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1 Introduction

Let (£2, M, P) be a probability space and let A be the collection of all complete
sub-o -fields of M. (We stress here that P need not itself be complete to begin with.
Complete just means containing 04 := P~!({0, 1}) — the P-trivial events of M.)
o (xx) (resp. o(x x)) is the smallest (resp. complete) o-field on £2 containing or
making measurable whatever stands in lieu of x x. Then for {X, ), Z} C A set
XANY: =XNYand X V)Y :=oc(XU)Y);write XX L Y if X and ) are independent,
in which case set X + Y := X Vv ); finally, say X is complemented by ) in Z, or
that ) is a complement of X in Z,if Z =X + ).

We are interested in exposing the salient “arithmetical rules” of the operations
A, V, and especially of 4 and the notion of a complement, delineating their scope
through (counter)examples. Apart from pure intellectual curiosity, the justification
for the interest in such matters — that may seem a bit “dry” at first — can be seen as
coming chiefly from the following observations.

© 2019 The Author(s). Published by VTeX. Open access article under the CC BY license.

www.vmsta.org VTeX


https://doi.org/10.15559/19-VMSTA135
mailto:matija.vidmar@fmf.uni-lj.si
http://www.ams.org/msc/msc2010.html?s=60A10
http://www.ams.org/msc/msc2010.html?s=60A05
http://creativecommons.org/licenses/by/4.0/
http://www.vmsta.org
http://www.vtex.lt/en/

270 M. Vidmar

(1) Even though the concepts involved are prima facie very simple, the topic
is not trivial and intuition can often mislead. The following examples give already
a flavor of this; in them, and in the rest of this paper, equiprobable sign means a
({—1, 1}, 2= _valued random element & with P(§ = 1) = P(§ = —1) = 1/2.

Example 1.1 (A-V distributivity may fail).

(a) If & and &; are independent equiprobable signs, then taking X = o (£§1), Y =
o (£1&) and Z = 5 (&), the o-fields X, ), Z are pairwise independent and
XVEIANQVZE)=0(1,8),while ( XAY)VZ=04V Z=0(&);s0
XVZE2YNQVZ)# (X AY)V Z. The same example also shows that one
does not in general have (XY A Z2) V (YA Z) = (X VYY) A Z.

(b) [14, Exercise/Warning 4.12] Let Y = (Y,)cN, be a sequence of independent
equiprobable signs. For n € N define X,, := Yq---Y,;setY ;=3 (Y1, Y2,...)
and X, := o (X,, : m € N5,) forn € N. Then the X, n € N, are decreasing,
but Apen(Xn V' Y) # (Aneny &) V V. Indeed the X, n € N, are independent
equiprobable signs, so by Kolmogorov’s zero-one law A,enA;, = 04. On the
other hand Y is measurable w.r.t. 5(Y) = A,en(A, vV )) and at the same time
it is independent of ). (For another related example see [15].)

Example 1.2 (Complements may not exist). If &1, & are independent equiprobable
signs, then o ({§; = 1} U {£] = —1, & = 1}) has no complement in o (&1, &2).

Example 1.3 (Complements may not be unique). Take again a pair of independent
equiprobable signs &1 and &. Then o (&) + o (&) = o (&1, &) but also o(§)) +
0(§182) = (81, 62).

Example 1.4 (Vanishing of information in the limit). [12, Example 1.1; see also
the references there]. Let 2 = {—1, 1}N, and let &, i € N, the canonical projec-
tions, be independent equiprobable signs generating M = (2{=LH®N [et g, =
o1&, ..., 88 ) and Fy =6 (8441, Eng2, .. .) forn e N. Then G, + F, = Fo =
M for all n € N, and by Kolmogorov’s zero-one law Foo := AyenFn = 04. Fur-
thermore, we have F,, = Fp41 + Hpt+1 and Gy1 = Gy + Hpy for all n € Ny, if
we put H, = Gy A Fr—1 = 0(&péns1) forn € N. But still G := VyenGn =
o (£1862,6283,...) # M, for instance, because & is non-trivial and independent
of Goo.

Concerning the failure of the equality Apen(X, V V) = (AnengAn) V Y in Ex-
ample 1.1(b), Chaumont and Yor [2, p. 30] write: “A number of authors, (including
the present authors, separately!!), gave wrong proofs of /this equality/ under various
hypotheses. This seems to be one of the worst traps involving o -fields.” According to
Williams [14, p. 48]: “The phenomenon illustrated by this example tripped up even
Kolmogorov and Wiener. [...] Deciding when we can assert [equality] is a tantaliz-
ing problem in many probabilistic contexts.” Emery and Schachermayer [3, p. 291]
call a variant of Example 1.4 “paradigmatic [...], well-known in ergodic theory, [...],
independently discovered by several authors”.

(2) In spite of the subtleties involved, facts concerning the arithmetic of o -fields

are not very easily accessible in the literature, various partial results being scattered
across papers and monographs, as and when the need for them arose.
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(3) In broad sense, nondecreasing families of sub-o-fields — filtrations — model
the flow of information in a probabilistic context. They are essential to the modern-
day proper understanding of martingales and Markov processes. And since stochastic
models are usually specified by some kind of (conditional) independence structure
(think i.i.d. sequences, Lévy processes, Markov processes in general), it is therefore
important to understand how such information, as embodied by o-fields, is “aggre-
gated” and/or “intersected” over (conditionally) independent o-fields. The classical
increasing and decreasing martingale convergence theorems [6, Theorem 6.23], for
instance, involve the generated and intersected o-fields in a key way. Kolmogorov’s
zero-one law and its extensions [0, Corollary 6.25], with their many offsprings, are
another example in which the interplay between independence, intersected, and gen-
erated o-fields lies at the very heart of the matter.

(4) More narrowly, the exposition in [12] recognizes stochastic noises (gener-
alizations of Wiener and Poissonian noise) as subsets of the lattice A satisfying in
particular, and in an essential way, a certain property with respect to independent
complements; see also [5, 11].

