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Abstract Our paper starts from presentation and comparison of three definitions for the self-
similar field. The interconnection between these definitions has been established. Then we con-
sider the Lamperti scaling transformation for the self-similar field and investigate the connection
between the scaling transformation for such field and the shift transformation for the corre-
sponding stationary field. It was also shown that the fractional Brownian sheet has the ergodic
scaling transformation. The strong limit theorems for the anisotropic growth of the sample paths
of the self-similar field at 0 and at co for the upper and lower functions have been proved. It
was obtained the upper bound for growth of the field with ergodic scaling transformation for
slowly varying functions. We present some examples of iterated log-type limits for the Gaussian
self-similar random fields.
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1 Introduction

A self-similar process is a process invariant by distribution under specific time and/or
space scaling. Namely, a stochastic process {X(¢),r € R} is self-similar with index
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H > 0, if forany a > 0 {X(at),t € R} i (@"X(t),t € R}, where i denotes the
equality of the finite-dimensional distributions. The books by Embrechts & Maejima
[6] and Samorodnitsky & Taqqu [14] are devoted to the theory of self-similar pro-
cesses.

A classical example of a self-similar process with index H € (0, 1) is a fractional
Brownian motion {By(7),t € R,} (R, = [0, +0o0)) with a corresponding Hurst in-
dex. This process has centered stationary increments and the following covariance
function

E(By (1)By(u)) = %(RH !~ —uP?), rueR,.

The investigation of self-similar random fields (multiparameter processes) was
caused by the evidence of the self-similarity property of phenomena in climatology,
environmental sciences, etc. (see [10, 13]). In particular, so called anisotropic random
fields are used for modeling phenomena in spatial statistics, statistical hydrology and
image processing (see [2, 3, 5]). The attempts to extend the self-similarity concept
from processes to fields resulted in arising of the several approaches. In our paper we
present three different definitions of the self-similar fields and establish the intercon-
nection between them. We show that the covariance function of the centered Gaussian
field determines the self-similarity property and its type. The definitions of the frac-
tional Brownian fields and sheets are also presented in the paper. It is proved that they
are self-similar fields but according to the different definitions. We consider the fields
which are self-similar with respect to every coordinate with individual index. Such
fields are used to call anisotropic and in the Brownian case they usually are called
as Brownian sheets. The paper’s aim is to investigate the asymptotic growth of the
sample paths of these fields.

We introduce the notions of upper and lower functions for the sample paths of the
random field which are similar to the paper [15] and prove the zero—one law for such
functions in the case of growth at 0 and at co. We also assume the ergodicity of the
scaling transformation. The ergodicity property should be proved independently for
every particular case and this can be easily done for the stationary fields and processes.

Let us also mention that the non-singular self-similar process has not to be sta-
tionary. But there is a one-to-one correspondence between self-similar and stationary
processes. For every self-similar process X with index H > 0, its Lamperti transfor-
mation Z = {Z(t) = Hx (e')}isa stationary process. The Lamperti transformation
for anisotropic random fields was introduced in the paper [7] and there was estab-
lished the correspondence between self-similar and stationary random fields as well.
In the present paper it is proved that the ergodicity of the shift transformation for the
corresponding stationary field is a sufficient condition for the ergodicity of the scal-
ing transformation. For the Gaussian fields the last statement can be ensured by the
proper conditions on the covariance function. In particular, we prove that the fractional
Brownian sheet has the ergodic scaling transformation.

In this paper the strong limit theorems for the anisotropic growth of the sample
paths of the self-similar fields for the upper and lower functions arising in the zero—
one law is proved. The similar theorems for the self-similar stochastic processes were
proved in the paper [8]. Application of these theorems to the Gaussian fields allows
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to obtain the iterated log-type lows. Comparing the results for the fractional Brow-
nian fields and sheets with the results from the paper [11] we can conclude that our
theorems enable us to obtain more precise estimates.

The paper is organized as follows. Section 2 contains the different definitions of
a self-similar field and the interconnection between them is proved. We focused on
the Gaussian case and present the definitions of the fractional Brownian field and
sheet. In Section 3, the Lamperti transformation for the self-similar field is considered
and the connection between the scaling transformation for such a field and the shift
transformation for the corresponding stationary field is stated proved. It is shown that
the fractional Brownian sheet has the ergodic scaling transformation. In Section 4, we
introduce the definitions of the upper and lower functions for asymptotic growth of
the sample paths of the self-similar field. The zero—one law is proved for the fields
with ergodic scaling transformation. The strong limit theorems for asymptotic growth
of sample paths at 0 and at co are obtained in Section 5. We also establish there the
upper bounds for growth of the field with ergodic scaling transformation for the case
of the slowly varying functions. In Section 6 we apply the theorem to prove the iterated
log-type laws for the Gaussian self-similar fields.

2 Definition of self-similarity for random fields

Let us start from giving three different definitions of the self-similar random fields
and then show their interrelation. We assume that {2, , P} is a standard probability
space defining all the random objects considered further on.

Definition 2.1 ([14]). A random field {X(t),t = (¢;,...,1,) € R"} is self-similar
with index H > 0 if for every a > 0 {X (at),t € R"} d {@Xx(t),t e R"}.

Hereinafter we shall use the designation x - y in order to denote the vector consist-
ing of the coordinatewise products of two vectors x,y € R”

XY = (X050 X Y0)s

where X = (xq,...,X,), ¥ = (V1> ¥p)-

Definition 2.2 ([7]). A random field {X(t),t € R"} is self-similar with index H =
(Hy,...,H,) € Rl ifforany a = (a,,...,qa,) € (0, +c0)"

(@ a"X(t),t € R").

