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Abstract In the paper we consider time-changed Poisson processes where the time is ex-
pressed by compound Poisson-Gamma subordinators G (N (¢)) and derive the expressions for
their hitting times. We also study the time-changed Poisson processes where the role of time is
played by the processes of the form G (N () + at) and by the iteration of such processes.
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1 Introduction

Poisson processes with randomized time have been intensively studied in the recent
literature. The most popular models of such processes are represented by the space-
fractional and time-fractional Poisson processes where a random time-change is intro-
duced by a stable subordinator or its inverse correspondingly (we refer, for example,
to [7, 12, 14, 3, 10, 1, 13], to mention only few, see also references therein).

In the paper [14] a general class of time-changed Poisson processes N/ (f) =
N(H’(t)), r > 0, has been introduced and studied, where N(¢) is a Poisson pro-
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cess and H/ (¢) is an arbitrary subordinator with Laplace exponent f, independent of
N (t). Distributional properties, hitting times and governing equations for such pro-
cesses were presented in [14, 7]; the case of iterated time change and some further
generalizations of the class of process N F(t) were also considered in [7]. Hitting
times for the iterated Poisson process were studied in [11, 6], and for population
processes with random time in [4].

In the papers [5, 9] time-changed Poisson processes were studied for the case
where the role of time is played by compound Poisson-Gamma subordinators and
their inverse processes. In the present paper, we continue to investigate the proper-
ties of the processes N(Gn(t)), t > 0, where Gy (t) = G(N(¢)) is the compound
Poisson-Gamma process. Some motivation for considering this class of processes is
given in [5] (see Section 3 therein). We derive the expressions for the hitting times
and first passage times of the processes N (G (¢)) in Sections 3 and 4. We next study
in Section 5 the time-change introduced by the process Gy14(t) = G(N(t) + at),
where the Gamma process G (¢) and the Poisson process with a drift N(¢) + at are
independent. In Section 6 we consider some kinds of iterated Bessel transforms and
their use for time-change in the Poisson process.

2 Preliminaries

In this section we recall some results on time-changed Poisson processes, which will
be used in the next sections. In the paper [14] the time-changed Poisson processes
NT(@) = N(H’ (1)), t > 0, have been studied, where N (¢) is the Poisson process
with intensity A and H /(1) is the subordinator with a Bernstein function f (u), inde-
pendent of N (¢). Their distributions are characterized as follows:

) Moo s k
PrN It +dny =k} = |9'E Jo £ rstvids) toldn), k=1, (1)
1 —drt [;7(1— e ) (ds) +o(dt), k =0,
k gk
fony — Femy = &EDY A8 e
)=P\N' (t) =kj = —"—— 2
pl ()= P{N/ () = k} = e -~ @
the probability generating function of N7 (¢) is given by
G (u, t) = e U= -y <1, 3)

The time-changed Poisson processes N/ (r), t > 0, have independent station-
ary increments (see, e.g., the general result on subordinated Lévy processes given in
Theorem 1.3.25 [2]).

It is also shown in [14] that the probabilities of the processes N/ (t) satisfy the
difference-differential equations:

d s ! S, * s
2P0 ==F0)p () +n; Ep,;(_m(t)/o eStsmy(ds), k=>0,t>0,
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with the usual initial conditions: pg (0) =1, and p{ (0) = 0 for k > 1. The equation
(4) can be also written in the following form (see [14], Remark 2.3):

d . .
TPl ()= —f(I = B)pl (). k=0.1>0, )

where B is the shift operator: Bp,{ (1) = pkf_l(t), and it is supposed that p_1(¢) = 0.

Let Nj(¢) be the Poisson process with intensity A1, and let Gy (t) = G(N(1)),
t > 0, be the compound Poisson-Gamma subordinator with parameters A, «, 8, that
is, with the Laplace exponent f(#) = AB%(87% — (B + u)~%) and the Lévy measure
v(du) = A4 (@) 'u*te=P*du, A, a, B > 0. In the case when o = 1 we have
the compound Poisson-exponential subordinator, which we will denote as Ey (1).

Consider the time-changed process N1(Gy (1)) = N1(G(N(t))), t > 0, where
the compound Poisson-Gamma process G y (¢) is independent of Ni(¢).

We recall the results on probability distributions of the process N1 (G y (¢)), which
were presented in our previous paper [5] and will be used in the next sections.