With the above as motivation, and following the introduction of some further nota-
tion and preliminaries in Section 2, we investigate below in Section 3, in depth: (I) the
distributivity properties of the pair A-V for families of o-fields that, roughly speak-
ing, exhibit at least some independence properties between them; (II) the properties
of complements (existence, uniqueness, etc.). In particular, apart from some trivial
observations, we confine our attention to those statements concerning the arithmetic
of o-fields, in which a property of (conditional) independence intervenes in a non-
trivial way (this is of course automatic for (II)); hence the title. For the most part the
paper is of an expository nature; see below for the precise references. In some places
a couple of original complements/extensions are provided. Section 4 closes with a
brief application; other uses of the presented results are found in the citations that we
include, as well as in the literature quoted in those.

2 Further notation and preliminaries

Some general notation and vocabulary. For M C [—o0, oo], By will denote the Borel
o-field on M for the standard (Euclidean) topology thereon. For o-fields F and G,
F/G is the set of precisely all the F/G-measurable maps. A measure on a o-field
that contains the singletons of the underlying space will be said to be diffuse, or con-
tinuous, if it does not charge any singleton. Throughout “a.s.” is short for “P-almost
surely” and [E denotes expectation w.r.t. P. A random element valued in ([0, 1], Bjo,17)
whose law is the (trace of) Lebesgue measure on [0, 1] will be said to have (the) uni-
form law (on [0, 1]).

Let now {X, Y} C A. Then (i) for M € M/B|_0.c0], E[IM|X] is the conditional
expectation of M w.r.t. X (when E[M™] A E[M™] < oo, in which case E[M|X] €
X/B[_oo,oo])1 and as usual P[F|X] = E[1F¢|X] for F € M; (ii) we will denote by

Iwe will indulge in the usual confusion between measurable functions and their equivalence classes
mod P. Because we will only be interested in complete o-fields this will be of no consequence.
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E,x the operator, on L' (P), of the conditional expectation w.r.t. X: so Ejx(M) =
E[M|X] as. for M € L'(P); (iii) X will be said to be countably generated up to
negligible sets, or to be essentially separable, if there is a denumerable B C X" such
that X = o (B): manifestly it is so if and only if Ll(IF’| ) is separable, in which case
every element ) € A with Y C X is countably generated up to negligible sets, and
this is true if and only if there is an X € X' /Bgr with X = & (X); (iv) if further Z € A,
we will write X L z ) to mean that X and ) are independent given Z.

Remark 2.1. A warning: separability per se is not hereditary. For instance By is
countably generated but the countable-co-countable o-field on R is not. In general it
is true that completeness will have a major role to play in what follows, and we shall
make no apologies for restricting our attention to complete sub-o -fields from the get
go — practically none of the results presented would be true without this assumption
(or would be true only “mod P”, which amounts to the same thing).

The following basic facts about conditional expectations are often useful; we will
use them silently throughout.

Lemma 2.2 (Independent conditioning). Let {F, G} C M /B 00 and let {X, ),
Z) C A IFYVa(G) L XV a(F), then E[FGIX v V] = E[F|XIE[G|Y] a.s.; in
particularif Y 1L X Vv Z, then Z 1Ly Y; finally, ifo(F) Ly Y, then E[F|X v )] =
E[F|X] a.s.

Proof. For the first claim, by a 7 /A-argument it suffices to check that E[FG; X N
Y] = E[E[FIX]E[G|Y]; X N Y] for X € X and Y € ), which is immediate (both
sides are equal to E[F; X]E[G; Y] on account of Y v ¢ (G) L X Vv o (F)). To obtain
the second statement, let Z € Z/Bjo,0c] and Y € Y/Bjo,o0]; then a.s. E[ZY|X] =
E[ZY|X v 04] = E[Z|X]E[Y] = E[Z|X]E[Y|X]. For the final claim, by a 7 /A-
argument it suffices to check that E[F; X N Y] = E[E[F|X]; X N Y] forall (X,Y) €
X x Y. But E[E[F|X]; X NY] = E[E[F|X]P[Y|X]; X] = E[E[F1y|X]; X], which
is indeed equal to E[F; X N Y. O

We conclude this section with a statement concerning decreasing convergence for
martingales indexed by a directed set (it is also true in its increasing convergence
guise [9, Proposition V-1-2] but we shall not find use of that version). In it, and in
the remainder of this paper, for a family (&});er in A we set Arer Xy 1= NieT A,
provided T is non-empty (similarly, later on, we will use the notation Vicr &} =
0 (Urer &;) (= 04 when T is empty)).

Lemma 2.3 (Decreasing martingale convergence). Let X € LY(P) and let (X)),er be
a non-empty net in A indexed by a directed set (T, <) satisfying X; C X; whenever
s <t are from T. Then the net (E[X|X;]);er converges in L' (P) to E[X| Arer X;1.

Remark 2.4. Recall that when 7 = N with the usual order, then the convergence is
also almost sure.

Proof. According to [9, Lemma V-1-1] and the usual decreasing martingale conver-
gence indexed by N [9, Corollary V-3-12] the net (E[X|X}]);c7 is convergent to some
Xoo in L'(P). Because for eacht € T, L' (Plx,) is closed in L' (P) and since X« is
also the limit of the net (E[X|X,]),c7.,, it follows that Xo, € &;/Bg; hence X €
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(Ater &) /Br. Then for any X € Aier X}, E[Xso; X] = limyer E[E[X|X]; X =
lim;e7 E[X; X] = E[X; X], which means that a.s. Xoo = E[X| Arer X;]. O

3 The arithmetic

We begin with some simple observations.

Remark 3.1 (Lattice structure). [12, passim]. The operations A, V in A are clearly
associative and commutative, and one has the absorption laws: (¥ A )) vV X = X
and (X VIY)AX = X for {X,Y} C A.Besides,0p VX =X and X AM =X
for all X € A. Thus (A, A, V) is a bounded algebraic lattice with bottom 04 and top
M. However, it is not distributive in general, as we saw in the introduction. While +
is not an internal operation on A, nevertheless we may assert, for {X, ), Z} C A,
that ¥ + Y =Y + X, resp. (X +)Y) + Z2 =X + (Y + Z), whenever X and ) are
independent, resp. and independent of Z. Clearly also & + 04 = X for X’ € A.