In addition it is possible to give the third definition of the self-similar field as a
field which is self-similar with respect to every time coordinate.

Definition 2.3. A random field {X(t),t € R"} is coordinatewise self-similar with
indexH = (Hy,...,H,) € R}, ifforanya >0and 1 <k <n

d
(X(t)s sty Aty tys s s 1), t € Ry = {afkX (1), t € R™).

Now let us explain how these definitions interact between each other.
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Lemma 2.1. Definitions 2.2 and 2.3 are equivalent.

Proof. (2.2 = 2.3) Assume that a random field {X(t),t € R”} is self-similar by
Definition 2.2 with index H = (H,, ..., H,)) € R'..

For arbitrary a > Oand 1 < k < nweputa; = 1,...,a,_; = 1, a, = a,
apy1 =1,...,a,=1,a=(ay,...,a,). Then X is self-similar with respect to the k-th
coordinate.

(2.2 « 2.3) Let a random field {X(t),t € R"} is self-similar by Definition 2.3
withindex H = (H,,...,H,,) € R’ Then, for any a € (0, +o0)", m > Lth,...,t"e
R™ t' = (t’l, vy 1), X, Xy, € R we get

~ i Def.23 o N Hiy i i
Pl N{X(a-t') <x;} =P (a, ' X (. axth, ... a,t,) < x;}
i=1 i=1

m
P( (Y00t i) <,
i=1

. p(ﬁ{xw’) < xa,™ ...anH"})

i=1

m
= P(m{a{" edtX (1) < x,.}).
i=1
The lemma is proved. O

Lemma 2.2. Let a random field {X (t),t = (t,,....t,) € R"} be self-similar by Defi-
nition 2.2 with indexH = (H,, ... ,H,)) € R'l. Then X is self-similar by Definition 2.1
with index H = H| + --- + H,,.

Proof. Let us puta = (q, - q) whe;re a > 0 is an arbitrary number. Then for any
m>1,th, .. t"eR"t = (¢ o ty), Xp,..., X, € R we obtain

1°

e{ i) <s1) ~{Fivia-0 <)

{aHl+---+HnX(ti) < xi})

=P

<z D\E

Il
—_

1l
=)
/N
3

{a"X () < xi}).

Il
—_

The lemma is proved. O

There is a strong correspondence between a type of covariance function and a
certain type of self-similarity property for centered Gaussian random fields.

Lemma 2.3. Let the covariance functions C,,C, : R" x R" - R of the centered
Gaussian fields {X,(t),t € R"} and {X,(t),t € R"} respectively, satisfy the follow-
ing properties:

e Foranyt,s € R", a € (0, +o0)"

2H,

2H,
1 " an C](t’s),

Ci(a-t,a-s) =a

where 0 <H; <1,...,0<H, < 1.
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e Foranyt,s € R", a>0
C,(at,as) = a®Cy(t,s),
where 0 < H < 1.
Then the field X, is self-similar with index H = (H, ..., H,) by Definition 2.2, and
the field X, is self-similar with index H by Definition 2.1.

Proof. The fact that the finite-dimensional distributions of the centered Gaussian
fields are uniquely determined by the covariance function implies the lemma’s proof.
Within the lemma’s conditions the covariance matrices 2’| and 2, of the correspond-
ing random fields X; and X, have the following properties:

2H,
1

5, (at,as) = a® 5, (t,5), tseR"

The lemma is proved. O

Yi(a-t,a-s)=a --aiH"Zl(t,s), t,s € R",

Let us give a few examples of Gaussian self-similar random fields.

Definition 2.4. As a standard Levy fractional Brownian field with index H > 0 we
shall call a centered Gaussian random field By = {Bj(t),t € R’l} with a covariance
function

1
E(By (t)By(s)) = z(ntnzH +IsI* =it - sI*7), t,s e R”,

where ||-| is set for the Euclidean norm in R". This field is self-similar by Definition 2.1
(see [14], Example 8.1.3).

The Lévy fractional Brownian field is isotropic. This field is the only one in law
Gaussian self-similar field within Definition 2.1 with stationary isotropic increments.

Definition 2.5. As astandard fractional Brownian sheet withindexH = (Hy, ..., H,,),
0 < H; < 1,i = 1,n we shall call a centered Gaussian random field By = {Bg(t),

t € R’} with a covariance function

E(By(t)By(s)) = 27" | 1162 + 15,12 = 1t; — 5,177),  t,s € R".

n
l
i=1
This field is self-similar by Definition 2.2 and has stationary rectangular incre-
ments. The proof of this property for the R? case can be found in the paper [1].

A similar property for the case n > 2 can be easily proved as well.

Remark 2.1. A random field satisfying Definition 2.1 is not necessary self-similar in
a sense of Definition 2.2. Indeed, let us consider the Levy fractional Brownian field
{By(t),t € R }. It is self-similar by Definition 2.1 ([14], Example 8.1.3). We intend
to prove that this field is not self-similar by Definition 2.2. Leta; =a > 0,a, =1, ...,
a, =1, then

EX%(a;.1,....1) = |(a, 1,..., D|*TEX?(1,..., 1).
But, if the field satisfies Definition 2.2, then there should be
EX%(a;,1,...,1) = ®7EX?(1,..., 1).
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3 Self-similar fields with ergodic scaling transformation

Further in the paper, we assume that the fields satisfy Definition 2.2 and are real-valued
and continuous in probability. Under such assumptions we could work with separable
versions without loss of generality. Moreover, we shall consider only the case n = 2
since switching to the parameter of the higher dimension is rather technical.