Theorem 1. [5] Probability mass function of the process X (t) = N1(Gn(t)), t > 0,
is given by

ek i MBI (an + k)

ety = PXW =k) = 25— g0 2 Gt preniTam L ©
and .
po(t) = exp{—tf(kl)} = exp{—kt(l — (Mﬁ-W)} @)

The probabilities pi(t), k > 0, satisfy the following system of difference-differential
equations:

k

d (o ABY MM T+ a)
a0 = <(M By A)’”‘(M(M B 2 Gt i@ P
®)

Remark 1. Probability mass function of the process X (t) = N1(Gy(¢)) fork > 1
can be represented with the use of the generalized Wright function in the following
form:

m=1

(t)—P(X(t)—k)—e_M)Li]I w<(k ), (0, @) ﬂ) ©)
P = TR G pr T\ G e )

where )
]_[ I (a; + ajk) K
< . (10)
I'(bj+ Bjk) '
1

—

p¥ (@i, @), (bj, Bp).2) =)

k=0

=l

J
is the generalized Wright function defined for z € C, a;, b; € C, «;, i € R, &, i #
Oand ) o; — > Bi > —1 (see, e.g., [8]).
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Fig. 1. Probabilities (6), for values of « =2, 8 =0.8,A =2,A1 =1

To represent the distribution function in the next theorem we will use the three-
parameter generalized Mittag-Leffler function, which is defined as follows:

o0
I'(y +k) Zk
Fod = , C, p,8, C, 11
0.5(2) ; o) KlGkrs) (€C Pbve an

with Re(p) > 0, Re(d) > 0, Re(y) > O (see, e.g., [8]).
Theorem 2. [5] Let X (t) = N1(En(t)). Then fork > 1

B Akapt ABt
E _ _ _ At 1 k+1 .
pr(®)=P(X@t)=k)=e (A1+,8)"+1€ (k1+ﬂ>’ (12)
po(t) = exp] - 21! (13)
A+ B

and the probabilities py(t), k > 0, satisfy the following equation:

d Al
TPE D =—2 T k()+k +ﬂz<k +ﬁ) Fa@. (14

Figures 1 and 2 show the behavior of the probabilities (6) and (12), for various
choicesof  (t =1, 2, 3).
3 Hitting times of the subordinated Poisson process N1(Gy (s))
In this section we study the hitting times for the process N1 (G y(s)) defined as
Ti = inf{s : Ni(Gn(s)) =k}, k=1

In the next theorem we obtain the analytic expression for P{7}; < oco}.

Theorem 3. For the random times Tj, we have that

_d B\ (A Cen




Properties of Poisson processes directed by compound Poisson-Gamma subordinators 171
pi(®)
010l -
0.08F
0.06F
0.04

0.021

Fig. 2. Probabilities (12), for valuesof 8 = 0.8, A =4, 11 =1

Proof. Following the first lines of the proof of Theorem 2.3. from [7], using the
independence of increments of the process N1(G y(s)), we write the lines (16) and
(17) below, and then, having in mind (1), we come to the expression (18):

k
P(Ty e ds} = {U Ni(Gn(s)) =k — j, Ni(Gnls.s +ds)) = }} (16)
j=1

k
=Y P{Ni(Gn(s)) =k — j}P{N\(Gnls. s +ds)) = j}  (17)
j=1

k j 00 )
= pij(s) 1/ e Ml y(dt)ds. (18)
j=1 0

Now we note that the expression (18) coincides with the second term in the r.h.s. of
the equation (4), and, therefore, we can write:

d
P{T} e ds} = {d—Pk(S) + f(M)pk(S)}dS

{1 Ak MY T(an+k) d _,, ,
> e
kU (1 + B = (4 B nll (an) ds

_ M
(- +ﬂ>a>p"(s)}ds

ek MBI (an + k) ; .
= G+ B - Z (k1 + By n! T (an) <_“ o

nfy _ MY
i (A (A1+ﬂ>a>)ds

_M)»k ()\ﬂa)nr(an +k) ( . ; Aﬁot )
Z ns —§s'——|ds
TR0+ ﬂ)k (A1 + B)*"n! I (an) (21 + B

19)
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Finally, from the expression (19) we obtain:

k a\n
P < 0] — ik { OB T (an + k)

k(a1 + BYF 4 Z A1+ B)*"'n!I (an)

X /00 e (ns"1 — s”£>ds}
0 A1+ B)
Ak Z { ABH"T (an + k)
k‘()»l + ,3)" A1+ B)*'n! I (an)
I'(n) ABY  I'(n+1)
X \\n —
< Al A1+ B antl >}

e (- (558) ) 2(a%) e
= 1— > )
kG + pF M+B) )=\ + B I (an)

Remark 2. We note that the expression for the hitting times (15) does not depend on
the parameter A, the intensity parameter of the inner Poisson process involved in the
time-changed process

Ni(Gn($)) = Ni(G(N(®)) = Ni, (Gap) (N2 (D).