Proposition 3.2 (Independence and commutativity). [12, Proposition 3.5]. Let {X,
Y} C A. Then the following are equivalent.

(i) X and ) are independent.
(ii) X NY =04 and X and Y “commute”: E|xE\y = EyE y.
(iii) EixEy = Ej,.

Example 3.3. Let &, & be independent equiprobable signs and X = o ({§] = & =
1}), Y =07 (£1). Then X and ) are not independent but X A Y = 04.

Proof. (ii) implies (iii) because K|y E|y = E|yE y entails that E| yE|y = EjyEx =
ExAy- Also, if X and ) are independent, then the basic properties of conditional
expectations imply E|yEjy = Ejo, = EyE|y, while clearly X A Y = 04, ie.
(i) implies (ii). Suppose now (iii). Let X € X and Y € V. Then P(X NY) =
E[P[Y|XT; X1 = E[E[1y|Y|X]; X] = E[P[Y]04]; X1 = P(X)P(Y), which is (i).

O

The next few results deal with the distributivity properties of the pair V-A, when
there are strong independence properties.

Proposition 3.4 (Distributivity I). Let (Xu)(a,p)e2ixs be a family in A, 2L non-
empty, such that the Zg 1= VqeuXyp, B € *B, are independent. Then

Naet Vaen Xap = VpeB Nact Xap. 3.1

It is quite agreeable that the preceding statement can be made in such generality.
We give some remarks before turning to its proof.

Remark 3.5. Of course the independence of Zg, B € ‘B, is far from being necessary
in order for (3.1) to prevail. For instance if {¥, ), Z} C A,and Z C X or Z C ),
then XAZ)VVAZL)=Z=XVIHAZ=XVIHNAEVIE),butXvz
and Y Vv Z are not independent unless Z = 04; similarly if X v} C Z, then
XAWMVEAZDY)Y=XAWNWVE=Z=XVEIAQYVE),butXVv)Yand Z
are not independent unless X = ) = 04.
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Remark 3.6. The generality of a not necessarily denumerable ‘B in Proposition 3.4
is of only superficial value. Indeed clearly we have Vgem Ageat Xopg =
UB countable B VgeB NaetXop; similarly if A € Agent Vges Xup, then for sure
A € VvgepZg for some denumerable B C B so that, by the very statement of this
proposition (with ‘B a two-point set), A € Age2 VaeB Xug, VIZ. Age Ve Xug =
UB countable B Aae2l VﬁEBXa/S-

Remark 3.7. Proposition 3.4 yields at once Kolmogorov’s zero-one law: if A =
(Ay)yer is an independency (i.e. a family consisting of independent o -fields) from
A, independent from a B € A then, setting for cofinite A C I', V4 A := Vye AAy,
one obtains A4 cofinite in " (B V (Va4 A)) = B.

Proof. The inclusion D in (3.1) is trivial. On the other hand, for 8 € B, Aqye Vgren
Xop C At (XapV (Vgem\igyZp)). Hence AgeatVgres Xopr C Apes (Aaeat (XypV
(Vgrem\(81Zp))), and thus it will suffice to prove (3.1) for the following two special
cases.

(a) B ={1,2}, Xyp = 2 fora € 2.
(b) A =B and X, = Zg for a # B from 2.

In proving this we will use without special mention the completeness of the members
of A.

(a). Relabel X, =: &,, @ € %, and Z, =: ). Suppose (3.1) has been established
for 2 finite (all the time assuming (a)). Let T' consist of the finite non-empty subsets of
2, direct T by inclusion C, and define X , := AgeaXy for A € T. Then Agen(Xy V
V) = Aaer (X 4 VDY) and (of course) AgetXe = Aaer X 4. Let X € Vyeq Xy =1 X
and Y € Y. Using X 1 Y and decreasing martingale convergence we see that a.s.
PIXNY[(Aser X ) VY] = PIX|Aper XA IPIY V] = (limger PIX|X,DPIY V] =
limaer (PLX|X AIPLY [V]) = limger PIXNY|X v V] = PIXNY| Aaer (X4 VD)L,
where the limits are in L' (P). A 7 /A-argument allows to conclude that (3.1) holds
true. Suppose now 2 is finite. By induction we may and do consider only the case
2A = {1,2}, and so we are to show that (X] VvV )Y) A (X2 VD)) = (X1 A Ap) V
V. Let again X € X and Y € ). Then using X L ), convergence of iterated
conditional expectations [1, Proposition 3] and bounded convergence, we obtain that
as. PIXNY[(X vV I) A XV I)] = Ellxay| X vV IYI(EX VI) A (X V)] =
E[P[X]X1]1y (X1 VI) A (X2 vI)] = E[P[X]X]1y [ X2 VYI(X VI)A (A v I)] =
E[E[1x|X1|X]1y (X1 V I) A (X2 V V)] = E[E[1x| X || X [X2]1y [(X1 VvV V) A
(XvI)] = = E[P[X|X1 AX]Ly (X1 VI) A (A2 V)] = PLX| X AX]Ly €
(X1 A AX2) V )/ Bl—oc,00]- Again a m /A-argument allows to conclude.