A scaling transformation S;{ for the random field X = {X(t),t € R%} and for
H= (H,H,) € (0, +00)2, a=(a,a,) € (0, +00)2 is defined as:

g ™x@- 1), teR2 (1)

(SEX)(t) = a|
Using the notion of scaling transformation we can formulate Definition 2.2 for the
case R? as follows.

Definition 3.1. A random field X = {X(t),t € R?} is said to be self-similar with
index H = (H,,H,) € (0,+c0)?,if for any a; > 0,a, > 0 the field {(SHX)(t),t €
R?2} has the same finite-dimensional distributions as the field X.

Hereinafter we shall use the notation S, = S;I. Let us consider a self-similar field
X with index H = (H, H,) € (0, +OO)2, then X (0,s) = X(5,0) = 0,5 > 0 a.s. ([7],
Proposition 2.4.1). For such a field the Lamperti transformation 7y was introduced in
the paper [7]:

TeX (t) = Z(t) = e Hilig7Halax (o1 o2), te R2.

The field Z is stationary. The converse is also true: for any stationary field Z the field

X = (X(s) = 5155 Z(Insy,Insy), 8 € (0, +00)%} is such that X(0,5) = X(5,0) = 0
a.s., s = 0} is self-similar with index H = (H;, H,). The scaling transformation S,
of the field X corresponds to the shift transformation 8, of the field Z where u =
(uy,uy) = (Inay,Ina,) and the shift transformation is defined as (6,Z)(s) = Z(s; +

up,Sy +uy),S € R2. Indeed,

-H, -H
(TpSX)(t) = Tg(a, 'a, *X(a-t))
= a;H'a;Hze_t'H' e 22X (a e, aye™?)

— e*Hl(tl+”1>6*H2(t2+”2))X(et1+”1’ et2+u2)

= O e Tl X (o1 ¢2) = (0, TgX) (1) = (0,Z) (1), te R2.

Sotg oS, =040 Ty

Zero—one laws naturally occur for the processes and field with ergodicity property.
It follows from Definition 3.1 that the scaling transformation S, of the field X preserves
the same distribution so the notion of ergodicity of S, can be defined in a usual way
(see [4)).

Definition 3.2. Let T : {2 - (2 be some transformation defined on the probability
space (£2, F,P). The transformation 7', which preserves the measure, is ergodic if for
every set E € 7 such thatP(T’l (E)AE) = Ocither P(E) =0or P(E) = 1.
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We shall call the field X self-similar with ergodic scaling transformation if S, is
ergodic. Further in this section we shall assume that any scaling transformation S,,,
ae (0, +oo)2, a # (1, 1) for the self-similar field is ergodic.

It follows from the interconnection between the transformations S, and 6,, that the
ergodicity of the field Z = Ty X implies the ergodicity of the field X. In particular, the
ergodicity of the scaling transformation for the Gaussian stationary processes follows
from the covariance function properties. The class of the stationary fields that are
ergodic is quite wide.

Theorem 3.1 ([16], Proposition 4.1). Let Z = {Z(t),t € R?} be a stationary Gaus-
sian field with a mean M and a continuous covariance function R(y) = EZ(x)Z(x +
y) - M?y e R Iflimyy,, o, R(y) = O, then Z has the ergodic shift transformation.

Let us show that fractional Brownian sheet is ergodic.

Corollary 3.1. Let By = {Bg(t),t € Ri} be fractional Brownian sheet with index
H = (H,H,) € (0, 1)2 (Definition 2.5). Then By is the self-similar field with er-
godic scaling transformation and the stationary field Z = tyBy is centered with the
following covariance function

R = 3 [] (@0 oo = 2R, yeR2 @)
i=1,2

Proof. The proof of the equality (2) can be found in the paper [7]. All we need to do
is to prove that the field Z is ergodic. Let’s check the conditions of Theorem 3.1. The
covariance function R is continuous and bounded, and can be represented as follows:

R(y) = l | | (eHiyi + e*Hi)’i _ eHi|yl‘|(1 _ e*|)'i|)2Hi)
4 i=1,2
—H,ly|1-H,ly,|
v —H.y: 1y e 11 22
(eH,y, + e Hyvi _ eH,Iy,I) =—— 50, |yl- co.

i=1,2 4

IA
I

Thus, it follows from Theorem 3.1 that the field Z is stationary with ergodic shift
transformation. This implies that the corresponding anisotropic Brownian sheet By is
self-similar with ergodic scaling transformation. The corollary is proved. O

4 Upper and lower functions for ergodic fields

In this section we continue considering of the self-similar fields with ergodic scaling
transformation and prove the zero—one laws for the asymptotic growth of the field’s
sample paths. Let us introduce the following definitions.

For the positively defined function g : R% — (0, +00) we consider the following
random events:

E)={0eR:36=8(w)>0,Yt,0<1, vV <8: [X(wt)<gt)

EX={weR:3IN=Nw) >0,V t; At >N: [X(w,t)| < g(t)},

where tl \Y t2 = maX{tl,IQ},tl A t2 = min{tl,t2}.
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Definition 4.1. The positive function g : Rﬁ — (0, +0) is said to be the upper
(lower) function with respect to the growth at O if

P(ED) = 1(=0)
and the upper (lower) function with respect to the growth at oo if
P(E;) = 1(=0).

In addition we define the functionals L%’(p, Lji(p forA=(1,24),4; >0,2,>0

and positive function ¢ : R% — (0, +o0) in the following way:

X (t X (t
L?1 = lim sup ﬁ, LY = limsup i
V1,0 /1[’12 t P Atysco 1 A2
1Vz b o (t) 172 1ot @ (t)

Remark 4.1. Let the function g(t) = tfl t;2¢(t), te R%. If L?1 o= 0 a.s., then the

function g is upper with respect to the growth at 0. If L?W = oo a.s., then the function
g is lower with respect to the growth at 0. If Lji(p = 0 a.s., then the function g is upper
with respect to the growth at co. If Lji(p = oo a.s., then the function g is lower with
respect to the growth at co.