In the paper [7] the authors show that in general case for the process N/ (1) =

N(H f(t)) the probabilities P {ka € ds} can be represented as follows (see the for-
mula (2.8) in [7]):

d sl
s .
u=t k=7

k-1 P
f Dl dl
P{T] eds} =) TRl f ()
j=0

/ e Mk=ivdr) (20)
0

To be able to use the above formula, it is necessary to calculate the derivatives
i1
dul f(hu)

It is noted in [7] that evaluation of these derivatives seems possible only for a small
subset of Bernstein functions. One example of such functions is f(u) = u®, the
Bernstein function which corresponds to the stable subordinator. We show below an-
other example of such functions.

In the case when o = 1 the process G y (f) becomes Ey(t), the compound Pois-
son process with exponentially distributed jumps that has Laplace exponent f(u) =
Aza—, X > 0, 8 > 0. For this function it is possible to calculate the derivatives (21),

Bru’ .
since we easily find:

lu=1- 21

1Y TRLAN T R I _Bthu
du’ f(hu) Ah1 ’ - fqu) Ahu

, j=0.

(22)
Therefore, we can use the formula (20) for the process N1(En(T)).
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Theorem 4. For the random times
TkE = inf{s : Nl(EN(s)) = k}, k>1,

we have that

P{TE < oo} = )\ iﬁ. (23)
1
Proof. Using the formulas (20) and (22), we obtain:
k—1 k—j
1/ d’ ' A
P{Tf eds} = =D ARy ds—1—
— J! duJ w1 k=)
J_
oo .
x/ e MR inBe P dr
0
k—1 ; k—j ;
A 1)/ A d’
- p Z( _) L ———e M gs (24)
)\1+ﬂj=0 jt (M + B dul ue=l
Therefore,
2B 0/ o N a1
E
P{TE < o0} = - Z (= L
1+ :3 =1 J: 1+ ﬁ u=1
B B Z( 1)f< A >k ! i 'ﬁ !
R LR = AR O+ B

kg "i(}\l +ﬂ> pak-1
(M PR (A1 + B¥

_ B (1_< Al )“)+ Pl _ B -
M+ B B+ At M +BF  Mm+B

Remark 3. For all Bernstein functions f (u) it holds (see [7]):

P{Tlf < oo} < 1.
For our case when f (1) = AB8*(8~% — (B 4+ u)™%), we obtain:
Al af®

P{T1 < o0} = )
AL+ B (A + B — B
and when f(u) —Aﬂﬂ,k > 0, B8 > 0, we have that for all k > 1:
P{TkE<oo}= p < 1.
A+ B

Remark 4. It is easy to calculate the expression P{T; < oo} for the case of process
N1(Gn(t)) with the parameter o = 2:

P{T, —1 1 p ’ B 4Mf 25
{"<°°}_ﬁ< _<x1+ﬂ>)[5<Tl+(x1+2ﬂ>k+l>]' @)
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Indeed, we notice that the sum in the r.h.s. of the formula (15) can be obtained by
summing the even terms of the following sum:

o0

an I'(n+k) =x(1 —x)_(k+l),
k'I"(n)

where |x| < 1.

Lemma 1. The expression for the probabilities P{TkE € ds} for the process
Ni1(En(t)) = Ny, (Eg(N,.(t)) can be written in the following form.:

)\’ o
PITE e ds) = ﬁ S P{Ny(s) = 0} P{Np(Es, (0) = n}ds,
n=0

here P{Ng(Ey,(k)) = n} is the distribution of the time-changed Poisson process,
where the role of time is played by the exponential process, subscripts denote the
parameters of the processes.

Proof. Let us return to the formula (18). Having in mind (1) and (6), we come to the
following:

P(T; € ds}

o]

_Z e Z( AsB® )"F(om+k—j)
B —])'()»1+,3)kf (M + B n!T (an)

J:1

)\.] 9] . _
X —' e_k”tf)»ﬂ“(l“(a)) Ye=1e=Bl grds
J:

o k
“"P{‘“<1 G ) [T enage () Hanas

:mae—h"i M M TG +w i( hsBe )
F@ & (= DI+ BFT L G+ By =\ G + B

I'(an+k— j) { ( B )} AMKBY (a4 k)
X ——————ds +expy — 1 — ds
n!I (an) M+ /)] (M + Bprth kM)

e I'(j+a) AsBY \"T'(an +k — j)
NCY) (M+ﬂ)°’+kZ(’c—;ﬂﬂ%((/\ﬁﬂ)“) n!I"(an) s

I MEB*  T(a+k)
+eXp{ “(1 <x1+ﬁ>a)}(xl+ﬁ)a+k K@ (26)

Now we take @ = 1 in (26) and obtain:

. B A,Bkk —As rG+1 rsB \'T'(n+k—j)
P{Tk Eds} = ()»1+ﬂ)l+k2(k—J)!J!,§<)\l+ﬂ> n!I"(n) ds
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B Mmkg rk+1)
e {_“(1_ >}(M+ﬂ)"“ i