(b). Relabel X,y =: X, and Z, =: A,, « € 2L. Suppose (3.1) has been shown
for 2 finite (all the time assuming (b)). Let T consist of the finite subsets of 2, di-
rect T by inclusion C, and define X4 := VgqeaXy for A € T. Then Agest(Xy V
(Voea\g)Aa)) = Naer(Xa V (VaeanaAy)). Now let B € T\{#}, A; € A; for
i € B. We have by decreasing martingale convergence, a.s. P[NjcpAi| AgeT (X4 vV
(VoreanaAg))] = limacr P[NiepAilXa V (VeeanaAa)] = PlNicpAilXB] €
(Vaex Xe) /Bi—00,00], Where the limit is in L' (P), and we conclude that (3.1) holds
true via a w/A-argument. So it remains to argue (3.1) for 2 finite, and then by an
inductive argument for 2[ = {1, 2}, in which case we are to establish that (X} Vv A) A
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A VX)) = X AAX. Tothisend let F € (X Vv Ay) A (A1 vV A,). Then a.s.
1r = P[F|X] Vv A;] (because F € X v Ap), which is € (X] V X2)/B[—o0,00] (be-
cause F € Aj v X3, by a w/A-argument, using X; C A, X» C Ay and Ay 1L A;:
if Ay € Aj and X, € A then as. P[A; N X|X1 v Ax] = 1x,P[A(|X] €
(X1 V A2) /Bl —c0,00])- O

Corollary 3.8 (Distributivity II).

(i) If Y € A is independent of a nonincreasing sequence (X,)neN from A, then
AneN(Xy V) = (AnenXn) VvV V. [2, Exercise 2.5(1-2)], [10, Exercise 2.15].

(ii) For{X1, X2, V1, 0} C A, if Xy v Ay L Y1V s, then (X1 VYA (X VI,) =
(X1 AX) vV (V1 Aw). [12, Fact 2.18, when M is countably generated up
to negligible sets]. In particular for {X, A, Y} C A, if X ¢ A L ), then
XVvI)HnA=2X.

(iii) FIX, YV, 2} C A XVY L Z then(XVEZ)AQYVE) = XAVVZE O

Remark 3.9. [13] discusses the equality in (i) when X and ) are not necessarily
independent; we have seen in Example 1.1(b) that it fails in general.
Remark 3.10. In (iii) the equality (Y A Z2) V (VA Z) = (X V) A Z is trivial (both
sides are equal to 0 4). Example 1.1(a) showed that these basic distributivity relations
fail in general, even when X, ), Z are pairwise independent.
Remark 3.11. Let {A,B,C} c A DIfAcCcBvCand AV B L C,then A C B:
A=AANBVE) =(AVO0s) ABVC) =AABby (i), [2, Exercise 2.2(1)]. (II)
fACBVvC ALC BCc AthenA=8B: AC BVvC AAVO, = Bby (ii)
again, [2, Exercise 2.2(3)].

We turn now to complements; we shall resume with the investigation of distribu-
tivity later on in Nos. 3.20-3.26.
Proposition 3.12 (Complements I). [4, Proposition 4]. Let {X', Y} C A. Assume X is
countably generated up to negligible sets and Y C X. Then the following statements
are equiveridical.

(i) Whenever X € X /Br is such that X = o (X), then for every Y € )/Bg,
PX=Y)=0.

(ii) There exists X € X /Br such that for every Y € Y /Br, P(X =Y) =0.
(iii) There exists Z € X /B independent of Y and having a diffuse law.

(iv) There exists Z € X /Bjo,1] independent of Y with uniform law such that Y +
c(Z2) = AX.

(v) EveryZ € X /Br for which Y v 5(Z) = X has a diffuse law.

Definition 3.13. Let {X, Y} C A, Y C &, & countably generated up to negligible
sets. Following [4] call X conditionally non-atomic given ) when the conditions
(1)-(v) of Proposition 3.12 prevail.

Example 3.14. Let {A, B, X} € A, X C A+ B. It can happen that A, 5, X
are pairwise independent [2, Exercise 2.1(3)], and even when it is so, it may then
happen that there isno X’ € A with X C Band A+ X = A+ X', ie. X C
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(A vV X) A B) v A may fail (in particular one can have X independent of B, but
not measurable w.r.t. A [2, Exercise 2.1(2)]). In the “discrete” setting2 take, e.g., &,
i €{l1,2, 3,4}, independent equiprobable signs. Let A = 5 (&1, &), B = 5 (&3, &),
X = 5 (&1&3 + &&4). Then it is mechanical to check that (X vV A) A B = 5 (£3&4)
(e.g., for inclusion D one can notice that (£&3 + ££4)> = 2(1 + £16,63&,); for
the reverse inclusion one can consider the behavior of the indicators of the ele-
ments of o (&3, &) on the atoms of o (€1, &, £1&3 + £&4)). But £1&3 + £&4 is not
measurable wrt. AV (A V X) A B) = 5(&1, &, £3&,), indeed £1&3 + £&4 is
not a.s. constant on the atom {§; = 1,&% = 1,8&& = 1} of 0(&1, &2, &84). To
tweak this to the “continuous” case,’ simply take a sequence (&;);en of indepen-
dent equiprobable signs and set A = o (& : i € N), B = o(&;41 : i € Np),
X =0 (16 + &3&4, E5&6 + &7&3, .. ). By Proposition 3.4 and the preceding, it fol-
lows that (X v A) A B = o (§1&3, 587, ...), and we see that £1& + £3&4 is not
measurable w.r.t. (X v A) A B) Vv A, for, exactly as before, it is not measurable w.r.t.
0(82,64,6185) = [(X VA AB) VA AT (&L, ..., E4).

Examples 3.15. Let {XY, YV} C A, Y C X.

(a) We have already seen in Example 1.2 that in general ) may fail to have a
complement in X, though by Proposition 3.12 this cannot happen when X is
essentially separable and everything is “sufficiently continuous”. Example 1.3
shows, in a “discrete” setting, that even when ) has a complement in X, then it
is not necessarily unique. To see the latter also in the “continuous” setting take
a doubly infinite sequence (&;);cz of independent equiprobable signs, and set
X=0¢ :ieZ),Y=0@¢ :icN).ThenY+0o(& :i € Z<y) = X but
also Y +0(éi411:1 € Z<p) = X.