Theorem 4.1. Let the function ¢ : R% — (0, +00) be either non-decreasing or non-
increasing in every coordinate. Then

P(Ey,)=00rl,  P(EF )=0orl,

where the notation El(')l,tp (or E;’Ega) is used for Eg (or E;°) with a function g(t) =

P gt), t € R2 and H = (Hy, Hy) € (0, +0)2.

h

Proof. Let us consider the case when the function ¢ is non-decreasing in the first
coordinate and non-increasing in the second one. First we prove the theorem for ESI 0

LetO<a; <1,a, >1and w EESI . In this case
-9

35 =8(w)>0: XM <t pt), 0<t Vi, <8

If a;t; v ayt, < &, then the definition of the scaling transformation and the last in-
equality imply

H, 1, Ha

-H, -H H
(S X) ()| =a, 'a, *X(a-t)| <1, 't, p(a-t).

Here a t; < t;, ayt, > t,, so it follows from the monotonicity of the function ¢ that
pa-t) < e(t),t; >0,t, > 0. Thus, for Eﬁ v the following inequality holds true

(0] < Mgy, 0<r v <2
a
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So, we have proved that EEI c S, lEg , where S lEg denotes the set Eg for
. P P .9
the field §,X. This implies that P(Eg’(p A S;lEg’q)) = 0. Since S, is ergodic for any
ac (0,+0)%,a # (1,1), then P(Eg,(p) =0orl.
Now let w € Ef’i(p. In this case

| Hy H,

AN =N(w)>0: [X(O)] <1 't,%(t), t; Aty >N.

If a1ty A ayt, > N, then the definition of the scaling transformation and the last
inequality imply that

-H

-H H, H
ey X (@t <t e(at),

[(SaX) (t)] = a

Here at; < t, ayt, > t,, and it follows from the monotonicity of the function ¢ that
p@a-t) <g(t),t; >0,t, > 0. Thus, for E;IO(p the following inequality holds true

H, H N
[(SX) ()| <1, '8, (1), 1 Aty > a—l.
So, we have proved that Eyy’ | C S;lEI_CE(p. This implies that P(Ey’ A S;1E1°i¢) =0.
Since S, is ergodic for any a € (0, +00)2, a+(1,1),s0 P(E;IO(/)) =0orl.
For the other monotonicity types of the function ¢ the proofs are similar. The
theorem is proved. O

Corollary 4.1. Under the condition of Theorem 4.1 there exist such constants 0 <

0 oo 0 _ 0 o _ oo
H.p < 00,0 < CH.p < +oo that LH,(p = C LH,(p =cy, @5

Proof. Let us put c%’(p = sup{c > O,P(Eg’c(p) = 0}. It follows from Theorem 4.1
that P(Ey ) = 0 or 1. Thus

0 _ 0 —
Ye >0 P(EH,(C?LW—E)(/)) =0 and P(EH,(cﬁ,fe)rp) =1.
So, the following events occur with probability one
X (t
38>0V Vi, <8 #ch +e
1 Ho B4
Hot et
and Yt
V6 >03(t): 1, Vi<, _XOL oo,
H, H, H,p
1 e(t)

This means that

0 0 0
H,4p < LH’(p < H,p +& a.s.

Since £ > 0 is arbitrary, it concludes the corollary statement. The proof for the case
of the growth at co can be done in a similar way. O

If we consider slowly varying functions we are able to obtain more specific result
for the functionals L% v and L% o
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Definition 4.2. A function ¢ : R% — (0, +o0) is said to be slowly varying
» with respect to the growth at 0, if

-t
Va, >0,a,>0 lim 239 _ 3)
11vi,~0  @(t)
» with respect to the growth at oo, if
-t
Va,>0,a,5>0 1im 2B _ &)

t) Aty—00 ¢(t)

Lemmad4.1. Let A = (1, 1,) + (H,,H,) = H. If a function ¢ : Ri - (0, +00) is
slowly varying
(i) with respect to the growth at 0, then L(/)1 =0or c a.s.,

(ii) with respect to the growth at oo, then Lji(p =0or coa.s.
. .1 . A1-H| A,-H, 2
Proof. Let us introduce an auxiliary function y (t) = 7, 1, p(t),t € R,
Then tlll] t;Zgo(t) = tf[' tgzy/(t),t € R2. The function y is not necessary monotone
in every coordinate. But we can show that y is monotone on some neighborhood of 0,
if ¢ is slowly varying at 0 and oo if ¢ is slowly varying at co.

Let us consider the case when 1| > H{, 1, < H, and investigate the growth at 0.
We intend to prove that the function y increases in the first coordinate and decreases
in the second one on some neighborhood of 0. It follows from the equality (3) that for
any a; < 1, a, > 1 the following holds true

Ye>036>0: v, <8 ¢@a-t)<(l+e)eplt).

Then, for 0 < ¢; v 1, < § we get

w(a-t) = af'_H'agz_Hztf'_H't;Z_Hzgo(a 1) < af‘_H'a;Z_Hz(l + &)y (t).

Lyii-H lagzﬁlz — 1 there exists such § > 0 that the following

Therefore, for € < (a—
1

inequality is true
w(a-t) <y(t), Vv, <6.