A+ B
k-1
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ds=1+1

I'(n+k—j)

ds+ 1D

e N ABs
a (M+l3)1+k2</\1+/3

j=1

Ak "O( ABs
B (M+ﬂ)1+k

n+k—1 "

e °°( ABs

(M+ﬂ)”k M +B

e °°( ABs )"l -
a (M+ﬂ>1+’< M+p) = =)

AB i LG Ak F(n+k)ds

MAB=C Al (B all k)

B Ak °°( ABs

ot 2\ +ﬂ> sl

_ Z e Os) MBT Ttk)

A1+ﬂ nl (kg + )tk nll (k)
ABAKe™s o B
gl s
B Ak
- - ds
+exp{ ks(l )»1-Ir,l‘3)}()»1-i-/-‘3)k+1

o0

_ M Ze_M(As)" Ak gn F(n—l—k)ds

,\1+ﬁn:0 n!t ( + Btk nll (k)

= Z NA(s)—n {N,g(EAl(k))zn}ds.

)»1+,3

By integrating the left part of the formula (27) by s we get:

n'F(n) k — j)!
—ds+ D
k—1

1

Ck o —1ds+ b

O @7

R Y R S IR

)~1+ﬂ

0]

_ P )

which coincides with the formula (23).




176 K. Buchak, L. Sakhno
4 First passage time of the subordinated Poisson process N1(Gy (s))
In this section we study first passage time for the process Nj(G y (s)) defined as

Ti =inf{s > 0: Ni(Gn(s)) > k}.

We have:
) o [ e 12
P(fi <s) = P{Nl(GN(s))zk}:Zf o121 i) e dz)
= J0 !
_oeny(A)L OO( i )nf<an+j)
- ;(Awﬁ) j!,;1 M +B)*) nll(@n)’
and, therefore,
P{T; € ds}/ds
_d (YL °°< *sp” >np(an+j)
st ,Z:,;()\Hrﬁ) j!,; (A1 +pB)¥) nll(an)
__ ,—AS o0 L ]i 9] e B ( )\Sﬂa )nl—'(om—i—])
= §<M+,3) j!nX:%s (n — As) Gt B ) wran

When o = 1, the process Gy () becomes Ex(t), that is, the compound Poisson
process with exponentially distributed jumps. For this process we denote the hitting

times by 3
TE =inf{s > 0: N{(En(s)) = k}.

We obtain:
" — [ (A12)7
P{TE <5} = P{Nl(GN(s))zk}=Z/0 e—MZTP{EN(s)edz}
— !
L s MM i MBs
= ) 182 -
S+ pIF G+ p
Therefore,
3 d X MABs i ABs
P{TE edsljds = —e ™y —L- __gi¥ .
75 cdshids = e L Grrprmie (e g

j=k

Taking into account that dd—s(asé'b(as)) = aé'f/l(as), we obtain:

B > A4 ABs ABs
P TE d d — 1 = —AS Jj+1
Ui e dslas jX::k()\l—i-ﬂ)]dSe g2 5
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o0

)“{ —As }‘ﬁs j+1 )‘:Bs
§:(Ar+ﬂﬂe [<_kkr+ﬂguz<kl+ﬁ>

Jj=k

1B 4,~+1( ABs ))]
+M+ﬁg“ A+ B

0 J
M

—AS )“ﬂ
© Mm+p 2 (1 + B)

j=k

X [811'11()&)4_3’:‘ >—ks8{;1< *Bs >]
1+ 8 A+ B

‘We summarize the above reasonings in the following form.

Lemma 2. For the process N1 (G y(s)) the law of Ty is given by the following for-
mula:

oo oo

j
P{T; € ds}/ds = e—“Z(A ﬁﬂ) izs"—l(n—,\s)
1

!
j=k Tz

( AsB® )”F(ozn +7)

A+ B n!I(an)

In the case when o = 1, that is, for the process N1 (En(s)), we have:

= E _ s M - )‘{
P{Tk Eds}/ds = e Jz:]:(()»l—i-ﬂ)j

M+B
« [5{?( 1B >—)\s51j;1< 1Bs )]
S AM+B “\AM+B

5 Gamma process subordinated to the Poisson process with a drift

Let N (¢) be the Poisson process with the intensity parameter A. Consider the process
with a drift
N(t)+at, a>0. (28)

The probability law of the process N (¢) + at can be written in the following form
(see, e.g., [3], Theorem 1):

— (M0)F
px(t)ze_MZTS(x—k—at), x>at,a>0,1>0. (29)
k=0 ’

The Laplace transform of the process (28) is:
Ee—u(at—i—N(t)) — e—t(au—H\(l—e’“))’ (30)
and, correspondingly, the Laplace exponent is:

Inta@) =au+r(1—e™). @3
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Let G(¢) be the Gamma process with parameters («, ), that is, with the Laplace
exponent f(u) = o log(l + %) . Denote the probability density of G(7) by hg)(y).
For a > 0 consider the process