(b) Even when the equivalent conditions of Proposition 3.12 are met, and a Z € A
satisfies Y vV Z = X, there may beno 2’ € Awith Z' Cc Zand Y + 2’ = X.
The following example of this situation is essentially verbatim from [4, p. 11,
Remark (b)]. Let £2 = ([0, 4] x [0, 1]) U ([%, 11 x [0, §]) U ([1, 31 x [5, 1]),
M = Bg, and P be the (restriction of the) Lebesgue measure. Let Y be the
projection onto the first coordinate and Z be the projection onto the second
coordinate, Y = 5(Y), Z = 5(2), X = 5(Y,Z) = M. Then |Z — | is
independent of ), verifying (iii), though ) and Z are not independent. Suppose
that Z’ € A satisfies 2/ € Z and Y v 2’ = X. The o-field X and hence
Z’ is countably generated up to negligible sets so there is Z' € Z’/Bg such
that Z' = 5 (Z'). By the Doob-Dynkin lemma there are f € Bjo1;/Br and
g € B[O’%]XR/B[O’” such that a.s. Z' = f(Z) and Z = g(Y,Z). Then Z =
g(Y, f(2)) a.s.; consequently by Tonelli’s theorem for Lebesgue-almost every
y € [0, %], z = g(y, f(z)) for Lebesgue-almost all z € [0, 1]. Fix such y. Then
because Z is absolutely continuous, one obtains Z = g(y, f(2)) = g(y,Z)
a.s.; this forces Z' = Z, preventing Z' 1L V.

2In precise terms, by “discrete”, we mean here, and in what follows, that every o -field under consider-
ation is generated up to negligible sets by a discrete random variable.

3To be precise, by “continuous”, we mean to say here, and in what follows, that every o-field under
consideration is generated up to negligible sets by a diffuse random variable.
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(c) If the equivalent conditions of Proposition 3.12 are met and if Z € X/Bgr
has diffuse law and is independent of ), there may exist no Z’ € A such
that Y + Z’ = X and 5(Z) C Z’ (however this cannot happen if ceteris
paribus Z is discrete rather than continuous — see Corollary 3.16(ii)(b)). We
repeat here for the reader’s convenience [4, p. 11, Remark (a)] exemplifying
this scenario. Let X, Y, Z be independent random variables with uniform law
on[0,1]and let Y = o (Y), X = o (Y, Z, X]l{Y<%}). Clearly X is countably
generated up to negligible sets; Z has a diffuse law and is independent of ); in
particular (iii) is verified. Let 2’ € Abesuchthat Y 1L Z' D 5(2), Z2' C X.
There is a Z' € Z’/Bpg such that 2’ = 5 (Z'). By the Doob-Dynkin lemma
there are f € Br/Bjo,1j and g € By 1y3/Br such that a.s. Z = f(Z') and
Z =g\,Z, XJl{Y<%}). Then on {Y > %}, Z =g(Y,Z,0) =g, f(Z),0)

a.s.; hence by Tonelli’s theorem for Lebesgue-almost every y € [%, 11,7 =
gy, f(Z),0) for Z,P-almost every 7/ € R. Fix such y. It follows that Z' =
gy, f(Z),0) = g(y,Z,0) a.s.; this forces Z’' = 7 (Z), which precludes Y v
Z=X.

Proof of Proposition 3.12. We follow closely the proof of [4, Proposition 4].

(1) = (ii) because X is countably generated up to negligible sets.

(iv) = (iii) is trivial.

(ii1) = (ii) by Tonelli’s theorem.

(v) = (i). Let X € X' /B be such that ¥ = 5(X), take Y € V/Br. Fix xg € R
for which P(X = x9) = 0. Then Y V & (X1 (xy} + xol{x=y}) = X, hence by (v)
X1xyy + xolx=v) has a diffuse law, and therefore P(X =Y) = 0.

(il) = (v). Let X € X /Bg be such that for every Y € Y/Bgr, P(X = Y) = 0 and
let Z € X/Bg be such that ) v 5 (Z) = X. Because ) is countably generated up
to negligible sets, there is Y € ))/Br such that Y = 5(Y). Then o (Y, Z) = X and
by the Doob-Dynkin lemma there is f € Bg2/Br such that a.s. X = f(Y,Z). We
conclude that for each zg € R, P(Z = z9) € P(X = f(Y, z9)) = 0.

(i1) = (iv). Let again X € X'/Bg be such that for every Y € V/Br, P(X =Y) =
0. Take also Y € /B such that ) = 5 (Y) and X' € X /Bg such that 7(X') = X.
Let  be the law of Y and let (vy),cRr be a version of the conditional law of X’ given
Y: R >y~ v,(A)) € Br/Bo,1; for each A € Bg; v, is a law on Bg for each
y € Ryand E[f(X,Y)] = [ f(x', y)vy(dx")u(dy) for f € Bre/Bo,00).- Remark
that in particular (x) a.s. X' cannot fall into a maximal non-degenerate interval that
is negligible for vy. Besides, by the Doob—Dynkin lemma, there is g € Br/Br such
that X = g(X') a.s. Then P(Y = X') ¢ P(X = g(Y)) = 0 for any Y’ € Y/Bg.
From this it follows that (xx) vy, is diffuse for p-almost every y € R. Set now Z :=
vy ((—o0, X']) € X/Bjo.13; then for ¢ € Br/Bjo,c0 and z € [0, 1],

EMWﬁzid=f/@@ﬂm4w«%mfmwwﬂwww
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because of (xx). On account of (x), it also follows from the equality Z = vy ((—o0,
XD that X' € 3(Z, Y). Thus Z meets all the requisite properties. O
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Several “stability” properties of conditionally non-atomic o -fields can be noted:

Corollary 3.16 (Conditionally non-atomic o-fields). [4, Corollaries 3 and 4] Let
(X, V,2} € A,Y C X. Assume X Vv Z is countably generated up to negligible
sets.

(i) If X v Z is conditionally non-atomic given Y VvV Z, then X is conditionally
non-atomic given ).

(ii) Suppose X is conditionally non-atomic given ).

(a) If X and Z are independent, then X Vv Z is conditionally non-atomic
given Y Vv Z.