In a similar way we can prove the monotonicity for the function y with other
choices of 11, 1, and with respect to the growth at co. Thus, it follows from Theo-
rem 4.1 that P(EI(_)I V/) =0orl (P(EIOJ"W) = 0or 1). According to Corollary 4.1 there

. 0 oo (0]} _ 70 oo _yo©
exist such constants CH.y and CHy that CHy = LH’W and CHy = LH’W a.s.

Let us consider ¢ . It is evident that L° =10 =0 = c(/)1 a.s. There-
H,y A H,y H,y N7

fore the event {LI(?LV/ = L(/)Lq) = C(/)l,(p} occurs with probability one under an arbitrary

ergodic scaling transformation S,. Let L(/)1 0° S, be a functional L?l v applied to the
field S, X. Since the function ¢ is slowly varying, then

_[-11

a2 x @1

0 T 2
LA,,,,°Sa lim sup PR
t; vVt =0 tl [2 @ (t)
A1=Hy Ay-H,
4 ) X@- -0 p@a-t) 5 -m, Za-Ha o
=4 ay Ag®
.9

lim sup
11V, >0 (6111‘1)'11 (azfz)lz(ﬂ(a -t) @)
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It follows from the condition A = (14, 1,) # (H;,H,) = H that the last equality

holds true for all a; > 0,a, > 0 only in the case when c(/)1 = LO Ay =0o0r+ooas.
The proof for the case when we have the growth at +<>o can be done in a similar
way. O

5 Strong limit theorems

This section is devoted to strong limit theorems for real-valued self-similar fields
within Definition 2.2. Let us prove these theorems for the function tf'tg 2p(t),
t R%, arising in Theorem 4.1, for the fields with ergodic scaling transformation.
It worth to mention that it is possible to prove the theorems in this section without
imposing the additional condition about ergodicity of the scaling transformation.

We use the following notation defined for the self-similar field X = {X(t),
te R%} with index H € (0, +00)?:

X*(w) = Osupl X (t, w)|. 5)
<r1<1,
0<1p<1

Since the distributions of a self-similar field are invariant under the scale transfor-
mation S, all distribution properties can be concentrated on any finite interval. That
is why all theorems within this section deal with the random variable X* defined by
the values of the random field on the unit square. The following theorems are focused
on establishing the sufficient conditions for the function to be upper or lower for the
self-similar field. Let’s start from proving one auxiliary result.

Lemma 5.1. Let a functionf : R, — (0, +00) be non-decreasing and continuous. If
E[f(X*)] = K < +o0, then for x > 0

P( sup |X(t, )] Zx) < %
0<t1<Aq, f(/ll 1/12 2x)

0<1p<in

Proof. It follows from the self-similarity of the field that

d H . H H,  H
sup [X(t)] = A, 'A% sup [X(t)] = A" A,°X",

0<1<21, 0=t <1,

O<tp<2o 0<tp<1

and therefore

P( sup [X(t,w)|zx)= P XM () 2 x) = P(X*(0) = 2] 25 x).
0s<t1<21,
0<tp<2p
Since f is positive and non-decreasing function, the Chebyshev’s inequality im-
plies that
* -H, ,-H, E[f(X")]
P(X*(0) 2 2] "2, 2x) < —

£ x)

The lemma is proved. O
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Further in the text we shall use the following notation 1 = (1, 1).

Theorem 5.1. Letf : R, — (0, +00) be such a non-decreasing continuous function
that E[f (X™)] is finite. We assume that a continuous function ¢ : R% - (0, +0)
satisfies the following conditions

(i) ¢ is non-decreasing in every coordinate,

n m
(ii) lim sup M =c < +oo,
Xy m=1,2,... (p(x”_l,xm_l)
+oo dx
(iii) — <+
fl xf(p(x-1))
Then ¥
lim sup & <c a.s. (6)

H, H
S ASy—+00 5, 1S22(p(S)

Proof. Let & > 1,n,m € N. We put x,,, = &"Higmtmba g gn gntmy and

Ay = {w € Q‘ ,Sup |X(t, )| = xnm}.
<r1<&n,

O<rp<gntm
The following inequality follows from Lemma 5.1

nm) = L
flp(gn, gnem)

Now let’s prove the convergence of the series }. | P(A,,,).

The functions f and ¢ are non-decreasing and their superposition {f(¢(x)),
X € R%} is also non-decreasing in every coordinate. Thus, f (¢ (x",x")) < f(@(x",
X"y for x > 1.

Taking into account the inequality (7) we obtain

PA (N

[ee]

2 Phn) = 2 ot gy = L Topizm

n=1 =1

According to the integral criterion of series convergence for the positive non-decreasing
function f (¢ (£*1)), x > 0 it can be concluded that the series converges if

_ +0o dx -~
1= | Floet) -7

Let us make the substitution y = ¢* in the integral I(f, ¢). Then dx = dy/(yIn &)

d
an I(f o) = J~+<>o dy < J*Jroo dy
' & Y(eoD)Ing i yf(p(yD))Ing’

Thus, the integral I (f, ¢) is finite by the condition (ii7) of the theorem.
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So, it follows from the Borel-Cantelli’s lemma that there exists with probability
one such a number nj (w) that P(A,,,,) = 0 for all n > ng'(w). It means that for all
m > 1landn > ng(w)

sup X(tw)| < griliglntmiy g (gn gmim) - g,
<rp<gn,

O<tp<gn+m

Moreover, for every & > 1,m > 1l andn > ng’(a)) we choose a point s = (s,5,)
in such a way that £"! < 5, < &" and &' <5, < £ Then we obtain with
probability one that

nH, y(n+m)H n gn+m
X(s,w) __ gthglmthggn grem)
H, H, - é’(nfl)Hlé’("+m*1)H2(p(§n—l’é’n+m—l)

S S ®(s)
e, gy _OUEE
T

For the case s; > s, we get the same inequality using the similar reasoning. So,

X n’ m
lim sup X(s)] < it gyp M as.,
S1ASp—>+00 5| ]SZZ(P(S) n,m=1 (P(é’n_ ,&m=1)
and
) |X(s)] , (", em)
lim sup - <lim sup ——— = a.s
SIASy >+ S11522¢(S) (’Z”Lln,mzl ¢(§n_19§m_1)
The theorem is proved. O

Let us consider the asymptotic growth at 0.