GNta(t) = G(at + N(1)), 1>0. (32)
Its Laplace transform has the following form:

Ee—uGlar+N(®) _ e—t(aoe log(1+%)+x(1—(1+;,—‘)*“))’ (33)

therefore, the Laplace exponent and the corresponding Levy measure are given by the
following formulas:

Fon.n () = aa 1og<1 + 3) + A(l - (1 + 3) ) (34)
B B
and
—Bu —1( )‘130[ a)
v(du) =e " "u aa + u” )du, r>0,a0>0,8>0, (35)
I'(a)

and we note that the process G(at + N(t)) coincides in distribution with the sum
of independent processes G N(t) + G(at), where G n (1) is the compound Poisson-
Gamma process and G (1) is the Gamma process.

The distribution of the process G (at + N (t)) can be calculated as follows:

o
P{Gnya(1) €edy} = /0 has)(y)ps(t)ds
00 as o0 k
At
= / %y"‘s*]e*ﬁye”tz%&s—k—at)dsdy
0 s k=0 ’
0 k [ as
yp— ()" 1 p
= WPy —/ Yy §(s — k — at)dsdy
= k' yJo TI(as)

ot ot vaa (B
_ yB—At aat—1 paat —_—
= ¢ y B ;ksr(a(kJrat))

o YB—M (y,B)am
y

where in the last line the Wright function appears:

CD(a, aat, At(ﬂy)“)dy, a#0,

0 k
Z
<P(/0,5,Z)=k2=0m, z€C, pe(=1,00U(0,00), 6§ C; (36

We summarize the above reasonings in the following lemma.
Lemma 3. The process Gn+q(t) = G(at + N(t)) is the Lévy process with the

Bernstein function and Lévy measure given by (34), (35), and its probability dis-
tribution is given by

e_yﬁ_M (yﬂ)aat

P{Gn+a(t) € dy} s

@(oz, aat, At(ﬂy)“)dy, a #0.
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Remark S. The first two moments of the processes at + N (¢) and G(at + N(t)) are:
E(at + N(»)) = (A + a)t; Var(at + N(1)) = At;
cov(at + N(t),as + N(s)) = Amin(z, 5).
EG(at + N)) = ap~' O + a)t;
VarG(at + N(t)) = a2 (ha + A + a)t;
cov(G(at + N(t)), G(as + N(s))) = a,B_z()Loc + A+ a) min(z, 5).

When the parameter « = 1, that is, the process G y4,(f) becomes En_,(t), we
obtain:

ar—1

P{Ey+a() €dy) = e g% <1> D La@JiBy 6D

At
since o
@(1,at,2) =22 I;—1(2y2),
where [ is the modified Bessel function of the first kind (see, e.g., [16]):

i (Z/2)2n+k

Ik (z) = .
= nl(n + k)!

Note that the distribution (37) was presented in [15, 18, 17] for the case when § = 1.

Remark 6. We recall that for the case when the shift @ = 0 the distributions of G y ()
and Ey (t) have the atom at zero and are given by the following formulas:

1
P{Gn(1) e ds} = e M50y (ds) + e_)‘t_ﬁs—dﬁ(a, 0, At(Bs))ds

11 (2\/AtBs)ds.

Let N (¢) be the Poisson process with intensity parameter A1. Consider the time-
changed process

itbs
P{EN(1) € ds) = e 8i0)(ds) + e P X2

Ni(Gn4a(®)) = Ni(G(N () + ar)). (38)
Theorem S. Probability mass function of the process N1(Gn+4(t)) is given by
p(®) = P{Ni(Gnya(®)) =k}
_ uM AN St et M(an + at) + k) _ 39

k! = n! '(a(n+at)) (A + p)xrtan+k

The probabilities py(t) satisfy the following system of difference-differential equa-
tions:

d @) = g1+ ) +a(1 LERY t
im0 =~(aron(1+5) +2(1- (555) ) Jmoo

ko " B \“T(m+a)
+Z%<M+ﬂ> <aar(m)+x</\1+ﬂ) e )pk_m(t).

m=1
(40)
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Proof. The probability mass function of the process N1(Gy-4(t)) can be obtained
by standard conditioning arguments (see, e.g., the general result for subordinated
Lévy processes in [15], Theorem 30.1).

