) SNPNRIE R

o
= xu- 1lew1 “+xwl,02b“0+xwlo (3.15)
i=1 1=

The coefficients by ; satisfy formulae (3.12) and (3.13). Therefore we shall use (3.4)
for the two sums in the above expression. We can see that both sums are always finite
and

o
O]
Z bwl —1,i
I=i

= Doy DO+ = P+ £

2

@ Fi+2)y  Zra+i++matid
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. 1 .
= Day £ TGP ri+
o F(i—i—g—;) wiay + B +1F(i+%’;ﬂ+1)
_ (w1 = Do+ B
wieg + 1+ 1

For the other sum, a similar calculation shows that

oo

0) B2

e ey + 1

Insert these expressions into (3.15) to obtain

oo

(wi — Dai + B B2

R By vy e R
i=1

From this point we should proceed carefully, as we should distinguish the case of x1 ¢
and the case of x,, o for w; > 1. From equation (3.14) xo,. =

1—
ar+B+1

Bi ( B2 )
x.=7x.+x 7“'1
R R A T

_ B1 r_, l—r a;+B+1
ar+p1+1p1+1 o +B+la+p1+1

_ Bi < r +1—r> 3.17)
S+ B HI\B+L T B ) '

(w1 — Doy + Bi
wiar + 4+ 1

L, from equation
B+ 1

r and xp 0 = 0, so equation (3.16) gives that

(3.8) x1,0 =

For w1 > 1 equation (3.9) gives us x,, 0 =

(3.16) implies

Xw;—1,0, SO equation

Xwy,- wi—1,--

_(wl—l)a1+ﬂ1ix (o= Do £y
wiar + B+ 1 =TT wiag + B+ 1

Therefore, using (3.17) and recursion, for w; > 1 we obtain that

_ (w1 — Doy + B wlk_l"'g_i

Xwp,- = wi—1,- = — g, Xl
wiog + B +1 i k+ﬂ:x_‘:'1

rw+8y re+4H Bi ( r +l—r)
ra+8y ran+1+8ha+p+1\g+1 " A
rw+5) ra+25) 1,4

- : 3.18
réy  ra+ 14 2 pBi+ D 19
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Now we check if the sum of the values of x,,, . is equal to 1.

o0
r B1 r 1—r
Xo,. + x1,. + Xy, = + +
0¥k D X = gy a1+ﬂ1+1</31+1 m)

w;=2

S i+ ) TA+85) 1 ryp

+ ) o

w1 =2 F(g—i) F(w1+1+’3;—jrl)ﬂ1(ﬂ1+l)’

Here
© I+ re+ty

=] .
F(wy + 1+ 2 re+ 2t

w1:2

Therefore, after some calculation, we get

o0
> X =1, (3.19)

w1=0
so we have a proper distribution. O
Now we consider the expectation.

Proof of Proposition 2.3. We calculate

oo
E, = wal,ll/xwl,-
=0

that is, the expectation when the central weight w; is fixed. We shall calculate the

value of
— B2
Ay, = wal,, (1 + —>. (3.20)
(%)
=0
As P
2
Ay, = xwl,.<Ewl + —), (3.21)
a

using Ay, , we shall find the value of E,,.
Let us start with Ag. Because xo,0 = 0, and using equation (3.7), we have

& B\ r TU+EE) & ra+ B2ya+ £
Ag = Zxo,l I+—=)=— B> Z a+B+1
s o) a2 (1 + E) - d+ —~ )
B+1 B
r TA+55) & Ta+2+52)

S ra+ 2 gr(zuﬁa—?)'

By (3.4), the sum in the above formula is always finite, moreover

ro re+fy r ( ,32>
_ = 1+ =),
Pitl-ra+y pi+l-w

Ao (3.22)

o2
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If wy > 0, then by (3.11) we have
i
= o 0 B2 B2
Auw, :Zwal—l,ile Li Zb 0Xw.0 l+ot2 +xwl’005_2
- 0 ﬂ2 o /3 B2
=3t S (1 ) o S (4 2 2

(3.23)

We know that the coefficients by ; satisfy formulae (3.12) and (3.13). Therefore we
can apply (3.4) for the first two terms in the above expression. So we can see that
both sums are always finite and

szi S(1+2)