Theorem 5.2. Letf : R, — (0, +00) be such a non-decreasing continuous function
that E[f (X*)] is finite. We assume that a continuous function ¢ : R% - (0, +0)
satisfies the following conditions

(i) @ is non-decreasing in every coordinate,

dx

.o 1
(ii) o x—f(go(xl)) < 400,
Then ¥
lim sup |H(—s)| <1 as. (8)
2

$1Vs,—=0 sl lg

, @(s)

Proof. Let & > 1. We putx,,, := gy g=(nem)Hy g (g=ng=n=my gy e N, and

A, = {a) en | ,.Sup X(t, )| =2 xnm}.
<t1<g&n,

O<tp<g—n-m
Lemma 5.1 implies the following inequality

K

PA,,) < .
flp(g—",&—n=m))

®
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It follows immediately from the inequality (9) that in order to prove the conver-
gence of the series ). | P(4,,,) it is sufficient to prove that

(o]

K
—n’ é’-l’l—m))

< 400,

n=1

The function f is non-decreasing and the function ¢ is non-increasing, so their
super-position f (¢ (-)) is non- 1ncreasmg in coordinate.
Thus, f (¢ _"1) ) < f(e ,x 7)) for x > 1. Therefore,

Z <
5 —-n g n— m
The laSt series C()n\/erges lf

[ dx
1.0 =7 s <

Let’s make the substitution y = £~ inthe integral I (f, ). Thendx = —dy/(yIn &)
and

K
 fl(E))’

gk

n

gl dy 1 dy
1 < .
r0=1 Foomme < b Feonme
The integral I (f, ¢) is finite by the condition (i7) of the theorem.
Thus, it follows from the Borel-Cantelli’s lemma that there exists with probability
one such a number ngy "(w) that P(4,,,) = 0forall n > ng’(a)). It means that for all
m> 1 ananno(a))

sup | X(t, w)| < g gmnmHy g (gmn | gmnmmy g g

O<ry<g—n,

Ostpsg—n—m

Furthermore, for every & > 1, m > 1 and n > ng’(cu) we choose the points = (s, 5,)
in such a way that £ ! < 5, < & and &1 <5, < £ Then, we obtain
with probability one the following

|X(S CU)| - g—nHlé—(er)Hz(p(é'—n’§—n—m)

< §H1+H2,

sfllsglz(p( ) = 5—("+1)H1é’—(n+m+1)H2(p(é’—n’§fn—m) =
and ¥
lim sup % <limgfitfa =1 a5
SlVS2—>0 sl ls22¢(s) éil
The theorem is proved. O

Now we can use these theorems for the self-similar fields with ergodic scaling
transformation. The following corollary gives the sufficient conditions for the function
to be upper one for such fields.
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Corollary 5.1. Let for the self-similar field X = {X(t),t € Ri} with ergodic scaling
transformation there exists such a constant y > 0 that

E(X*)7 < +oo.

Then for any € > 0 and an arbitrary slowly varying function ¢ : R% — (0, +o0) with
respect to the growth at 0 (at co)

LO =0 a.s. (Lyy

H-¢,¢ H+e,¢ =0 Cl.S.)

Proof. Let ¢ > 0 be fixed. We put f(x) = x¥,x > 0 Then E[f (X*)] < +oo. Let
us check whether the functions y ™ (t) = 775 and y Oy = P A S (0, +00)2
satisfy the conditions of Theorems 5.1 and 5 respectlvely. It is evident that the con-
ditions (i) of both theorems are fulfilled.

Now we consider the behavior on co. Let us check the condition (ii) of Theo-
rem 5.1 for the function y =

[ee] n m
. (", x™)
lim sup % =lim sup x%% = 1.
Xl g1 e (xnh xm-1) XUy w1

The condition (iif) is also fulfilled since

+00 dx +oo  dx
| = [T 5 <+
1 xf(x28) 1 x1+27¢

Thus, Theorem 5.1 implies that Ly el S < 1 a.s. Since the constant 1 can be regarded
as slowly varying function, so it follows from Lemma 4.1 that Lj, g1 = 0orcoas.
Therefore, Ly, o1 = Oas. forany £ > 0.

Letus now cons1der the behavior at 0. We check the condition (i7) of Theorem 5.2

for the function y°.
1 1
j dx :J‘ dx < oo
0 xf(x—Zg) 0 xl—2yg

Thus, Theorem 5.2 implies that L(})If‘g , < las. It follows from Lemma 4.1 that
Llol g1 = O or coas. Therefore, LEI_S ; =0as. forany £ > 0.

. 0 _ o _ y . .