(b) If P C X is a denumerable partition of §2, then X is conditionally non-
atomic given Y NV o (P); if further a(P) A Y, then there exists Z €
X /Bjo,11 with uniform law such that Y + o (Z) = X and o (P) C o (2).

Proof. We follow closely the proofs of [4, Corollaries 3 and 4].

(i).LetZ e X/Br be suchthat ¥ =Y vo(Z);then X v Z = (Y V Z)vo(2).
Thus if X' v Z is conditionally non-atomic given ) v Z, then by Proposition 3.12(v)
Z is diffuse, which makes X" conditionally non-atomic given ) by the very same
argument.

(ii)(a). Let X and Z be independent. By Proposition 3.12(iii), there exists Z €
X /B independent of ) and having a diffuse law; such Z is then also independent of
Y Vv Z, so that by the very same condition X v Z is conditionally non-atomic given
yv Z.

(ii)(b). There is a random variable P € X' /2N for which 7(P) = a(P). If Z €
X/Bgrissuchthat ¥ = (Y volP) vol@ =Y vo(P,2), then (P,Z) has a
diffuse law by Proposition 3.12(v), hence (because P has a denumerable range) Z
has a diffuse law, which entails the desired conclusion by the very same argument.
Now suppose P is independent of ). Via Proposition 3.12(iv) let Z' € X' /Bjo,17 have
uniform law and be a complement for Y+a (P) in X. Of course 5 (Z', P) is essentially
separable so there is Z € o(Z', P)/Br with 5(Z) = (Z/, P). Z is diffuse, because
Z' is, hence may be chosen to be uniform on [0, 1]. O

The next proposition investigates to what extent complements are “hereditary”.

Proposition 3.17 (Complements II). Let {X,Y,Z} C A, Z C X + Y. Then the
following statements are equivalent.

(i) Z=(XANZ)V (Y AZ),ie XAZisacomplementof Y N Z in Z.

(ii) X and Y are conditionally independent given Z, and P[Y|Z] € YV /B[—o0,00]
forY € Y, P[X|Z] € X/B[—co0,00] for X € X.

Remark 3.18. Dropping, ceteris paribus, the condition that X 1L ), then (i) no
longer implies (ii) (because one can have Z C & or Z C )Y, without & and )
being conditionally independent given Z); however, (ii) still implies (i) (this will be
clear from the proof, and at any rate Proposition 3.21 will provide a more general
statement, that will subsume this implication as a special case).
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Examples 3.19.

(a) The situation described by (i), equivalently (ii) is not trivial. For instance if
A, B, C, D are independent members of A, then one can take X = A + B,
Y=C+D,Z=B+C.Ofcourse in this case Z = (XY A Z) V(Y A Z) can be
seen (slightly indirectly) from Proposition 3.4 as much as (directly) from the
validity of (ii).

(b) But there are cases when Proposition 3.4 does not apply (or applies only (very)
indirectly), while Proposition 3.17 does. A trivial example of this is when Z C
XorZcC).

(c) For aless trivial example of the situation described in (b) let &;,i € {1, 2, 3, 4},
be independent equiprobable signs. Let X = o (§1,{& = & = 1}), YV =
0(&,{& = & = 1}) and Z = o (&1, &3). In this case, unlike in (a), it is not
the case that Z A X = (1) would have a complement in X and Z A Y =
o (£3) would have a complement in ). For this reason Proposition 3.4 cannot
be (indirectly) applied to deduce (¥ A Z) V(Y A Z) = Z. Yet this equality does
prevail and can indeed be seen directly and a priori from the validity of (ii).

Proof. Suppose (i) hods true. Let X € X and Y € ). Then because X L ), a.s.
PIXNY|Z] =PI XNY|(XAZ)V(YAZ)] = PIX|XAZ]IP[Y|VYAZ] Taking Y = 2
and X = 2 shows that P[X|Z] = P[X|X A Z] as.and P[Y |V A Z] = P[Y|Z] a.s.,
which concludes the argument. Conversely, suppose that (ii) holds true. Let X € X
and Y € Y. Thena.s. PIX NY|Z] = P[X|Z]P[Y|Z] and P[X|Z] = P[X|X A Z],
PY|Z] = P[Y|Y A Z]. Hence PIX NY|Z] € (X A 2) V (Y A 2))/Bi—co,00]-
A 7 /1-argument allows to conclude that P[Z|Z] € (X A 2) V (Y A 2))/Bl—o0,00]
for all Z € X v Y and therefore, because Z Cc X v ), forall Z € Z. Thus Z C
(X' A 2Z)V (Y A Z), while the reverse inclusion is trivial. U

More generally (in the sufficiency part):

Proposition 3.20 (Distributivity III). Let (Xy)geat be a family in A consisting of
independent o -fields. Then

Vaerada) A Z = Voea (X A Z)

provided (i) the Xy, a € 2, are conditionally independent given Z and (ii) P[X 4| Z] €
Xo/Bl—co,00] forall Xy € Xy, a0 € 2.

Proof. Set X' := Vvye9 Xy . Condition (ii) entails that a.s. P[ Xy | Y AZ] = P[ Xy | X A
Z] = P[Xy|Z] for all ¢ € 2; combining this with (i) shows via a 7 /A-argument that
a.s. PIX|XY A Z] =P[X|Z] forall X € X:if B is afinite non-empty subset of 2, then
as. P[NgepXglZ] = ]_[ﬂeB PlXgl|Z] = ]_[ﬂeB PXglX A Z] € (X AZ)/B[-00,00]-
Replacing Z by ZAX if necessary, we may and do assume Z C X. Then Vgeg (Xy A
Z) C Z = X AZ istrivial. For the reverse inclusion, let B be a finite non-empty sub-
set of A, and let Xg € X for B € B. Then a.s. P[NgepXp|Z] = ]_[ﬁeB P[Xg|Z] =
]_[563 P[XglXgAZ] € (Vaet (Xa AZ))/B[—o0,00]- By a r/A-argument we conclude
that P[Z|Z] € (Vae (Xa A 2))/B—oco,00] for all Z € Ve &y, and therefore for all
Z € Z. Itmeans thatalso X A Z = Z C Vye(Xy A 2). |
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Parallel to Proposition 3.20 we have:

Proposition 3.21 (Distributivity IV). Let (Xy)gec be a family in A, with 2 contain-
ing at least two elements, consisting of o-fields that are conditionally independent
given Z € A. Then

Z = Naet(Xo V 2);

in particular Age Xy C Z.