2

. +B+1 . 8
:<w1—1>a1+ﬁ1F<l+—’”l“Lz Jon_ FUti+1+5)

e ra+ ) gr(z+i+1+%+f“)
(wl ~ Do+ 81 ra+ w10t1+f3+1)
a ra+2)
- ri+1+2)

X
wiar+ B+ 11— G+ wlal;z-ﬂﬂ)
-1
_ (i =Da+4p (i+&).

wiar +p1+1—a a2

Similarly

)_ o re+
wia +p1+1 - F(g—i) '

0
Zbuu 0(
Using these expressions, from (3.23) we get
( ,32) (w1 — Doy + Bi
wal 1,i
aJwier+B1+1—a

+ Xuy 0 %2 @(1+ﬂ2>+xwloﬂ—j (3.24)

Twiap B+ 1 —axan ay

Now we should distinguish the case of w; = 1 and the case of w; > 1. For w; = 1

1—

we use that from equation (3.8) x1,0 = _r and xg,0 = 0, so equation (3.24)
ap+p+1

implies that

A = A i a2 B2 <1+@>+ B2

_— 4t x— = X1,0—
ap+pr+1—a Tar+ B+l —aran o) o
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=;(1+&)L
Br+1—a w)o+pr+1—a
n 1—r & ar+B+1
al+B+lapar+B1+1—a

r 1
_ (1+@> B L ),32
Bi+1—m aJar+pi+1—m war+pi+1—a

(3.25)

(wi—Da;+8i

For w; > 1 we know that x, 0 = wia Tl Xwi—1.05

implies that

therefore equation (3.24)

(w1 — Doy + Bi B2
Ay =
wi w10l1+,81+1—0l22 wllll‘l‘az
From this equation we obtain that

(wy — Doy + Bi M k_1+5_:

Ay, = 1= —A
YT e+ B A l—a Hk+ﬂ1+all—az !

T'(w; + /51) re+ /31+1 CKZ)

= Al (3.26)
ra+ ﬁl) P(w1+l+ﬁ'+l 2
Therefore, by equation (3.21), we have
A
Ey = 2w _ P2
Xy, 02
re+ 8y pap 414 85y 40 g,
- : L2 (3.27)
re+845y ra +1+845=2)xa,.
bitl_ itz [}
Therefore, by (3.3), the magnitude of E,,, approaches w, "' = w" when
w] — 00. More precisely,
A T+ 822 o
X, '+ T) |

Now we turn to the second moment.

Proof of Proposition 2.4. To find the second moment

00
2
My, = E Xy, 117/ Xy -
=0

when the central weight wq is fixed, we shall calculate the value of

Bu, walz<l+ﬁ2><l+l+ﬁ2> (3.29)

1=0 o2
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‘We can see that

Bu, =xwl,.<Mw1 + (1 +2ﬁ2) o+ Z( 2_2)) (3.30)

Therefore, using By, , we shall find the value of M,,,.
We start with By. As xg 0 = 0, applying equation (3.7), we obtain

o0 ra+8y « rg+3+ b
Bo:Zxo,l(l—l—&)(H-l—i-ﬂZ)— s % > A

=1 o2 o2 o (14 Ot_z) =0 ri+2+ Ot_z)
By (3.4), the sum in the above formula is finite if 81 + 1 > 2a», and in this case

o TG+
Pr+l—2mr+By

By = (3.31)

Now turn to By,;, when w; > 0. By (3.11),

> o B2 B2
Bwlzzzbg:—l,ixwl 1,<l+ ><l+1+a2)

(0%)
o0
B
Bl B)re ) )
o0 00
B B
=D _ -1 befﬁ_l,i(l + a—j) (1 14 a_2>

2

o0
I B2 B2 B2 ﬂz
+xw.,ozbfjl,o(l+a—2><l+1+az)+xw10—2( a—z). (3.32)

We use formulae (3.12) and (3.13), then apply (3.4) for the first two terms in the
above expression. So we obtain that both sums are finite if wio; + 81 + 1 > 2w, and

) B2 B2
me 1l(l+ ><l+1+a2>

=i
L wi— Doy 4 gy DG+ = P i+2+ )

@ ra+ £ ,; [ 4i+ 1+ mecti
(w] ~ Dy + By ra+ w1a1+ﬁ+1)
) ra+
o ri+2+2)

X
. wia)+p+1
wiay + B1+ 1 =23 I+ #)

_ (wi = Do+ B F(i+2+£—§)
Cwia 4B+ 1 -2 F(i—i—g—i)
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and

Zbgz()( ><l+1+ﬂ2>

a4 watbly <o g2+ )
E) ,; [+ 1+ LestBi)
o re+ )
wier + B1+ 1 —2a F(%) .