@) = P{Ni(G(at + N(®))) =k}
= /OOOP{Nl(S)=k}P{G(at+N(t))eds}

— /OO e—kls ()\ls)k e_'BS_M i ()&t)n l IBa(n+at) sa(n+at)
0 k! n! s I'(n+at)

oM i A" )\_lf ﬂa(n+at) T'(a(n + at) + k) '
n! k! T(a(n + at)) (A + p)artan+k

Using the formula (4), we obtain the equations (40). |

Theorem 6. Probability mass function of the process N1(En+q(t)) is given by

P{Ni(Enta(1)) =k}

k at
_ e_MI_'(k+at)< M >< B ) E{H-;lt( APt ) @l
k! A+ B A+ B AEAM + B

The probabilities p,f (t) satisfy the following system of difference-differential equa-

tions:
o3 ()

d _ ) | M
dtpk() = —<a Og( +§)

a AB E
X ( + )\' —}—ﬂ)pk_m(t)

PE®)

Remark 7. Distribution (39) can be also obtained from the probability generating
function. Using the general formula (3) for the process (38) we find:

o0
GFu,ty = e l-w) _ =1 Z
n=0

00 —a(n+at) —a(n+at)
—At (An)" Al )\lu
DBl U -

n=0
_ B\ 00" <1 ﬂ)_an > i( hu )k
- <A1+ﬂ) XZ;: A B ];Ok! r+B
I'(x(n+at)+k)
I'(a(n + at))

00 T ﬁ omt] A 0 l )»Iﬂa n
EO” [e </\1+ﬂ) K <M+ﬂ) Z::n ((M+ﬂ)“>

(At)" LM (1 —u)\ eltan
n!
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Fig. 3. Probabilities (39), for valuesof a =5, ¢ =2, =08, A =111 =1
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Fig. 4. Probabilities (41), for valuesofa =5, =08, 1 =1,A1 =1

I'(a(n+at)+k)
I'(a(n + at))

Therefore,

_ (P 1( ) “1( M )”F(a<n+ar>+k)
P e <M+ﬁ) amvs) Zalavee) Tewran

which coincides with (39).
Remark 8. The first two moments of the process N1 (G (at + N(t))) are:

ENi(Gasn (1)) = B (1 + a)t;

VarNi(Gasn (1)) = Map ™2 (M (ha + A +a) + (h + a)B)t;
cov (N1 (Ga+N (t)) N1 (Ga+N (s))) = Alaﬂ_2()»1 Ao +Xr+a)+ (2 +a),3) min(z, s).
Figures 3 and 4 show the behavior of the probabilities (39) and (41), for various

choicesof t (t =1, 2, 3).
6 Iterated Bessel transforms

Consider the Lévy process Zg(t) = G(at + N(X(¢))),t > 0, a > 0, where we
assume that G(¢), N (¢) and X (¢) are independent Lévy processes, G (¢) is the Gamma
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process with parameters («, 8), N(t) is the Poisson process with parameter A, and
vx (du) is the Lévy measure of X (7).

Using Theorem 30.1 from [15], we can calculate the Lévy measure of Zg(¢). We
obtain:

vz, (dx) = e hx (aaxl +/0 ef)‘”x”(b(oe, 0, Au(ﬁx)“)vx(du)>dx, (42)

where @ (p, 0, 7) is the Wright function.

In the case when o = 1, that is, when the process G(¢) becomes E(¢), the ex-
ponential process, we obtain the process Zg(t) = E(at + N(X(t))) with the Lévy
measure given by the formula

vZE(dx)::e_ﬁx(ax_l+—/ﬂme_kﬂ/kuﬂx—1h(ZJkuﬂx)vx(du)>dx, (43)
0

since @(1,0,z) = \/z1(2/7).
The process Zg (t) with B = 1, A = 1 was considered in [15, 18, 17].
In what follows we will consider the process G (at + N(t)) fora = 1.
Define the following iteration of the processes E (at + N (t)):

Xo(t) =1,
X1(1) = Ei(a1t + Ni1(Xo(0))),
.. (44)
Xu(t) = En (ant + Nn(Xn—l(t)))»
where E;(t),i = 1,...,n, are independent exponential processes with parameters
Bi,i=1,...,n,N;,i = 1,...,n, are independent Poisson processes with intensity
parameters A;, i = 1, ..., n. For the process X, (¢), we are able to calculate in closed

form its Lévy measure v, (du) and the corresponding BernStein function f; (#). This
result is presented in the next theorem.

Theorem 7. Let X, (t) be the process defined by the iteration formulas (44). Then
the following holds:
()ifpi=r=1i=1,...,n, then

n—1
1
v (du) = (u_l Ze_“ﬁ(anfk i) + e —2>du, (45)
k=0 n
n—1
falw) = };wn_k — apg-)log(1 +u(l +0) + 5 s (46)
(i)if i=B#1,hi=xr#1,i=1,...,n, then
n—1 k+1 n n
_ —y B —u B (AP
v, (du) = (u I e "YOPBED (a,_p — ap—j—1) + € “YOBm 7)(114,
! ,Z;: B (y G, B, n))>

(47)
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n—1

~ Yy, B k+1) n u
fuw) = Z(anfk - ank1)10g<1 +u g > +2 B +uy(h, B.n)’

= (48)
where y (., f,m) = Y7 AT g1 = (W — M)A — ), ap =0

Proof. We present the proof forthecase ;i =8 # 1,4, =A% 1,i=1,...,n. We
prove the claimed results by induction.