Remark 3.22. The converse is not true, because, for instance, one can have X" and
dependent with XY A Y =04 (then Z = (X' vV Z2) A (Y V 2Z) for Z = 0y, but X and
Y are not independent given Z) — see Example 3.3. The condition on the conditional
independence of course cannot be dropped, not even if the A,, o € 2, and Z are
pairwise independent — see Example 1.1(a).

Remark 3.23. By Proposition 3.4 the equality
(Nt de) V Z2 = Age(Xy V 2)

also prevails when the &y, o € 2, are independent of Z, however the scope of this
result is clearly different from that of Proposition 3.21.

Proof. Itis clear that Z C Ayeq(Xy Vv Z). For the reverse inclusion we may assume
A={l1,2}.Let F € (X1 VE)A(X,V Z). Thenas. 1p = P[F|X;V Z] (because F €
X1V Z). Let us now show thatif F € & v Z, then P[F| X1 V Z] € Z/B[_c0,00]; this
will conclude the argument. Take X, € A and Z € Z. Thena.s. P[X,NZ|A |V Z] =
17P[X;|AX] Vv Z]. Thus by a 7/ -argument it will suffice to establish that P[X>| X v
Z] € Z/B[—c0,00]- For this, just argue that a.s. P[ X, | X VZ] = P[X,| Z]: let X| € A}
and Z € Z;then P(X, N X1 NZ) = E[P[X3]|Z]; X1 N Z] because A is conditionally
independent of &> given Z; another & /A-argument allows to conclude. O

A further substantial statement involving conditional independence and distribu-
tivity is the following. It generalizes Proposition 3.4 in the case when ‘B is a two-point
set.

Proposition 3.24 (Distributivity V). Let (Xui)(a,i)eux(1,2) be a family in A, 2 non-
empty. Set X; := Ve Xoi fori € {1, 2}. Assume that for each finite non-empty A C
A, X is conditionally independent of X> given AycaXy1 and also given NyeaXyo-
Then

Naet (Xa1 V Xy2) = (AgeaXal) V (Aget Xa2)- (3.2)

Proof. By decreasing martingale convergence, X is conditionally independent of &>
given Age X1 and also given AyegXy2. Therefore, by the same reduction as at the
start of the proof of Proposition 3.4, it suffices to establish the claim in the following
two cases.

(A) Xy = A forall a € 2.
(B) A={1,2}, X1 C Xp1, & C X2,

(A). Suppose (3.2) has been established for 2 finite (all the time assuming (A), of
course). Let A C 2 be finite and non-empty and (X1, X») € &1 x X>. Then, because
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X1 L i, A2, as. PLX1 N Xo|(Ageadul) V 2] = P[X1] Agea Xa1llx,. By
decreasing martingale convergence and the assumption made, it follows that P[ X N
Xo| Aget (Xa1 V A2)] € (AgeuXa1) V X2)/Bi—c0,00], and we conclude as usual.
Then it remains to establish the claim for finite .4, and by induction for A = {1, 2}.
The remainder of the proof is now the same as in the proof of item (a) of Proposi-
tion 3.4, except that, as appropriate, one appeals to conditional independence in lieu
of independence.

(B). This is proved just as in the final part of the proof of item (b) of Proposi-
tion 3.4 (only the final part is relevant because here a priori A = B = {1, 2}), except
that again one appeals to conditional independence in lieu of independence, as appro-
priate. O

Corollary 3.25 (Distributivity VI). [7], [2, Exercise 2.5(1)]. If Y € A and a non-
increasing sequence (X,)neN from A are such that Y 1y, X foralln € N, then
AneN(Xy V' Y) = (ApeNAy) V ). u
Remark 3.26. The generalization to a general ‘B in lieu of {1, 2} in Proposition 3.24
seems too cumbersome to be of any value, and we omit making it explicit.

Finally we return yet again to complements. In the following it is investigated
what happens if one is given A L B from A, and one enlarges .4 by an independent
complement X to form A" = A+ X, while reducing B to B’ through an independent
complement Y, B’ + Y = B, in such a manner that A" 1L B’, and that between them
A’ and B’ generate the same o-field as A and B do. (We will see in Section 4 why
this is an interesting situation to consider.)

Proposition 3.27 (Two-sided complements). Let {A, B, A', B’} C A be such that
A+B=A+B.

(i) There is at most one X € A such that A+ X = A’ and B' + X = B, namely
A A B.

(ii) Let {X,Y} C A be suchthat A+ X = A" and B + Y = B. The following
statements are equivalent:

(a) Thereis Z € Awith A+ Z = A and B' + Z = B.

(b) A+ A AB)+B =A+B(=A+B).

(c) X CAVA' AB)andY Cc B' v (A" A B).

(d) Thereis X' € AwithX' C Band A+ X' = A’ and there is Y’ € A with
YVcAandB +Y =B.

(e) P[B|A'] € B/Bi—oo.00] for B € B and P[A'|B] € A’ /Bj—co.00] for A’ €
A

Example 3.28. Let &, i € {1, 2, 3}, be independent equiprobable signs. Let A :=
5(¢1), B :=0(5), X :=0(&),)Y =08 =& = lor&dh =& = —1)),
A == A+ X, B := B + Y. It is then straightforward to check, for instance by
considering the induced partitions, that A + B = 5 (§1, &, &) = A’ + B/, while
A" A B C 0y, so that in particular A + (A’ A B) + B’ # A + B. This “discrete”
example can be tweaked to a “continuous” one, just like it was done in Example 3.14.
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Remark 3.29. One would call X satisfying the relations stipulated by (i) a two-sided
complement of (A, B) in (A’, B’). Unlike the usual “one-sided” complement, it is
always unique, if it exists. However, by Example 3.28, the “existence of one-sided
complements on both sides”, i.e. what is the starting assumption of (ii), does not
ensure the existence of a two-sided complement (which is (ii)(a)).