Inserting these expressions into (3.32), we get
oo
. ﬂz)( ﬁz) (w1 — Dai + B
By, = Xy —1i|l i+ — + 1+
. ; . l’l( o a2 ) wiag + i+ 1 — 2

o B2 B2 ( ,32> ﬁz( ﬁz)
+x —(1+—= + X, 0— — ).
wl’owlal +B1+1—-2a2a ( az) a; w10 o o)

(3.33)

1—

When w; = 1, we use that from equation (3.8) x1,0 = - and xg0 = 0, so
ar+B8+1

equation (3.33) implies that

By = By hr +x1,05—§(1+ @> [1+ 202 + B2 }

o+ B1+1 -2 o ar + 1+ 1 -2

= b : <1+@)(2+&)
ar+B1+1 -2 B1+1—2a2 o o

B2 /32 l1—r
el 3.34
+0l2( )ot1+,31+1—2a2 ( )

When w; > 1, equation (3.33) implies that

_ (wi= Do+ B B> B
Bwl_w1a1+,31+1—2a22xw‘ 1’<l+ >< +1+ 2) (3.35)

where we applied that x,,, o = %le— 1,0- From equation (3.35) we obtain
that
b wi-Datp _fik—1+ﬁ .
YT wa + 120 T k+ Btl=2e :

k=2 aj
I'(w; + /31) Q2+ ﬁlJrl 20(2)

- . (3.36)
Fa+ﬂwfmm+1+m“2%)

So from equation (3.30) we obtain that

B
Mw1 =—1 - (1 + 2&>Ewl - &( &)
Xy .- an ar ar
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re+ 82y pay 414 885 p)

o]

re+ 2 row+ 1+ B2y
- (1 +2&)Ewl = @<1 + @) (3.37)
[0%) [0%)

o2

B+l Br+l-20

Therefore (3.3) implies that the magnitude of M,, approaches wlm1 “ =
292

wla‘ as w; — 0o. More precisely,

B I+ 8522) Ha
Mwl ~ _le . (338)
X e+t O

Proof of Theorem 2.1. Propositions 2.3 and 2.4 imply

My, Bix. TQ+E8522yr@ 4 Bt
E, AL (I + Bty

(3.39)
as w1 — 00. So Taylor’s law is satisfied asymptotically. g

4 Numerical results

Here we present some numerical evidence supporting our result. The scheme of our
computer experiment is the following. We fixed the size N of the stars, the values
of the probabilities p, g and r and generated the graph as described in Section 2 up
to a fixed step n. Then we calculated E,, and M,,, that is, the expectation and the
second moment of peripheral weight w, of the vertices when their central weight w
is fixed. We visualized the function E,,, — M,,, using the logarithmic scale on both
axes. According to Theorem 2.1 the result should approximately be a straight line
with slope 2. We also calculated E,,, and M,,,, that is, the expectation and the second
moment of central weight w; of the vertices when their peripheral weight w, was
fixed. We visualized the function E,,, — M, using the logarithmic scale on both
axes. This curve also should approximately be a straight line with slope 2.

In the following five experiments we used various parameter sets. The step size
was always n = 10%. One can check that in these five examples the conditions 81 +
1 > 2ap and By + 1 > 20y are satisfied. In each case we see that both E,,, — M,,
and E,,, — M,,, are approximately straight lines on the log-log scale.

Experiment 4.1. Here N =4, p = 0.4, g = 0.4, r = 0.4. On Figure 1 we see that
both Ey,, — M,, (left) and E,,, — M,,, (right) are approximately straight lines on
the log-log scale.

Experiment4.2. N =5, p = 0.4, g = 0.4 and r = 0.4. The results can be seen on
Figure 2.