For n = 1 the formula (47) holds. Suppose that the result is true for n = m
(m > 1), that is,

- yfk-u “7"’m (AB)mn
Vm(du)—( %e CPIED (A — Am—f—1) + € " 70-P )m>du

We need to show that (47) holds for n = m + 1. We calculate v, 41 (dx):
o0
Vp41(dx) = e Px (am_Hx_l +/ e_}‘”,/kuﬂx—lll 2/ AuBx)vy, (du))dx

n+1 X" 00
—e” (am+1xl + Z S:/ZZ Y / eA”u"Jrlvm(du))dx

()‘ﬂ)n—H " —Au n+l1
=e (am+]x —1—2 n'(n—}—l)'/ e u

m—1 gt
-1 UG BT
X |\ u e v&BHD (ay p — am—k—1)

k=0
_uBn AB)™
+e “rmez)du)dx
y(, B, m)
=e Px (am+1x_l

(Xﬂ)"'H nm—1 ,3k+1 —(n+1)
+Z n+ 1) Z(am—k - am—k—l)<)\ + 7)/()\’ Bk + 1)>

()Lﬂ)n+1xn (}\ﬂ)m ( ﬁm >—(n+2)>
A+ — d
+,§) i GO B2\ G Bm) *

=e PX (am+1x_1

ABy (k+1)

XY ank = g (€ AT )

+

@py"H! A
Gy G By + prze T Jdx
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m—1
= <€_ﬁxx_l <am+1 - Z(amfk - amk1)>
k=0
g2 m—1
+ ¢ VOAE x Z(am—k — am—k—1)
k=0

m+1 +1
R ) )
(Y, B, m +1))?

m g1
= (x_l Z e VOFED (A1 —k — Qm—k)
k=0
m+1 m—+1
e O ) .,
(y (&, B, m + 1))?
Therefore, the formula (47) is true. O
Remark 9. If Xo = Atin(dd)and B; = X = lor B = 1,LA = A, A = 1,i =
2,3,...,n,then
n-l 1 1A
va(du) = (u—l D e T (ng — dyg1) + e —2)du,
n
k=0
n—1 u
fulu) = g(an_k — an—k—1) log(1 +u(l +k)) + A e
Remark 10. Formulas (45)—(48) become significantly simpler in the case when a; =
a) = --- = a, = a, that is, when the shift is the same at each step. We obtain:
@Wifgi=xr=1,i=1,...,n,then
-1 —ul 1
vo(du) =u"e “nla+ —u du, (49)
n
u
Jn(u) = alog(l + nu) + ; (50)
1+ nu
)ifg=B#1, 4 =r#1,i=1,...,n,then
_ub AB)"
vp(du) = u~'e " 70Fm (a + Lﬂt)du, (G20
(y(, B, n))
y (&, B, n)) u
u)=alog|1+u + A" , 52
Tt g( B B+ uy (. o) 62

where y (A, B,n) = Y A" I = 0 = B = )L

We can conclude that the process X, (t), which is given by the formula (44) as
some kind of n-th iteration of processes E(N(t) + at), under the assumption that
E(t) and N(t) have the parameters § = A = 1, coincides in distribution with the
process E1/,(N1/,(t) + at):

d
Xn(t) = E1jn(Ni/a(t) + at),
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where the exponential process E1,, and the Poisson process Ny, (t) have the param-
eters B = A = 1/n, and, therefore, the distribution of X;,(¢) in such a case is given
by the formula (37) with 8 = A = 1/n.

Correspondingly, in the case (ii) the process X, () coincides in distribution with
the process E(N(t)+at), where the exponential process E(t) has parameter y(+76,n)’
and the Poisson process N (¢) has parameter )/()L)L—’/;n)

Lemma 4. Assume the process X1(t) = E(at + N(t)), where E(t) is an exponential
process with parameter y, N (t) is the Poisson process with parameter y, that is,
X1(t) has the Lévy measure

v(du) = e 4 (u_la + y2)du.