Proof. (i). Suppose the two relations are also satisfied by a ) € A in lieu of X. Then
YcB=B+XandY Cc A =A+X;hencey C (B +X) A (A+ X). But
B’ is independent of A’, and A’ = A + X; hence B/, A and X are independent,
so Corollary 3.8(iii) entails that (B + X) A (A+ X) = X. Thus ) C X and by
symmetry X C ), also; hence X = ). If A satisfies the relations, then they are also
a fortiori satisfied by A’ A BB; by uniqueness X = A" A B.

(i1). Suppose (a) holds. Then by (i) Z = A’ A B and (b)-(c)-(d) follow at once.
To see (e), let B € B and Z € Z. Then as. P[B' N Z|A'] = P[B' N Z|A vV
Z] = 1zP[B'|AV Z] = 1zP(B') € Z/Bi—c0.00] C B/Bj—c0.00]- The general
case obtains by a 7r/A-argument and then the second part by symmetry. Conversely,
if any of (b)-(c)-(d) obtains, then it is straightforward to check that one can take
Z = A’ A Bin (a) (of course by (i) there is no other choice for Z). Finally we verify
that (e) implies X C A Vv (A" A B) (by (¢) and symmetry it will be enough). The
assumption entails that P[B|A'] = P[B| A’ AB] a.s. for B € B.Let X € X; it will be
sufficient to show that a.s. P[X|A Vv (4" A B)] = 1y, and then by a 7 /A-argument,
that E[P[X|AV (A AB)]; ANB] =P(XNANB) for A € A, B € B. Now because
(A AB)vo(B) C B 1 A, we find indeed that E[P[X|A Vv (A" A B)]; AN B] =
E[P[X N AJAV (A A B)]; B] = E[P[B|AV (A A B)]; X N A] = E[P[B|A’ A
Bl; XNA]l=E[P[BIA]; XNA]=P(XNANB). O

4 An application to the problem of innovation

Let 7 = (Fu)nen be a nonincreasing sequence in A and let G = (G,),en be a
nondecreasing sequence in A such that 7, v G, = F; vV G foralln € N. Set F :=
AneNFn and Goo := V,,enGn, as well as (for convenience) Gg := 04, Fo := F1 VvV G.
We are interested in specifying (equivalent) conditions under which F V Goo = Fo.
We have of course a priori the inclusion F, V Goo C Fo.

Remark 4.1. Since F,, Vv Goo = Fp for all n € N, the statement Fo V Goo = Fo is
equivalent to (AyeNFn) V Goo = AneN(Fn V Goo), and the conditions of the theorem
of [13] apply. For instance, assume (i) Fo is countably generated up to negligible sets;
and (ii) Foo = 04. Take a regular version (IE"gC>c )wes2 of the conditional probability on
Fo given G [it means that Goo /Bjo, 1] > Py _(A) = P[A|Gso] a.s. forall A € Fy, and
P’é)oo is a probability measure on F for each w € §2]. Then we can write Theorem.e
in [13]as Foo V Goo = Fy iff IP"&’Oc is trivial on F a.s. inw € £2.

We will restrict our attention to the case when there are strong independence
properties. A typical example of the type of situation that we have in mind and when
the equality Fo V Goo = Fo (nevertheless) fails was the content of Example 1.4 in
the introduction.

Example 1.4 continued. With regard to Remark 4.1, note that (in the context of Ex-
ample 1.4) Goo = 0 ({A € M : A = —A}). Indeed one checks easily that o (&1,
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£63,...) C{A € M : A= —A}. Conversely, if fora C € {=1TH®N 4 = (g,
162, £283,..)71(C) = —A, then A = (&1, &6, 683,...)7 H(C) = (=&1, 616,
& &3, )N o) = (£1&2, £2&3, ...)_l(pr2,3“__(C)); as a consequence, Blackwell’s
theorem [8, Theorem III.17] shows that A € o (1>, £2£3, ...), so that also o (§1&3,
£&,...) D{A e M : A= —A}. Thus in Remark 4.1 we may take IEP [f] =

(f + f o (—id@))/2 for f e (2711H®N) /By o). For this choice Pg_ is non-
tr1V1al on F for arbitrary w € 2 (take, e.g., f equal to the indicator of the event
A, = {&, = w(n) for all sufficiently large n € N}).

Here is now a general result that motivates the investigation of two-sided comple-
ments in Proposition 3.27.

Proposition 4.2. Let H = (H,)neN be a sequence in A such that F, = Fp+1 +
Hu+1 and Guy1 = Gy + Hyy1 for all n € No. (One would say that the sequence
H “innovates” (F,G).) Then H, = G, AN Fu—1 for all n € N, and the following
statements are equivalent.

(i) }—oo\/gooz]:o
(ii) Fn = Foo V [Vken., Hil for all n € Ny.
(iii) Fy = Foo V [Vien., Hk] for some n € Ny.

Proof. We have F, + G, = Fu+1 + Gn41 for all n € Ny. Now the expressions for
the H,,, n € N, follow from Proposition 3.27(i). Note also that G, = H| V --- V H,
for all n € Ny.

The implication (ii) = (iii) is trivial.

(i) = (i1). The inclusion D is clear. Conversely, if F' € F,, then as. 1p =
P[F|Fo]l = PIF|Fw V Gl = PIF|Fx V Gy V [Vien., Hill = PIF|Fx V
[Vken., Hill, since G, 1L F, D o (F) V Foo V [Vien., Hil.

(iii) = (). Foo V Goo = Foo V Gn V [VieN., Hi]l = Fn V Gn = Fo. U
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