Experiment 4.3. N =5, p =0.5,¢ = 0.5 and r = 0.5. The results can be seen on
Figure 3.
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N, p, q,r, step=4,0.4,0.4, 0.4, 10"8

peripheral weight fixed

e

3 4 5 6
log(E)

log(E)

Fig. 1. Ey,, — My, (left) and Ey, — My, (right) on the log-log scale, when N = 4,

p=04,g=04r=04andn =108

N, p, g, 1, step=5,04,04,0.4, 10"8
central weight fixed

log(M)

125

75

50

25

N, p,q,r, step=5,0.4,0.4,0.4,10"8
peripheral weight fixed

Fig. 2. Ey,, — My, (left) and Ey, — My, (right) on
p=04,g=04,r=04,andn = 108

log(E)

N, p,q,r, step=5,0.5,0.5, 0.5, 10"8
central weight fixed

0.0

log(E)

the log-log scale, when N = 5,

N, p, q, r, step =5, 0.5, 0.5, 0.5, 10"8
peripheral weight fixed

3 i 5 G 7
log(E)

n
log(E)

Fig. 3. Ey,, — My, (left) and Ey, — My, (right) on the log-log scale, when N = 5,

p=05¢4=0.5r=05 andn = 108

Experiment44. N =6, p = 0.3, g = 0.6 and r = 0.3. The results can be seen on

Figure 4.

Experiment 4.5. N = 10, p = 0.4, ¢ = 0.2 and r = 0.7. The results can be seen on

Figure 5.

Finally, we show a numerical result when the conditions of Theorem 2.1 are not

satisfied.
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N, p,q,r, step=6,0.3,0.6,0.3, 10"8 N, p, q, r, step =6, 0.3, 0.6, 0.3, 10"8
central weight fixed peripheral weight fixed

10-

log(M)

2 4 6 8 0 2 4 6
log(E) log(E)

Fig. 4. Ey,, — My, (left) and Ey, — My, (right) on the log-log scale, when N = 6,
p=03,¢=06,r=03andn =108

N, p, q, r, step =10, 0.4, 0.2, 0.7, 10"8 N, p, q, r, step =10,0.4, 0.2, 0.7, 10"8
central weight fixed peripheral weight fixed

2 4 6 8 0 2 4 6
log(E) log(E)

Fig. 5. £y, — My, (left) and Ey,, — My, (right) on the log-log scale, when N = 10,
p=04,49=02r=07andn =108

N, p,q,r, step=5,0.9,0.5, 0.9, 10"8 N,p,q,r, step=5,0.9,0.5, 0.9, 10"8
central weight fixed peripheral weight fixed

=
S 10l
2

6 8 10 0 3 6 9
log(E) log(E)

Fig. 6. A case when Taylor’s power law is not satisfied. Ey,, — My, (left) and Eyy, — My,
(right) on the log-log scale, when N =5, p =0.9,¢ =0.5,r =0.9,and n = 108

Experiment 4.6. Let N =5, p=09,¢g =05andr =09,n = 108. On Figure 6
one can see that Taylor’s power law is not satisfied.
Acknowledgments

The authors are grateful to the referees and to the editor for the careful reading of the
paper and for the valuable suggestions.



330 L. Fazekas et al.

Funding

The research was supported by the construction EFOP-3.6.3-VEKOP-16-2017-00002;
the project was supported by the European Union, co-financed by the European Social
Fund.

References

[1] Backhausz, A., Mdéri, T.F.: Weights and degrees in a random graph model based on
3-interactions. Acta Math. Hung. 143/1, 23-43 (2014) MR3215601. https://doi.org/10.
1007/s10474-014-0390-8

[2] Barabdsi, A.L.: Network Science. Cambridge University Press, Cambridge (2016)

[3] Barabdsi, A.L., Albert, R.: Emergence of scaling in random networks. Science 286, 509—
512 (1999) MR2091634. https://doi.org/10.1126/science.286.5439.509

[4] Bollobds, B., Riordan, O.M., Spencer, J., Tusnddy, G.: The degree sequence of a scale-
free random graph process. Random Struct. Algorithms 18, 279-290 (2001) MR 1824277.
https://doi.org/10.1002/rsa.1009

[5] Chung, F.,, Lu, L.: Complex Graphs and Networks. AMS and CBMS, Providence (2006)
MR?2248695. https://doi.org/10.1090/cbms/107