Then the process
X5(1) = E(at + N(X1(1))),

where E(t) is the exponential process with parameter a, N(t) is the Poisson process
with parameter «, has the Lévy measure of the form:

o 2
v (dx) = e‘x%@x—l + ( *y > )dx. (53)

Proof. Using the formula (43) with A = § = y we obtain:

v(dx) = e “ax"ldx

00
4 / eau\/azuxfl I (2\/a2ux)e*“1’ (ufla + yz)dudx
0

= e Yaxldx

[e.e]

2.\j2 o] .
—i—e_“xg 7(?( ,x_)'_(f)'/ e_”(“+y)u]+l(u_la+y2)dudx
— JU - JO
Jj=0

_ ,—ax -1 & (a2x)ja2< J! 2 G+ D! ))
- <ax +J§oﬂ(1+1>! Carn T T e ) )

2
=e_xﬁ<ax_l+< ve ))dx. O
o +y

Generalizing the first statement of Remark 10, we obtain the next interesting re-
sult. Let the iterated process be constructed according to the formula (43) with the
following parameters at each step:

Xo(t) =1,
Xi(t) = Ei(at + Ni(Xo())), Br=r1=2%

(54)
Xu (1) = En(at + Nn(anl(t)))s Bn=An = L-
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Lemma 5. Let the process X,,(t) be given by the iteration formula (54). Then its Lévy
measure and Laplace exponent are of the following form:

_ —Xﬁ -1 1
v (dx) =e " (ax + ((Cl T Cn)2>>dx, (55
" X
n(x) =alo (1 + i ) + — 56
fu(x) = alog ;cx e (56)

Therefore, X, (t) coincides in distribution with the process E1;.(N1,:(t) +at), where
c=>"1ci

Proof. By induction, we need to show that if (55) holds at the n-th step, then

SV B 1
v dx) =e T [ gx! 4+ ( ))dx. 57
n+1( ) ( (Cl T ... +Cn+1)2 ( )

. . 1 _ 1 . .
Using Lemma 4 with parameters o = oV = ¥, We immediately come

to (57). O

We next consider the time-changed process N, (X, (t)), where X, (¢) is the pro-
cess defined by the formula (44), and N, ((¢)) is the Poisson process with parame-
ter (.

Theorem 8. The probabilities py(t) = P{N,(X,(t)) = k} are solutions to the
equation

d n
TPk = - ; fui (U = B)) pi(t) (58)

with the usual initial condition, where f, j(u) are given by the following formulas:
()if i =r;=1,i=1,...,n, then

Suj) = (an—j —an_j_l)log(l + (1 +j)u), j=0,1,....,n—1;
u

Son@@) = L+ nu’

(iD)if Bi=BF 1L, Ai=r#1,i =1,...,n, then
*, B,j+1

S jw) = (anj—anjl)IOg(l‘i‘unyl ) =0,1,....,n—1;
Fun 0 .

Uy = —.
B +uy (i, B.n)
Proof. Proof follows from the formula (5) and Theorem 7. O

Remark 11. The equation (58) can be also written in the form

d k wm 00 ]
TP = =00 + Y pn () / ¢Sy (ds), k= 0,1>0,
m=1 ’ 0

(59)
where f, () and v, (du) are given in Theorem 7.
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Remark 12. In [15, 18, 17] the process of the following form was considered:
G(at + N(X(t))), where G(t) is the Gamma process with parameters (1, 1), that is,
the process with probability density (I” (1)) te=*x'~! and the Lévy measure v(du) =
u~le™"du (actually, the exponential process), and N (¢) is the Poisson process with
parameter 1. Such a process is called the Bessel transform of the process X (7). In the
present paper we suppose that the process G (¢) has parameters (1, §) (that is, it is the
exponential process with parameter ), and the Poisson process has parameter A and
we consider Eg(at + N, (X(?))). Let us call such a transform of the process X (),
with more general parameters, the Bessel transform as well, and denote it by

B(X(1)) = BF*(X (1)) = E(at + N(X(1))).

Then the process X, (), which is given by (44), we can represented as n-th iteration
of Bessel transforms:

Xn(t) = Bn(anl(' .. By (X()(I)))),
—_—

where Xo(t) =t, or

Xu(t) = By—1(Bp—2(. .. Bi(E(at + N(®))))),

n—1

where B; are Bessel transforms with parameters §;, A;.
In the particular case, when 8; = A; = 1/c¢;, we obtain:

Bu(Bui(... BI((1)))) £ B(@) = Evje(Nije(t) +at),

where ¢ = Y ¢; (see Lemma 5). We also have:

Nu(By (B, (. BN (1)) £ Nu(BY°() = Nu(Erje (Nijet) +at)),
(60)
where ¢ = Y | ¢;.

When the shift a = 0, we recover the result stated in Remark 4 of [5], concerning
the Poisson process with iterated time change, where the role of time is played by
the compound Poisson-exponential process E}V/C (t) = E1/¢(N1/.(t) with the Laplace
exponent fc(u) = H_% Namely, if we denote Nl/e 1 = N(E}\,/c (1)), then the fol-
lowing holds:

NV BV (.. EN™@)...)) £ NV Ecq), 1)

The similar property with respect to iterated time change was discovered previously
for the time-changed Poisson processes where the time is expressed by stable subordi-
nators with Laplace exponent f(#) = u® (and called the auto-conservative property)
in the papers [7, 12]. Two more cases of the iterated time change which preserves the
structure of the process are provided by the above examples (60), (61).
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