Further we intend to prove that LHﬂg’q) =0as. (Ly e = Oa.s.). Let’s investigate
the behavior at co. We assume that ag > 1, a = (a;, a,). The convergence in (4) is
uniform in a on any finite rectangle, for instance, on [1,a(2)]2. Let0 < a < €. We

choose such § > 0 that 0 < § < 1 —ag~*. Since the limit in (4) is uniform then there

exists 1o > 0 V(t), 1)) € R, 1) Aty > 15 : pla-t) > p(t)(1 - 8),Ya € [1,a}]%.
Now for the arbitrary t with #; > #(,#, > t, we can define such numbers n,m € N,
ae [ao,ag]z that afj < i—‘ <atl gt <2< a()”” and 1| = a'[ty, t, = aj'ty. Then
(0]

0o >70 — 10
2 2
s et) = t5%a 1% ay® (dlty, ay'ty) > t,°d* a5 o (alty, ay' 1)1 -6) >
>z§’>‘a“ ayee(d! to,to)(l = &)™ > > 125a1 dy g (1) (1 — &)
>tg£ ne ms (lol) —&)(n+m) >t§5an£ me (lol) (a—¢ na;a*b‘)m
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2(e—-a) 2(e-a)
> (toa)* (toay' )t p(tol) = 1715 p (o)t .

Thus, tftg(p(t) - +00,1; Aty > +oo and L;[°+8’(p =0.
The proof of the equality Lgfg o= 0 a.s. can be done in a similar way. U

The following theorem includes the sufficient conditions for the function to be
lower one. But before we shall prove the auxiliary lemma.

Lemma 5.2. Let g : R, - (0, +00) be such a continuous non-increasing function
that E[g(X*)] = K’ < +c0. Then for any x > 0

P( sup |X(t,(z))| S.X) < %
O<r1=21, g(l] llz Zx)
0<tp<2p

Proof. Using the similar argumentation as in Lemma 5.1 we obtain

N -H, ,-H
P(O;Iugly|X(t,a))| Sx) =P(X"(w) < A, "2, *x).
O<tp<ip
Since the condition of the lemma implies that the function g is positively defined
and continuous, then

-H, ,-H
Eg(X*)ZEg(ll 1/’{2 zx)Z{X*S}.IHll;Hzx}

=P(x* < 2,123 e (27 2 ).
The lemma is proved. O

Theorem 5.3. Let g : R, — (0, +00) be such a continuous non-increasing function
. . . w2 . .

that E[g(X™)] is finite. We assume that a function y : RS — (0, +00) is continuous

and satisfies the conditions:

(i)  w is non-increasing in every coordinate,
(ii) f“” 49X e
1 xg(y(x1))

Then

SUP¢e(0,s, ]x[0.5,] X (D)
lim inf €105, X105, >1 as.
§1ASp—>0

slli‘sgzy/(s)
Proof. Let & > 1,x,m € N. We put y,,,, = &M gntmtay, (gn gn+my and define a
sequence of the random events

B,,, = {w € .Q‘ sup X (t, )| Sy,,m}.

nm
Os<ryp<&gn,

OS’2§§I1+M
The following inequality for the probability of such events follows from Lemma 5.2
K/

P(B < — 10
Bum) < 0 G, zmomy) (10)
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In order to prove the theorem we shall show that starting from some number the events
B,,,, have zero probability. For this we need to prove the convergence of the series
Y P(B,,)

Let us recall that the functions g and w are non-decreasing under the theorem
conditions and their superposition g(y (-,-)) is a non-decreasing function in every
coordinate. So, the reasons similar to the ones from Theorem 5.1 will lead us to the

relations - - -
nZi P( Z é’n é’n+m Z gnl

Since the function g(w (£%,£%)),x > 0 is non- decreasmg, the integral criterion of
series convergence implies that it is sufficient to prove the finiteness of the integral
+00 dx

I(g,l//)=fl m<+0®.

Let’s make the substitution y = £* in the integral /(g, y). Then dy = y(In &)dx and

+00 dy +oo dy
I 5 = —S 41 "
(&) L ey 1) In & J ygly (1) In¢g

So, the integral I(g, y) is finite according to the condition (i7) of the theorem.

Therefore, the series } | P(B,,,) is convergent. It follows from the Borel-Can-
telli’s lemma that there exists with probability one such a number N () that for all
n>Nj(w):P(B = 0. It means that

nm)

sup |X(t, w)| > é«nHleg(n+m)H2W(§n, §n+m).
0<ry<&n,
O<tp<gn+m
Now, for arbitrary & > 1,m > O and n > N(’)"(a)) we choose such a point s =
(s1,8,) that &" < 5 < &ML gmtm <5 < M+ Then, the following is true with
probability one

SUPo<s, <s,,0<1,<s, |X(t, w)] SUPg<s, <£7,0<t,<gntm 1X(t, w)|
Sll_llsglzl//( ) - §<n+])H‘§(n+m+l)H2W(§n, §n+m)
é/nHl é’(n+m)H2W(§n’ gremy ~ §—H1 _u,
T gk DH, gt D oy (£n ] ntm) N )
And therefore,
SUP¢e(0,5,1x[0,5,] X (D]
lim inf °l "]H[ el >1 as.
S ASp >0 1s22yj(s)
The theorem is proved. O

6 Strong limit theorems for Gaussian fields

Let us consider a few examples of how Theorems 5.1 and 5.3 can be applied to centered
Gaussian fields. In this section we assume that the real-valued Gaussian fields have
continuous sample paths.
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The first condition of Theorems 5.1 and 5.3 is an existence of such a non-decreasing
function f and a non-increasing function g that E[f (X™)] < +oco, E[g(X")] < +co.
It is not so easy to check these conditions directly. But there are a lot of well-known
results for the Gaussian fields concerning the tail probability behavior and the proba-
bility of the small deviations. The following lemma shows how this information can
be utilized for checking the first condition of Theorems 5.1 and 5.3.

Lemma 6.1. Letf,g : R, — (0,+00), f be non-decreasing, g be non-increasing,
f.g € CY(R +). We assume that Z is a positive random variable and the functions
a,b: R, - R, aresuchthat P(Z > x) < a(x) and P(Z < x) < ). If

J‘.+00f’(x)a(_x)d-x < +00 ( f g _x)dx < +OO)

then E[f (Z)] < +oo (or E[g(Z)] < +co respectively).