[6] Cohen, J.E., Bohk-Ewald, C., Rau, R.: Gompertz, Makeham, and Siler models explain
Taylor’s law in human mortality data. Demogr. Res. 38, 773-842 (2018)

[7] Cohen, J.E., Xu, M., Schuster, W.S.E.: Stochastic multiplicative population growth pre-
dicts and interprets Taylor’s power law of fluctuation scaling. Proc. R. Soc. B 280,
20122955 (2013)

[8] Cooper, C., Frieze, A.: A general model of web graphs. Random Struct. Algorithms 22,
311-335 (2003) MR1966545. https://doi.org/10.1002/rsa.10084

[9] de Menezes, M.A., Barabasi, A.L.: Fluctuations in network dynamics. Phys. Rev. Lett.
92, 028701 (2004)

[10] Durrett, R.: Random Graph Dynamics. Cambridge University Press, Cambridge (2007)
MR2271734

[11] Eisler, Z., Bartos, 1., Kertész, J.: Fluctuation scaling in complex systems: Taylor’s law
and beyond. Adv. Phys. 57/1, 89142 (2008)

[12] Fazekas, 1., Porvazsnyik, B.: Limit theorems for the weights and the degrees in an
n-interactions random graph model. Open Math. 14/1, 414-424 (2016) MR3514903.
https://doi.org/10.1515/math-2016-0039

[13] Fazekas, 1., Porvazsnyik, B.: Scale-free property for degrees and weights in an n-
interactions random graph model. J. Math. Sci. 214/1, 69-82 (2016) MR3476251.
https://doi.org/10.1007/s10958-016-2758-5

[14] Fazekas, 1., Noszdly, C., Perecsényi, A.: The n-star network evolution model. J.
Appl. Probab. 56/2, 416-440 (2019) MR3986944. https://doi.org/10.1017/jpr.2019.
21

[15] Morris, C.N.: Natural exponential families with quadratic variance functions. Ann. Stat.
10/1, 65-80 (1982) MR0642719

[16] Prudnikov, A.P., Brychkov, Y.A., Marichev, O.1.: Integrals and Series. Gordon & Breach
Science Publishers, New York (1986) MR0888165


http://www.ams.org/mathscinet-getitem?mr=3215601
https://doi.org/10.1007/s10474-014-0390-8
https://doi.org/10.1007/s10474-014-0390-8
http://www.ams.org/mathscinet-getitem?mr=2091634
https://doi.org/10.1126/science.286.5439.509
http://www.ams.org/mathscinet-getitem?mr=1824277
https://doi.org/10.1002/rsa.1009
http://www.ams.org/mathscinet-getitem?mr=2248695
https://doi.org/10.1090/cbms/107
http://www.ams.org/mathscinet-getitem?mr=1966545
https://doi.org/10.1002/rsa.10084
http://www.ams.org/mathscinet-getitem?mr=2271734
http://www.ams.org/mathscinet-getitem?mr=3514903
https://doi.org/10.1515/math-2016-0039
http://www.ams.org/mathscinet-getitem?mr=3476251
https://doi.org/10.1007/s10958-016-2758-5
http://www.ams.org/mathscinet-getitem?mr=3986944
https://doi.org/10.1017/jpr.2019.21
https://doi.org/10.1017/jpr.2019.21
http://www.ams.org/mathscinet-getitem?mr=0642719
http://www.ams.org/mathscinet-getitem?mr=0888165

Taylor’s power law for the N-stars network evolution model 331

[17] Sridharan, A., Gao, Y., Wu, K., Nastos, J.: Statistical behavior of embeddedness and
communities of overlapping cliques in online social networks. In: Proceedings IEEE IN-
FOCOM. IEEE (2011) MR2723225. https://doi.org/10.1109/TCS1.2009.2025803

[18] Taylor, L.R.: Aggregation, variance and the mean. Nature 189, 732-735 (1961)

[19] van der Hofstad, R.: Random Graphs and Complex Networks. Cambridge University
Press, Cambridge (2017)


http://www.ams.org/mathscinet-getitem?mr=2723225
https://doi.org/10.1109/TCSI.2009.2025803

	Introduction
	The N-stars network evolution model and the main results
	Proofs and auxiliary results
	Numerical results