Proof. The following relations are valid for the function f

E[f(2)]

T F)dP(Z < x) = - f0+°°f(x)dp(z > x)

~FOPEZ > 0I5 + [ F @PEZ > xdx
= — lim fO)P(Z > x) +£(0) + f”"f’(x)P(z > x)dx

X—00

f f (x)a(x)dx < +oo.
And for the function g the following is true

Elg2)] = [ g)dP(Z <) = gPZ < x)ly - [ ¢/ (P(Z < x)dx

= g(+00) ~ lim g(x)P(Z < ¥) - fo

< g(400) - f(:oo g (X)b(x)dx < +co.

g (X)P(Z < x)dx

The lemma is proved. O

So, if there is an inequality for the tail probability P(X™ > x) < a(x) then it is suffi-
cient to find such a positive non-decreasing function f that [*% f "(x)a(x)dx < +oo.
Lemma 6.1 implies that the expectation E[f (X*)] will be finite. Similarly, Lemma 6.1
can be used for the probability of small deviations P(X* < x) < b(x).

Example 1. Let us apply Theorem 5.1 to the centered Gaussian self-similar field X =
X)), t e R%} with index H = (H,H,) € (0, 1)2. It follows from [9] that there
exists such a constant ¢; > 0, that E[f (X*)] < +oo for the function

2
fy) = GXp{(cl - a)y?}, 0<e<c.

Now we need to define the non-decreasing function ¢ : R2 (0, +00) in such a way

that the condition (iii) of Theorem 5.1 is fulfilled; namely, J; +oo 7 (Zf ) < +oo. Let
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us choose ¢ satisfying f (¢ (x1)) = (In(x + e))“”. In this case the condition (iii) of
Theorem 5.1 holds true for every > 0. Thus, for n = £ we obtain

@?(x1)

exp{(cl -£) } =(n(x+¢)'*%, xeR,.

Furthermore, the function ¢ is defined on {(x1),x > 0}

(1+¢)

Inln(x +e), xeR,.

pxl) = JZ

¢l — €&

Moreover, the function ¢ can be extended to the plane arbitrarily with imposing
the conditions () and (i7) of Theorem 5.1. For example, the following three functions
satisfy the mentioned conditions:

10 = |2+ &) (2 o),

* () = {(2+8)In(In k| +e+In X, T e),
* 93(x) = V2 + 8 +/Inln(x; +e)y/Inln(x, +e),

3e+1- 1-
where X = (x;,x,) € RZ and § = 2% >2—L.
1~ 1
Indeed, these functions are convex and non-decreasing in every coordinate. So, the
supremum in the condition (i7) of Theorem 5.1 is attained when n, m = 1. Therefore,

c=1and

X
Vie{1,2,3}: limsup % <1 as.

SN =0 S] lsz 2401'(5)
Example 2. Now let us consider how Theorem 5.3 can be applied. As it was mention
before, the estimates for the probability of small deviations can be used for check-
ing the first condition of the theorem. Such estimates are quite crude for the general
Gaussian random fields. But for the narrower class of fields, namely, for the fractional
Brownian sheet, there exist more precise results.

Let {Bg(t),t € Rﬁ} be an fractional Brownian sheet with index H = (H,,H,) €
(0,1)? (Definition 2.5). It had been proved in the paper [12] that the following limit
holds for H, # H,

—limx?/H# InP{By < x} = 7y,
xN0

where H is a minimum between H,, H,; Ty is some constant depending on H. And

for the case H; = H, = H there is an inequality for the probability of small deviations
_ 2/H

(—Inx) < K, 1 ’

2/H x2/H

InP{By < x} < -K 0<x<l,

where K is some constant.

Summarizing the results for both cases we conclude that there exist such constants
¢y > 0and b > 0 that for all y € (0, b) the following inequality holds true

* 2
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Let us define a function g : R, — (0, +o0) for arbitrary 0 < 8 < ¢, as

() {C2—6}
g(y) =exp :
y2/H

Then Lemma 6.1 implies that E[g(Bp;)] < +co.
Let us choose the function y : Ri — (0, +o0) in such a way that the condition (i7)
of Theorem 5.3 is fulfilled for it. It means that [;"* dx

< 4oo. This condition
xg(y (x1))
holds if g(y (x1)) = (In(x + €))%, & > 0. Then,

62—6

w(xl) = ( )H/z(lnln(x +e)) "2 x>o0.

1+¢

Further, we need to define the function y on R% in such a way that this function re-

mains non-increasing in every coordinate. Let £ = C;Sz(s, 28 < c,, then the following
-

functions satisfy the conditions (7)—(ii) of Theorem 5.3:

v1(X) = (¢ —26)g(1n1n(3¥ +e>)_ ,

wlx

H _H _H
W, (X) = (cy —28)2 (Inln(x; +¢)) % (Inln(x, +€)) =,
where X = (x1,x,) € R,.
Thus, we obtain the following inequalities
H
[lnln(%+e)]7 H
- S
sllll{?zlggo Hy H, ()ssr:lgl,|BH(t)| = A%
Sl s2 0<ip<sp
[Inln(s, + )17 [InIn(s, + )] % 4
L. nin 81 +e)|4|Inin Sa +e)|4 5
>
s%l/glzlggo Hy H, ()gstlllslzl,lBH(t” =6 A

S8
1 2 O<ip<sp

So, we have presented the examples of the upper and lower limiting functions for
fractional Brownian sheet By.
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